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Two options:







To go beyond four atoms we must
use better basis sets

Two obvious strategies:

•(i) Contracted basis functions

•(ii) Pruned direct product basis sets



Contracted basis functions

• Contracted basis functions are 
eigenfunctions of reduced-dimension 
Hamiltonians

• Key:  coupling is included into the basis 
functions.

• Break coordinates into groups and solve 
sub-problems





There are two types of 
contracted basis sets

(1) Adiabatic contracted functions 

• Contract the bend basis for every DVR 
stretch point



• Bacic,  Light, Bowman (direct diagonalisation)
• Friesner, Leforestier Carrington (Lanczos)



(2)  Simply contracted basis functions 

Carter and Handy (direct diagonalisation)
Carrington, Yu (Lanczos)





Using contracted basis functions with 
an iterative methods is not simple:

• Contracted matrix-vector products may be 
more costly than direct-product matrix-
vector products

• The most obvious way to do matrix-vector 
products for the coupling terms is 

contracted vector product vector 
apply coupling contracted vector 

which entails storing a large vector



We solve the bend and stretch problems with the 
Lanczos algorithm (computing both eigenvalues and 
eigenvectors).

For our purposes simply contracted functions 
are better than adiabatic contracted functions 
because

• Matrix-vector products are less expensive

• There are far fewer reduced dimension 
eigenproblems to solve.  To use adiabatic 
contracted functions for methane  it would be 
necessary to solve the 5D bend problem thousands 
of times.  Using simply contracted functions it is 
solved once.  It would be impossible to store the 
adiabatic contracted bend functions.



A good way to do the ∆V matrix-vector product







• The ∆V matrix-vector product is

• It is best done in three steps



Advantages of the simply-contracted basis
Lanczos combination







For J=0  and J=1 basis size 
reduced by factor of 106





Parts of the contracted-basis 
Lanczos approach are similar to 

MCTDH 
• Memory cost is reduced by storing 

matrices in the  contracted bend basis (cf. 
storing the mean field matrices in 
MCTDH).

• Basis size is reduced by contraction (cf. 
“mode combination” in MCTDH)

• When we use PODVR for the stretches no 
DVR approximation is made for the 1-D 
separable parts (cf. CDVR)



Two options:Prune a direct product basis:
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Another Hamiltonian

• Easily computable numerically exact 
energy levels

• Kinetic coupling
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• A good way to make Hamiltonians to test 
methods for solving the Schroedinger
equation:

• Exact levels are known
• Bound states and not resonances
• East to choose coefficients to get a 

molecule-like potential





8-D Results 
 
Basis type  Basis size  States to within 0.1 

without/with perturbation theory 
States to within 1.0 
(without perturbation theory)

EF 40’000 0/0 5360 
SD 40’000 7/518 8135 
 
 

16-D Results 
 
 
Basis type  Basis size  States to within 0.1 

without/with perturbation theory 
States to within 1.0 
(without perturbation theory)

EF 6’000 0 883 
SD 6’000 1 1688 
 
 



Advantages of SD basis functions






