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Introduction

The theory of (elliptic) modular forms was developed in the 19th century by Klein,
Fricke, Poincaré, Weber and others, building upon the theory of elliptic functions which
had evolved from the earlier work of Euler, Jacobi, Eisenstein, Riemann, Weierstrass
and many others. Thus, from the outset, modular functions were intimately linked to
the study of elliptic functions/elliptic curves and this relation between these theories has
remained throughout its development for the benefit of both.

The basic fascination of modular forms may be summarized as follows.

1. The basic concepts of modular forms are extremely simple and require vitually no
technical preparation (as we shall see). Nevertheless, it is a subject in which many
diverse areas of mathematics are fused together:

• complex analysis, in particular Riemann surfaces

• algebra, algebraic geometry

• (non-euclidean) geometry

• (matrix) group theory, Lie groups, representation theory

• number theory, arithmetic algebraic geometry

This interaction goes in both directions: on the one hand, the above areas supply the
tools necessary for solving many of the problems studied in the theory of modular
forms; on the other hand, the latter furnishes important explicit examples which
not only illustrate and illuminate but only advance the general theory of many of
these branches.

2. Many of the basic results in the theory are very explicit and hence suitable for
computational purposes, be it by hand or by computer.

3. One of the most fascinating aspects of modular forms and functions is the uni-
versality of their applications, not only in number theory but also in many other
branches of Mathematics. This is in part due to the fact that modular forms are
functions “with many hidden symmetries”, and such functions naturally arise in
many applications, even in Physics. Some of these include:
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• Analysis: Ruziewiecz’s problem — the uniqueness of finitely additive measures
on Sn, n ≥ 2.
(Margulis (1980), Sullivan (1981), Drinfeld (1984), Sarnak (1990); cf. Sarnak
[Sa])

• Algebraic topology: elliptic genera — spin manifolds, representations of the
cobordism ring.
(Witten (1983), Landweber, Stong, Ochanine, Kreck (1984ff); cf. Landweber
[Land])

• Lie algebras (group theory): Kac-Moody algebras — connections with the
Dedekind η-function
(Kac, Moody, MacDonald [Mc] (1972ff)); conjectural relations with the Mon-
ster group (“Monstrous Moonshine” — Conway/Norton[CN], 1979).

• Graph theory, telephone network theory: the construction of expander graphs.
(Alon (1986), Lubotzky/Phillips/Sarnak (1986ff); cf. Bien[Bi], Sarnak[Sa])

• Physics: string theory (cf. elliptic genera, moduli theory etc.)

The applications of modular forms to number theory are legion; in fact, as Sarnak
says in his book[Sa], “traditionally the theory of modular forms has been and still
is, one of the most powerful tools in number theory”. Some of these applications
are the following:

• Elementary number theory: identities for certain arithmetic functions.
(Jacobi (1830), Glaisher (1885), Ramanujan (1916), . . . )

• Analytic number theory:

– Orders of magnitude of certain functions.
(Ramanujan (1916), Hardy (1920), . . . )

– Dirichlet series, Euler products and functional equations.
(Hecke(1936), Weil(1967), Atkin-Lehner(1970), Li(1972) . . . )

• Algebraic number theory:

– Complex multiplication “Kronecker’s Jugendtraum”; cf. Hilbert’s 12th

problem — the generation of class fields of Q(
√
−D).

(Weber (1908), Fueter (1924), Hasse (1927), Deuring (1947); cf. Borel[Bo])

– The arithmetic of positive definite quadratic forms — formulae, relations,
the order of magnitude of the number of representations.
(Hecke, Siegel, 1930ff)

– The Gauss conjecture on class numbers of imaginary quadratic fields.
(Heegner (1954), Goldfeld, Gross/Zagier (1983ff))

– Two-dimensional Galois representations of Q and Artin’s conjecture on
L-functions.
(Weil, Langlands (1971), Deligne/Serre (1974))
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– The arithmetic of elliptic curves.
(Tate, Mazur, Birch, Swinnerton-Dyer, Serre, Wiles, . . . (1970ff))

– The congruent numbers problem.
(Tunnel, 1983; cf. Koblitz[Ko])

– Fermat’s Last Theorem
(Frey, Serre, Mazur, Ribet (1987ff), Wiles (1995))

4. It lies at the fore-front of present-day mathematical research. This is not only due
to its many deep applications as mentioned above, but also because it is a stepping
stone for a number of other mathematical research areas which have experienced
tremendous growth in the last few decades, such as:

• The theory of automorphic forms (Shimura, Langlands)

• Langland’s program: representation theory of adele groups
(Jacquet, Langlands, Kottwitz, Closzel, Arthur)

• Hibert modular forms (Hirzebruch, Zagier, van der Geer)

• Siegel modular forms and moduli of abelian varieties
(Mumford, Deligne, Faltings, Chai).

Many of the above applications of modular forms are based on the following simple
idea. Suppose we are given a sequence A = {an}n≥1 of real or complex numbers whose
behaviour we want to understand. Consider the associated “generating function”

fA(z) = a0 +
∑
n≥1

anq
n, in which q = e2πiz

(and a0 is chosen “suitably”). If the an’s do not grow too rapidly, then this sum converges
for all z in the upper half plane H = {z ∈ C : Im(z) > 0}, and hence fA(z) is a
holomorphic (= complex-differentiable) function on H. Clearly, fA is invariant under
translation (by 1), i.e.

fA(z + 1) = fA(z),

and hence fA has a built-in symmetry. If it also has other (hidden) symmetries, for
example, if

fA(−1/z) = zkfA(z), ∀z ∈ H,

for some k, then fA is called a modular form of weight k (provided that a certain technical
condition holds).

Now if fA is a modular form of weight k, then it is determined by its first m + 1
(Fourier) coefficients a0, . . . , am where m = [ k

12
], i.e. by a finite set of data; cf. Corollary

1.4. In particular, the space of modular forms of fixed weight k is a finite-dimensional
C-vector space, and any linear relation among the first Fourier coefficients of modular
forms holds universally. This is the basis of many of the applications, particularly those
which establish identities between fA and other (known) modular forms.
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For example, consider the case that

an = σk−1(n) :=
∑
d|n

dk−1

is the sum of (k− 1)st powers of the (positive) divisors of n. If k is even and k > 2, then
(for suitable constant a0 = a0,k) the function

Ek = a0 +
∑
n≥1

σk−1(n)qn

is a modular form of weight k. In particular, we see that E2
4 and E8 are both modular

forms of weight 8, so by comparing the constant coefficients it follows that E2
4 = E8. We

thus obtain the curious identity

120
n∑
k=1

σ3(k)σ3(n− k) = σ7(n)− σ3(n), n ≥ 1,

and other identities are derived in a similar manner; cf. subsection 1.3.3.

The purpose of these lectures is to give a rough outline of some of the aforementioned
applications of modular forms to number theory. Since no prior knowledge of modular
forms is presupposed, the basic definitions and results of the theory are surveyed in some
detail, but mainly without proofs. The latter may be found in standard texts such as
Serre[Se1], Koblitz[Ko], Schoeneberg[Sch], Iwaniec[Iw], etc.
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Chapter 1

Modular Forms on SL2(Z)

1.1 The definition of modular forms and functions

Modular functions are certain functions defined on the upper half-plane

H = {z ∈ C : Im(z) > 0}

which are invariant, or almost invariant, with respect to a subgroup Γ ⊂ Γ(1) of the
modular group Γ(1) = SL2(Z). Here Γ(1) or, more generally, the group

G = GL+
2 (R) = {g =

(
a b
c d

)
: a, b, c, d ∈ R, det(g) > 0}

operates on H via fractional linear transformations:

g(z) =
az + b

cz + d
, if g =

(
a b
c d

)
.(1.1)

To make this more precise, let us first introduce the following preliminary concept.

Definition. Let k ∈ Z. We say that a function f is weakly modular of weight k on Γ (or:
with respect to Γ) if

1) f is meromorphic on H;

2) f satisfies the transformation law

f(g(z)) = j(g, z)kf(z), ∀g ∈ Γ,(1.2)

in which j(g, z) = cz + d if g =
(
a b
c d

)
.

Remarks. 0) Recall from complex analysis (cf. e.g. [Ah], p. 128) that a function f
defined on an open set U ⊂ C is called meromorphic if it has for every a ∈ U a Laurent
expansion

f(z) =
∞∑

n=na

cn,a(z − a)n
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which converges in a (punctured) neighbourhood of a. (If the integer na can be chosen
to be non-negative, then f is said to be holomorphic or analytic at a.)

1) The above functional equation (1.2) may be written in a more convenient form if
we introduce the operator |kg (or |[g]k):

f(z)|kg := f(z)|[g]k := f(g(z))j(g, z)−k, for g ∈ SL2(Z).

Indeed, by using this operator, we can then write equation (1.2) in the equivalent form

f|kg = f, ∀g ∈ Γ.(1.3)

It is useful to observe that the operator |kg satisfies the “associative law”

f|k(g1g2) = (f|kg1)|kg2, for all g1, g2 ∈ SL2(Z);(1.4)

this follows immediately from the following “cocycle condition” (which is easily verified):

j(g1g2, z) = j(g1, g2(z))j(g2, z).

Note that it follows from (1.4) that for a fixed f (and k), the set of g ∈ GL+
2 (R) which

satisfy (1.2) (or, equivalently, (1.3)) is a subgroup of GL+
2 (R). Thus every meromorphic

f on H is weakly modular of weight k for some subgroup Γ ≤ GL+
2 (R).

2) Note that since we have f |k(−1) = (−1)kf , it follows that if k is odd and −1 ∈ Γ,
then there is no weakly modular function of weight k on Γ other than the function 0. In
particular, there are no non-zero weakly modular forms of odd weight on Γ(1).

3) For later reference let us also observe that

j(g, z) = 1, ∀z ⇔ g ∈ Γ∞ := {
„

1 n
0 1

«
: n ∈ Z} ≤ Γ(1).

Thus, by using the transformation law (1.4) we see that

j(g1, z) = j(g2, z),∀z ⇔ g1 ∈ Γ∞g2.

We now come to the definition of a modular function on Γ: this is a weakly modular
function on Γ which satisfies an extra condition. Since the formulation of this condition
for an arbitrary subgroup is somewhat more involved, we shall focus for the moment on
the case that Γ = Γ(1) and treat the more general case in a later chapter; cf. Ch. 2.

Since Γ = Γ(1) contains the matrices T =
„

1 1
0 1

«
and S =

„
0 −1
1 0

«
, we see that

condition (1.2) above implies

f(z + 1) = f(z),(1.5)

f(−1/z) = zkf(z).(1.6)

(In fact, since T and S generate Γ(1) (cf. Serre[Se1], p. 78), it follows that properties
(1.5) and (1.6) are actually equivalent to property (1.2).)
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Now condition (1.5) means that f is a periodic function (of period 1), and so f has
a Fourier expansion

f(x) =
∞∑

n=−∞

anq
n, where q = exp(2πiz).

We say that f is meromorphic at ∞ if we have an = 0 for n ≤ −n0 for some n0, and
that f is holomorphic at ∞ if an = 0 for n < 0. Moreover, f is said to vanish at ∞ if
an = 0 for n ≤ 0.

Definition. (a) A modular function of weight k on Γ = Γ(1) is a weakly modular function
of weight k on Γ which is meromorphic at ∞.

(b) A modular form of weight k on Γ is a modular function which is holomorphic on
H and at ∞.

(c) A cusp form (Spitzenform in German) is a modular form which vanishes at ∞.

Notation: Let

Ak = Ak(Γ) denote the space of modular functions of weight k on Γ,

Mk = Mk(Γ) denote the space of modular forms of weight k on Γ,

Sk = Sk(Γ) denote the space of cusp forms of weight k on Γ.

We thus have the inclusions Sk ⊂ Mk ⊂ Ak.

Remark. It is clear that Ak, Mk, and Sk are C-vector spaces, and it is not difficult to
see that

A =
∑

Ak = ⊕Ak is a graded field,

M =
∑

Mk = ⊕Mk is a graded ring, and

S =
∑

Sk = ⊕Sk is a graded ideal of M,

where the above sums are over all k ∈ Z and are taken in M(H), the field of all mero-
morphic functions on H. Note that the functions in A (etc.) no longer satisfy a trans-
formation law with respect to Γ(1); this is analogous to the fact that the sum of two or
more eigenvectors associated to different eigenvalues are in general longer eigenvectors.

Nevertheless, it is useful to study these large (abstract) spaces since it turns out that
they have a relatively simple structure: M is a graded polynomial ring in two variables,
and S is a principal M-ideal; cf. Theorem 1.1. In particular, it follows that Mk and Sk
are finite-dimensional vector spaces (for all k ∈ Z).

1.2 Examples

Before continuing with the general theory of modular forms, let us look at some basic
examples.
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1.2.1 Eisenstein series

These are the series defined by

Gk(z) =
∑
m,n∈Z

′ 1

(mz + n)k

which converge absolutely for k ≥ 3. Here the prime on the summation sign indicates
that term (m,n) = (0, 0) has been omitted. Note that we can also write this sum as

Gk(z) =
∞∑
d=1

∑
m,n

(m,n) = d

1

(mz + n)k
=

∞∑
d=1

1

dk

∑
m,n

(m,n) = 1

1

(mz + n)k
= ζ(k)

∑
m,n

(m,n) = 1

1

(mz + n)k
,

where ζ(k) =
∑
n−k denotes the Riemann ζ-function. Now since every pair (m,n) with

gcd(m,n) = 1 can be completed to matrix g =
„
a b
m n

«
∈ SL2(Z), and since g is unique

up left multiplication by T n ∈ Γ∞ (cf. Remark 3) above), we can also write this as

Gk(z) = ζ(k)
∑

γ∈Γ∞\Γ

1

j(γ, z)k
= ζ(k)

∑
γ∈Γ∞\Γ

1|kγ.(1.7)

Facts. 0) Gk = 0 for k ≡ 1(2).

1) Gk is a modular form of weight k for k ≥ 3, i.e. Gk ∈ Mk.

2) For k ≡ 0 (2), the q-expansion of Gk is:

Gk(z) = 2ζ(k)Ek(z),

where ζ(s) =
∑
n−s is the Riemann zeta-function and

Ek(z) = 1 + ck

∞∑
n=1

σk−1(n)qn.(1.8)

Here σk−1(n) is the sum of the k-1st powers of all divisors of n, i.e.

σk−1(n) =
∑
d|n

dk−1, and ck = − 2k

Bk

Euler
=

(2πi)k

(k − 1)!ζ(k)
,

where Bk denotes the kth Bernoulli number defined by

∞∑
k=0

Bk
zk

k!
=

z

ez − 1
.

For later reference, let us make a table of the values of ck for small values of k:

k 2 4 6 8 10 12 14 16 18 20

ck −24 240 −504 480 −264 65520
691

−24 16320
3617

−28728
43867

13200
174611
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Thus, the q-expansions of first two (non-zero) Eisenstein series are

E4(z) = 1 + 240
∞∑
n=1

σ3(n)qn and E6(z) = 1− 504
∞∑
n=1

σ5(n)qn.(1.9)

Remarks. 1) Whereas Facts 0) and 1) are clear from the definitions (and formula
(1.4)), Fact 2) requires a bit more work; cf. Serre[Se1], p. 92, Schoeneberg[Sch], p. 55
or Koblitz[Ko], p. 110. (Note that Serre writes Ek/2 and Gk/2 in place of Ek and Gk.)
For example, Serre and Koblitz derive (1.8) by using certain expansions of the cotan(πz)
function to obtain the relation∑

m∈Z

1

(m+ z)k
=

(−2πi)k

(k − 1)!

∞∑
n=1

nk−1qn,

from which (1.8) follows readily.

2) The Eisenstein series are the special case m = 0 of the Poincaré series Pm,k defined
by

Pm,k(z) =
∑

γ∈Γ∞\Γ

1

j(γ, z)k
exp(2πimγ(z)).

For m > 0 and k ≥ 3 the Poincaré series are cusp forms of weight k whose Fourier
expansion may be expressed in terms of Kloosterman sums and Bessel functions. (For
further information, cf. Gunning[Gu], Miyake[Mi].)

3) For k = 2 the infinite sum in the definition of Gk still converges but not absolutely.
However, if we define

G2(z) =
∞∑

m=−∞

∞∑
n=−∞

′
1

(mz + n)2
= 2ζ(2) +

∞∑
m=1

∞∑
n=−∞

1

(mz + n)2
= 2ζ(2)E2(z),

then G2 and E2 are holomorphic functions on H and we have, similar to before,

E2(z) = 1− 24
∞∑
m=1

σ(n)qn,(1.10)

so E2 is also holomorphic at ∞. However, E2 isn’t a modular form since it satisfies the
transformation law

E2(−1/z) = z2E2(z) +
12z

2πi
;(1.11)

cf. [Ko], p. 113. (E2 is sometimes called a quasi-modular form.) Nevertheless, E2 is
useful in constructing modular forms because we have the following observation which
Ramanujan[Ra] made in 1916:

f ∈ Mk =⇒ θf − k

12
fE2 ∈ Mk+2,(1.12)

where θ denotes the derivative operator

θf =
1

2πi

df

dz
= q

df

dq
=
∑

nanq
n, if f =

∑
anq

n.(1.13)
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1.2.2 The discriminant form

Following time-honoured tradition, put

g2 = 60G4 = 4π4

3
E4,

g3 = 140G6 = 8π6

27
E6,

∆ = g3
2 − 27g2

3 = (2π)12

1728
(E3

4 − E2
6).

It is immediate from its definition that ∆ is a modular form of weight 12, and a more
careful analysis shows that ∆ 6= 0 in H; cf. (1.39) below. Furthermore, the q-expansions
for the Ek’s show that ∆ vanishes at ∞, so ∆ is a cusp form of weight 12, i.e. ∆ ∈ S12.
Let us write

∆(z) = (2π)12
∑
n≥1

τ(n)qn;

this defines the Ramanujan function τ(n), which has been studied extensively in the
literature.

Remarks. 1) We have τ(n) ∈ Z,∀n ∈ Z; cf. subsection 1.2.4 below. (It is clear from the
definition that τ(n) ∈ 1

1728
Z ⊂ Q because E4 and E6 have integral q-expansions.)

2) In 1916 Ramanujan[Ra] showed that

τ(n) ≡ σ11(n) (mod 691)

(cf. Corollary 1.9 below), and other congruences were found in subsequent years. By
studying the associated `-adic representation (à la Deligne, Serre) and the theory of
modular forms mod p, Swinnerton-Dyer was able to show that all possible congruences
have now been found; cf. [SwD].

3) Ramanujan also made a number of conjectures about τ(n):

τ(nm) = τ(n)τ(m), if (n,m) = 1;(1.14)

τ(pn+1) = τ(p)τ(pn)− pnτ(pn−1), if n > 1 and p is prime;(1.15)

|τ(p)| ≤ 2p11/2, if p is prime.(1.16)

Of these, (1.14) and (1.15) were first proven by Mordell (1917), but now follow more
easily from the formalism of Hecke operators developed by Hecke in the 1930’s, as we
shall see in section 1.5The third conjecture is much deeper. Deligne[De1] showed in 1968
that one can deduce this (non-trivially!) from the general Weil Conjectures, which he
then subsequently proved in 1974 (cf. Deligne[De2]).

4) The following question proposed by D.H. Lehmer is still open:

τ(n) 6= 0, for all n ≥ 1?

Some partial results in this direction (which are also valid for more general modular
forms) were obtained by Serre; cf. Serre[Se2], §7.6.

10



1.2.3 The j – invariant

This is the modular function (of weight 0) defined by

j(z) = 1728
g3
2

∆
= 1728

E3
4

E3
4 − E2

6

.(1.17)

It is holomorphic in H (because ∆ 6= 0) and has a simple pole at ∞ with q-expansion

j(z) =
1

q
+ 744 +

∑
n≥1

c(n)qn.

Remarks. 1) One can show that the Fourier coefficients c(n) are integral; for example,

c(1) = 196884 = 22331823, c(2) = 21493760 = 211 · 5 · 2099.

2) One has the following congruences for the Fourier coefficients c(n):

n ≡ 0 (mod pa) ⇒ c(n) ≡ 0 (mod pa), for a ≥ 1, p ≤ 11, p prime,

and even stronger congruences are valid for p ≤ 5; cf. Serre[Se1], p. 90.

3) Based on observations of J. Thompson and J. McKay, Conway and Norton [CN]
have advanced the conjecture that the coefficients c(n) are simple linear combinations
of the degrees of the irreducible characters of the “Monster group” M which is a simple
group of order 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71.

1.2.4 The Dedekind η-function

Consider the function η(z) defined by

η(z) = e2πiz/24
∞∏
n=1

(1− e2πiz).(1.18)

This function is closely related to both E2 and to the discriminant function ∆. First of
all, its logarithmic derivative is

η′(z)

η(z)
=

2πi

24
E2(z),(1.19)

as is easy to see (cf. [Ko], p. 121). From this and (1.11) one deduces that η(z) satisfies
the transformation laws

η(z + 1) = e2πi/24η(z),(1.20)

η(−1/z) =
(z
i

)1/2

η(z),(1.21)

11



which show in particular that η is not a modular form on Γ(1). (It can, however, be
considered as a modular form of weight 1

2
on a subgroup of Γ(1), as we shall see later.)

In addition, the above formulae show that its 24th power η24 does satisfy the trans-
formation rules (1.5) and (1.6) with k = 12, and so η24 is a cusp form of weight 12 on
Γ(1); in fact, we have

∆(z) = (2π)12η24(z) = (2π)12q

∞∏
n=1

(1− qn)24,(1.22)

which is a formula that was first established by Jacobi. Note that it follows from this
formula that the n-th Fourier coefficient of η24 is given by the Ramanujan function τ(n);
in particular, the τ(n)’s are integral, as promised.

Remarks. 1) The η-function is also related to the partition function p(n) via the relation

e2πiz/24

η(z)
=

∞∑
n=0

p(n)qn.(1.23)

(Recall that the p(n) denotes the number of partitions n = n1 + · · ·+ns of n into positive
integers ni with order disregarded.) For more information about the η-function and its
application to the partition function p(n), cf. Knopp[Kn].

2) From (1.20) and (1.21) it follows easily that the η-function satisfies the general
transformation law

η(g(z)) = c(g)j(g, z)
1
2η(z), for g ∈ SL2(Z),(1.24)

for some constant c(g) ∈ C (because S and T generate the group Γ(1) = SL2(Z), as was
mentioned earlier). However, the explicit determination of the constant c(g) in terms of
g is rather complicated and was first done by Dedekind: if g =

(
a b
c d

)
with c > 0, then

c(g) = exp

(
a+ d− 3c

24c
− 1

2
s(d, c)

)
, where s(d, c) =

∑
0≤n<c

n

c

((
dn

c

))

denotes the so-called Dedekind sum in which ((x)) = x − [x] − 1
2
; cf. Iwaniec[Iw], p. 45

and Lang[La], ch. IX for more details.

3) The Fourier expansion of η (in terms of q
1
24 ) is given by the formula

η(z) =
∞∑

n=−∞

(−1)nq(1+12n(3n+1))/24 =
∑
n ≥ 1

n ≡ ±1(12)

qn
2/24 −

∑
n ≥ 1

n ≡ ±5(12)

qn
2/24,

which is (essentially) a famous identity due to Euler; cf. Hardy-Wright[HW], p. 284 and
Iwaniec[Iw], p. 45.
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1.2.5 Theta series

Another common source of modular forms is via theta series attached to quadratic forms;
these are of fundamental interest in many applications. To define these, let

Q(x1, . . . , xr) =
1

2

r∑
i,j=1

aijxixj =
∑

1≤i≤j≤r

bijxixj

be an even, integral, positive definite quadratic form in r variables. This means:

• The matrix A = (aij) is symmetric, with integral entries aij ∈ Z and even diagonal
entries (aii ∈ 2Z), or equivalently, the matrix B = (bij) defined by bii = 1

2
aii, bij =

aij, if i 6= j is integral;

• we have Q(~x) := Q(x1, x2, . . . , xn) = 1
2
~xtA~x > 0, for all ~x = (x1, . . . , xr) 6= ~0.

Example. If r = 2, then each even integral (binary) quadratic form can be written as

Q(x1, x2) = ax2
1 + bx1x2 + cx2

2 =
1

2
~xtA~x where A =

(
2a b
b 2c

)
with a, b, c ∈ Z.

By completing the square, we obtainQ(x1, x2) = a
(
x1 + b

2a
x2

)2
+det(A)

2a
x2

2, where det(A) =
4ac− b2, and so we see that

Q = QA is positive definite if and only if a > 0 and det(A) = 4ac− b2 > 0.

A fundamental question, which was responsible for the development of much of Num-
ber Theory (Diophantus, Fermat, Euler, Lagrange, Gauss, . . . ), is the following:

Problem. Given an even integral positive definite quadratic form Q and an integer
n ≥ 1, determine the number of representations of n by Q, i.e. the number

rQ(n) = #{~m ∈ Zr : Q(~m) = n}.

As was mentioned in the introduction, one method to study a sequence of numbers
is to consider its associated generating function. For this, consider the theta series
associated to Q or to A which is defined by

ϑQ(z) =
∑
~m∈Zr

qQ(~m) =
∑
~m∈Zr

eπiz ~m
tA~m,(1.25)

where as usual q = e2πiz. It is immediate that we have

ϑQ(z) =
∞∑
n=0

rQ(n)qn = 1 +
∞∑
n=1

rQ(n)qn,(1.26)
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so ϑQ is indeed the generating function of the rQ(n)’s. Since this sum converges on all of
H (cf. [Sch], p. 204 or [Se1], p. 108), it follows that ϑQ is a holomorphic function on H.

From equation (1.26) it is clear that ϑQ satisfies the transformation law

ϑQ(z + 1) = ϑQ(z).(1.27)

However, ϑQ will not be a modular form for the full modular group Γ = SL2(Z) unless
Q is unimodular, i.e. unless its determinant

det(Q)
def
= det(A) = 1.

In this case we have the transformation law

ϑQ

(
−1

z

)
= (iz)r/2ϑQ(z),(1.28)

which one can prove using the Poisson summation formula; cf. [Se1], p. 109. From this
one easily concludes the following useful fact:

If Q(x1, . . . , xr) is an even, integral, positive definite unimodular quadratic
form in r variables, then r ≡ 0 (mod 8).

Indeed, if false, then by replacing Q by Q ⊕ Q or by Q ⊕ Q ⊕ Q ⊕ Q, we may assume
that r ≡ 4 (mod 8) Then by equations (1.27) and (1.28) we have, using the notation of
section 1.1,

ϑQ|[ST ] r
2

(1.4)
= (ϑQ|[S] r

2
)|[T ] r

2

(1.28)
= −ϑQ|[T ] r

2

(1.27)
= −ϑQ,

which yields a contradiction since (ST )3 = 1. Thus, r ≡ 0 (mod 8).
Therefore, equation (1.28) reduces to

ϑQ

(
−1

z

)
= zr/2ϑQ(z),(1.29)

which, together with (1.27) and the q-expansion (1.26), implies that ϑQ is a modular
form of weight r/2, i.e.

ϑQ(z) ∈ Mr/2(Γ), if Q is unimodular and r ≡ 0 (mod 8).(1.30)

Example. Consider the 8× 8 matrix

A =



2 0 −1 0 0 0 0 0
0 2 0 −1 0 0 0 0

−1 0 2 −1 0 0 0 0
0 −1 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 2


,

14



whose associated quadratic form QA(x1, . . . , x8) = 1
2
~xtA~x is given by

QA(x1, . . . , x8) = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 + x2

6 + x2
7 + x2

8

−x1x3 − x2x4 − x3x4 − x4x5 − x5x6 − x6x7 − x7x8.

It is immediate that A is even and symmetric. To see that A = (aij) is positive definite,
it is enough to verify that the principal subdeterminants det(Ak) = det((aij)1≤i,j≤k) are
positive for 1 ≤ k ≤ 8:

d1 = det(A1) = 2, d2 = det

(
2 0
0 2

)
= 4, d3 = det

 2 0 −1
0 2 0

−1 0 2

 = 6,

and similarly, d4 = 5, d5 = 4, d6 = 3, d7 = 2, d8 = 1. Thus A is positive definite and
unimodular, and hence by (1.30), the associated theta series is a modular form of weight
4 = 8

2
on Γ(1), i.e. ϑA ∈ M4. In fact, we shall prove later that

ϑA = E4,

which means equivalently that the number of representations of a number n by QA is
given by the formula

rQA
(n) = 240σ3(n), for n ≥ 1.

(To see that this is an equivalent formulation of the previous equation, use equations
(1.26) and (1.9).)

Remarks. 1) As is explained in Serre[Se1], p. 51, the lattice associated to the quadratic
form of the above example is the root lattice of type E8 which arises in the theory of Lie
groups. Thus, we see that the E8-lattice has precisely 240σ3(n) vectors of length

√
2n.

2) If r is even but A is not unimodular, then ϑA turns out to be a modular form of
weight r/2 for some suitable subgroup Γ ≤ Γ(1), as we shall see later. For example, if
Q = QA(x1, x2) is a positive definite binary quadratic form of determinant N = det(A) >
0, then its theta-series is a modular form of weight 1 = 2

2
on the subgroup

Γ1(N) = {
(
a b
c d

)
∈ SL2(Z) : a ≡ d ≡ 1 (mod N), c ≡ 0 (mod N)}.

3) On the other hand, if r is odd, then ϑA is a modular form of so-called 1
2
-integral

weight r/2; such modular forms are defined and discussed at length in [Ko], ch. IV. For
example, by taking Q(x) = x2 we obtain the ϑ-series

Θ(z) =
∞∑

n=−∞

e2πin
2z =

∑
n∈Z

qn
2

which has weight 1
2
. Note that Θ(z) is related to the classical theta-function θ(z) =∑

n∈Z e
−πn2z of Riemann by the formula Θ(z) = θ(−2iz).
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1.3 The Space of Modular Forms

1.3.1 Structure theorems

We now turn to study the structure of the spaces A, M and S of modular functions,
forms and cusp forms. The main result is the following.

Theorem 1.1 The ring M of all modular forms is the (graded) polynomial ring generated
by E4 and E6, and the ideal S of cusp forms is generated by ∆:

M = C[E4, E6] and S = ∆M.(1.31)

In other words, for every k ∈ Z, the set

Mk := {Eα
4E

β
6 : 4α+ 6β = k, α ≥ 0, β ≥ 0}

is a C-basis of the space Mk, and ∆Mk−12 is a C-basis of the space Sk = ∆Mk−12.
In particular, if k < 0 or k odd, then we have Mk = Sk = {0} and if k is even and
non-negative, then

dimMk =

{ [
k
12

]
if k ≡ 2 (mod 12),[

k
12

]
+ 1 if k 6≡ 2 (mod 12);

(1.32)

dimSk =

{ [
k
12

]
− 1 if k ≡ 2 (mod 12), k 6= 2,[

k
12

]
if k 6≡ 2 (mod 12) or k = 2.

(1.33)

Remarks. 1) From the above theorem we thus see that for k ≥ 0 and k even we have

dimMk = 1 ⇔ k = 0, 4, 6, 8, 10, 14;(1.34)

dimSk = 0 ⇔ k ≤ 10, or k = 14;(1.35)

2) Since dimMk < ∞, it follows that each f ∈ Mk is determined by a finite set of
data. This can in fact be expressed more succinctly in terms of the q-expansion of f , as
we shall see in Corollary 1.4 below.

The structure of the field A of modular functions is given by the following result.

Theorem 1.2 If k is an even integer, then Ak is a one-dimensional A0-vector space
generated by (E6/E4)

k/2 (whereas Ak = {0} if k is odd). Furthermore, every modular
function of weight 0 is a rational function in j, i.e.

A0 = C(j)(1.36)

is the rational function field generated by the j-function. In particular, A = C(E4, E6)
is the quotient field of M.
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1.3.2 Proof of the structure theorems

The main ingredient of the proof of the structure theorems is the following Proposition
1.3, for which we first introduce the following notation.

Notation. Let f ∈M(H) be a (non-zero) meromorphic function on the upper half plane
H. Then, by definition, f has for each z0 ∈ H a Laurent expansion

f(z) =
∞∑

n=n0

an,z0(z − z0)
n in a neighbourhood of z0.

If n0 ∈ Z has been chosen such that an0,z0 6= 0 (as we can always do), then n0 is called
the order of the zero or pole of f at z0 and we write

vz0(f) = ordz0(f) = n0.

Note that f is holomorphic in a neighbourhood of z0 if and only if vz0(f) ≥ 0.
Similarly, if f has a Fourier expansion of the form

f(z) =
∞∑

n=n0

an(f)qn, where q = e2πiz,

and if n0 ∈ Z has been chosen such that an0(f) 6= 0, then we call n0 the order of the zero
or pole of f at ∞ and write

v∞(f) = ord∞(f) = n0.

Remark. For any two (non-zero) meromorphic functions f, g ∈ M(H) on H and any
z ∈ H we have

vz(fg) = vz(f) + vz(g) and vz(f/g) = vz(f)− vz(g).(1.37)

Moreover, the same formulae hold for z = ∞ provided that f and g are meromorphic at
∞.

We are now ready to state and prove the following key technical fact about modular
functions on SL2(Z):

Proposition 1.3 If f ∈ Ak is a non-zero modular function of weight k, then

v∞(f) +
1

2
vi(f) +

1

3
vρ(f) +

∑
z∈Γ\H

∗
vz(f) =

k

12
,(1.38)

where the sum run over any system of representatives of Γ\H which are not Γ-equivalent
to i or to ρ := e2πi/3.
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Proof (Sketch). First note that the sum does not depend on the choice of the system of
representatives of Γ\H (i.e. vz(f) = vγ(z)(f),∀γ ∈ Γ, z ∈ H); this follows easily from the
transformation law of f . Thus, we can choose Γ\H ⊂ D = D ∪ ∂D, where

D = {z ∈ H : |z| > 1, |Re(z)| < 1
2
}

is the so-called fundamental domain of Γ = SL2(Z) (and ∂D is its boundary). (Explicitly,
we could take

Γ\H = D ∪ {z ∈ H : Re(z) = −1
2
, |z| ≥ 1} ∪ {z ∈ H : |z| = 1,−1

2
≤ Re(z) ≤ 0};

cf. [Sch], p. 17.)
We next observe that sum in (1.38) is finite, i.e. that f has only finitely many zeros

and poles in D. Indeed, the map z 7→ q = e2πiz defines an isomorphism of D with
a subregion of U∗ := {z ∈ C : 0 < |z| < 1}. Now since f̃(q) = f(z) extends to a
meromorphic function at q = 0 (i.e. at z = ∞), f̃ can have only finitely many zeros and
poles in U∗ and hence the same is true for f in D.

−1 −.5 1.5

D′ Re(z) = 1
2

Re(z) = −1
2

Im(z) = t

rir
ρ

r
−ρ

Now fix r < 1 and t > 1 and consider the region

D′ = D′(r, t) = D \ (B(ρ, r) ∪B(−ρ, r) ∪B(i, r) ∪ H(t))

in which B(z0, r) = {z ∈ C : |z − z0| < r} and H(t) = {z ∈ C : Im(z) > t}. Then by the
residue theorem we have

1

2πi

∫
∂D′

f ′

f
dz =

∑
z∈D′

vz(f) =
∑
z∈Γ\H

∗
vz(f),
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provided that r is sufficiently small and t is sufficiently large (and that f has no zeros
or poles on ∂D′). On the other hand, by calculating the integral along each piece on
the boundary of D′ and using the fact that T and S interchange certain pieces of the
boundary, we get (by using the transformation law of f under T and S) that

lim
r→0

1

2πi

∫
∂D′(r,t)

f ′

f
dz = −1

2
vi(f)− 1

3
vρ(f) + k

12
;

cf. [Se1], p. 86 or [Ko], p. 116 for the precise details. This proves (1.38) in the case that
f has no zeros or poles on ∂D′. For the general case the proof is similar, except that the
region D′ is more complicated: one also removes (and adds) small disks around the zeros
and poles of f which lie on ∂D.

Corollary 1.4 Two modular forms f1 and f2 ∈ Mk of weight k are identical if and only
if their Fourier coefficients an(fi) coincide for n ≤

[
k
12

]
; i.e.

an(f1) = an(f2), for all n ≤
[
k
12

]
⇒ f1 = f2.

Proof. Put f = f1 − f2 ∈ Mk. Then by hypothesis v∞(f) ≥
[
k
12

]
+ 1 > k

12
. Since

vz(f) ≥ 0,∀z ∈ H, this contradicts (1.38) and so f must be zero, i.e. f1 = f2.

Before proving Theorem 1.1, we first prove the following results which are in fact
special cases of Theorem 1.1.

Proposition 1.5 (a) M0 = C · 1.
(b) Mk = {0} if k < 0, k = 2 or if k is odd.

(c) Mk = CEk for k = 4, 6, 8, 10 or 14.

(d) Sk = {0} for k < 12 and S12 = C∆.

(e) Sk = ∆Mk−12, for all k ∈ Z.

(f) Mk = Sk ⊕ CEk, for all k ≥ 4.

Proof. First note that if f ∈ Mk, then f is holomorphic everywhere and so vz(f) ≥ 0,
for all z ∈ H ∪ {∞}.

(a) Fix z0 ∈ H. If f ∈ M0, then also f1 := f − f(z0) · 1 ∈ M0. But vz0(f1) > 0 by
construction, and this contradicts (1.38) unless f1 = 0. Thus f = f(z0) · 1 is constant,
so M0 = C · 1.

(b) If k < 0, then for any non-zero f ∈ Mk the left hand side of (1.38) is non-negative,
whereas the right hand side is negative. Thus Mk = {0}.

Similarly, if k = 2, then the right hand side of (1.38) is 1
6

whereas the left hand side
is either 0 or ≥ 1

3
, and so M2 = {0}.

Finally, the fact that Mk = {0} if k is odd was already mentioned earlier (cf. §1.1).
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(c) If k = 4, 6, 8, 10, or 14, then (1.38) has only one possible solution:

k = 4 : vρ(f) = 1, vz(f) = 0,∀z 6= ρ
k = 6 : vi(f) = 1, vz(f) = 0,∀z 6= i
k = 8 : vρ(f) = 2, vz(f) = 0,∀z 6= ρ
k = 10 : vi(f) = vρ(f) = 1, vz(f) = 0,∀z 6= i, ρ
k = 14 : vi(f) = 1, vρ(f) = 2, vz(f) = 0,∀z 6= i, ρ

Now let f1, f2 ∈ Mk (fi 6= 0). Then by the above we know that f1 and f2 have the same
orders of zeros, and hence f1/f2 is holomorphic on H ∪ {∞}. Thus f1/f2 ∈ M0, and so
by part (a) we have f1 = cf2, for some c ∈ C. Taking f2 = Ek ∈ Mk yields the assertion.

(d) If f ∈ Sk is a cusp form, then v∞(f) ≥ 1 (by definition). Since the right hand
side of (1.38) is < 1 for k < 12, it follows that Sk = {0}.

Moreover, for k = 12 we see from (1.38) that every non-zero f ∈ S12 satisfies

v∞(f) = 1 and vz(f) = 0, ∀z ∈ H;(1.39)

in particular this holds for f = ∆. Thus, by the same argument as in (c) we see that
S12 = C∆.

(e) If f ∈ Sk is a (non-zero) cusp form, then v∞(f/∆) ≥ 1 − 1 = 0 and vz(f/∆) =
vz(f),∀z ∈ H, by (1.39), and so f/∆ ∈ Mk−12. Thus Sk ⊂ ∆Mk−12, and so we have the
desired equality since the opposite inclusion is obvious.

(f) Clearly cEk /∈ Sk, if c 6= 0, so Sk ∩ CEk = {0}. Moreover, if f ∈ Mk, then
f − a0(f)Ek ∈ Sk (because a0(Ek) = 1), and so the assertion follows.

Remark. For later reference, note that in part (c) of the above proof we had shown:

vρ(E4) = 1 and vz(E4) = 0, for all z 6= ρ(1.40)

vi(E6) = 1 and vz(E6) = 0, for all z 6= i.(1.41)

Proof of Theorem 1.1. By Proposition 1.5(d) we know that Sk = ∆Mk−12,∀k ∈ Z and
so S = ∆M. It thus remains to show that M = C[E4, E6] or equivalently, that Mk is a
basis of Mk.

Claim 1. Mk generates Mk, i.e. Mk = 〈Mk〉, for all k ∈ Z.

This is clear if k is odd, so assume k even. By Proposition 1.5(a)-(c), this is trivial for
k ≤ 2 (or for k odd). To prove that it is true in general, induct on k ≥ 4 (and assume
that k is even). For k ≥ 4 it is immediate that Mk 6= ∅, so let fk ∈ Mk. If f ∈ Mk,
then g := f − a0(f)fk ∈ Sk because a0(fk) = 1, and so by Proposition 1.5(e) we have
g = ∆h with h ∈ Mk−12. By induction, Mk−12 = 〈Mk−12〉 so f ∈ 〈fk,∆Mk−12〉. Now

since ∆ = (2π)12

123 (E3
4 − E2

6), it follows that ∆Mk−12 ⊂ 〈Mk〉, and so f ∈ 〈Mk〉. This
proves the inclusion Mk ⊂ 〈Mk〉, and so we have the desired equality since the opposite
inclusion is trivial.

Claim 2. If k ≥ 0 is even, then #Mk =

{ [
k
12

]
if k ≡ 2 (mod 12),[

k
12

]
+ 1 if k 6≡ 2 (mod 12).
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By definition, #Mk is the number of non-negative integer solutions (α, β) of the linear
Diophantine equation 4α+ 6β = k. Since the general integer solution of this equation is
α = −k

2
+ 3t, β = k

2
− 2t, where t ∈ Z, it follows that

#Mk = #{t ∈ Z : k
6
≤ t ≤ k

4
} =

{ [
k
4
− k

6

]
+ 1 if k

6
∈ Z,[

k
4

]
−
[
k
6

]
otherwise.

Thus, if k ≡ 0, 6 (mod 12), the assertion of Claim 2 follows. For the other cases write
k = 12k′ + r, with 0 ≤ r < 12. Then [k

4
] − [k

6
] = k′ + [ r

4
] − [ r

6
]. Now since [ r

4
] − [ r

6
] = 1

(resp. = 0) if r = 4, 8, 10 (resp. if r = 2), the assertion follows in the other cases as well.

Claim 3. dimMk = #Mk, for all k.

Again we induct on k (where k is even). For k < 12 this is clear by Proposition 1.5(c).
For k ≥ 12 we have dimMk = 1 + dimSk = 1 + dimMk−12 by Proposition 1.5(e),(f).
On the other hand, by Claim 2 we see that #Mk = 1 + #Mk−12, for all k ≥ 12 and so
Claim 3 follows.

By Claims 1 and 3 we thus see that Mk is a basis of Mk. Moreover, formula (1.32)
follows from Claim 2 and formula (1.33) follows from this and the fact that dimSk =
dimMk − 1 for k ≥ 4.

Proof of Theorem 1.2. The first assertion is easily verified. Indeed, let fk := (E6/E4)
k/2.

Then 0 6= fk ∈ Ak, and so we see that for any modular function f ∈ Ak of weight k, the
quotient f/fk ∈ A0 is a modular function of weight 0, which means that Ak = A0fk, as
claimed.

To prove the second assertion, i.e. that A0 = C(j), recall first that j =
E3

4

∆1
, where

∆1 = 1
123 (E

3
4 − E2

6); cf. equation (1.17). Then j − 123 =
E2

6

∆1
and so

jα(j − 123)β =
E3α

4 E2β
6

∆α+β
1

, for all α, β ≥ 0.(1.42)

Now suppose that f ∈ A0 is holomorphic on H and that f 6= 0. Then by (1.38) we
see that −ν := v∞(f) ≤ 0, and so by (1.39) we see that g := f∆ν ∈ M12ν . Thus, by
Theorem 1.1 we know that g is a linear combination of terms of the form h := Eα

4E
β
6

with 4α + 6β = 12ν. Thus α = 3α′ and β = 2β′, and so h/∆ν
1 has the form of the right

side of (1.42), which means that h/∆ν
1 ∈ C[j]. Thus also f = g/∆ν

1 ∈ C[j], and so we
have shown:

f ∈ A0, f holomorphic on H ⇒ f ∈ C[j](1.43)

Now suppose that f ∈ A0 is arbitrary, and let z1, . . . , zr denote the poles of f on Γ\H
(i.e. in D), and n1, . . . , nr their corresponding multiplicities. Then

f1 = f
∏

(j(z)− j(zi))
ni ∈ A0

is holomorphic on H and so f1 ∈ C[j] by (1.43). Thus f ∈ C(j) (which is the quotient
field of C[j]).
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1.3.3 Application 1: Identities between arithmetical functions

As a first application, we shall see that the theory developed so far suffices to prove a
number of interesting identities for the arithmetical functions σk(n). In all cases, these
identities are just a translation of the corresponding identities among products of the
Ek’s such as the following.

Proposition 1.6 We have E2
4 = E8, E4E6 = E10, and E6E8 = E4E10 = E14.

Proof. Clearly E2
4 , E8 ∈ M8. By (1.34) we have dimM8 = 1, so E2

4 = cE8, for some
c ∈ C. Since the q-expansions of both E2

4 and E8 have constant term 1, we have c = 1,
or E2

4 = E8. The other identities are proved similarly.

Corollary 1.7 The following identities hold:

120
n−1∑
k=1

σ3(k)σ3(n− k) = σ7(n)− σ3(n)

5040
n−1∑
k=1

σ3(k)σ5(n− k) = 11σ9(n)− 21σ5(n) + 10σ3(n)

10080
n−1∑
k=1

σ5(k)σ7(n− k) = σ13(n) + 20σ7(n)− 21σ5(n).

Proof. For any even integers r, s ≥ 2 we have by (1.8) that

ErEs = 1 + crcs

∞∑
n=1

(
σr−1(n)

cs
+
σs−1(n)

cr
+

n−1∑
m=1

σr−1(m)σs−1(n−m)

)
qn.(1.44)

Thus, the identities given in the corollary are just restatements of the identities E2
4 = E8,

E4E6 = E10, and E6E8 = E14, respectively.

Proposition 1.8 We have E12 − E2
6 = 123 441

691
∆1 = 441

691
(E3

4 − E2
6).

Proof. The functions E12 − E2
6 and ∆1 are both cusp forms of weight 12, so E12 − E2

6 =
c∆1 for some c ∈ C because dimS12 = 1; cf. (1.33). To determine c, we look at the
q-expansions of both functions. Since a1(∆1) = 1 6= 0, we see that c = a1(E12 −
E2

6)/a1(∆1) = (65520
691

− (−1008)) = 762048
691

= 1728·441
691

, as claimed.

Corollary 1.9 The following identity holds:

τ(n) =
65

756
σ11(n)− 691

756
σ5(n) +

691

3

n−1∑
k=1

σ5(k)σ5(n− k)

In particular, we have the congruence

τ(n) ≡ σ11(n) (mod 691).
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Proof. Since ∆1 =
∑

n≥1 τ(n)qn, the first identity is just a restatement of Proposition
1.8, and from this the given congruence follows because 65 ≡ 756 (mod 691) (and 691 is
prime.)

Although E2 isn’t a modular form, it still gives rise to interesting identities:

Proposition 1.10 (Ramanujan[Ra]) Let hk = θEk − k
12

(E2Ek − Ek+2), where k ≥ 2
and θ is the derivative operator; cf. (1.13). If k ≥ 4, then hk ∈ Sk+2, whereas h2 = −θE2.
In particular, we have the following identities:

θE2 = 1
12

(E2
2 − E4), θE4 = 1

3
(E2E4 − E6),

θE6 = 1
2
(E2E6 − E8), θE8 = 2

3
(E2E6 − E10).

Proof. Since Ek ∈ Mk for k ≥ 4, the first assertion follows immediately by applying
Ramanujan’s observation (1.12) to f = Ek. Moreover, since Sk+2 = 0 for k ≤ 8, we
see that h4 = h6 = h8 = 0, and this yields the last three displayed identities. Now
if k = 2, then by differentiating the functional equation (1.11) of E2 we obtain that
θE2 − 1

12
E2

2 ∈ M4 = CE4, and so we see that θE2 = 1
12

(E2
2 − E4) (by looking at the

q-expansions). Thus h2 = θE2 − 2
12

(E2
2 − E4) = θE2 − 2θE2 = −θE2, as claimed.

As before, these identities are equivalent to certain identities involving the sigma
functions σk; the first of these was discovered by Glaisher[Gl] in 1884:

Corollary 1.11 The following identities hold for all n ≥ 1:

n−1∑
k=1

σ(k)σ(n− k) =
1

12
[5σ3(n)− (6n− 1)σ(n)] ,

n−1∑
k=1

σ(k)σ3(n− k) =
1

240
[21σ5(n)− 10(3n− 1)σ3(n)− σ(n)] ,

n−1∑
k=1

σ(k)σ5(n− k) =
1

504
[20σ7(n)− 21(2n− 1)σ5(n) + σ(n)] ,

n−1∑
k=1

σ(k)σ7(n− k) =
1

480
[11σ9(n)− 10(3n− 2)σ7(n)− σ(n)] .

Corollary 1.12 The derivative operator θ maps the ring M̃ := C[E2, E4, E6] of “quasi-
modular forms” into itself.

Proof. By the product rule of derivatives, it is enough to verify that θE2, θE4, θE6 ∈ M̃,
and this is clear by the identities of Proposition 1.10.

Remark. The basic theory of quasi-modular forms is presented in Kaneko/Zagier[KZ],
and connections of this theory to String Theory and to Mirror Symmetry in Physics are
explained in Dijkgraaf’s article[Dij]. See also Lang[La], p. 161.
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1.3.4 Estimates for the Fourier coefficients of modular forms

We next want to study the growth rate of the Fourier coefficients an = an(f) of a modular
form

f(z) =
∞∑
n=0

anq
n (where q = e2πiz).

For f = Ek, where k ≥ 4 is even, we have the estimate

an(f) = O(nk−1).(1.45)

This follows easily from the following more precise assertion which also shows that the
above estimate is best possible.

Proposition 1.13 We have the estimates

n < σ(n) < n(1 + log(n)),

nk < σk(n) < ζ(k)nk, if k > 1.

Proof. This is well-known; cf. [Sch], p. 224. Indeed, we have

n < σ(n) = n
∑
0<d|n

1

d
< n

n∑
ν=1

1

ν
< n(1 + log(n)).

which yields the desired bounds on σ(n). Similarly, for k > 1

nk < σk(n) = nk
∑
0<d|n

1

dk
< nk

∞∑
ν=1

1

νk
= ζ(k)nk.

Since the space of modular forms is generated by products of E4 and E6, we obtain

Corollary 1.14 The estimate (1.45) holds for any modular form f ∈ Mk.

On the other hand, if f ∈ Sk is a cusp form, then much better estimates are valid.

Theorem 1.15 (Hecke) If f is a cusp form of weight k, then

an(f) = O(nk/2).(1.46)

Remark. The above estimate (1.46) is by no means the best. Indeed, it follows from
the Petersson-Ramanujan Conjecture which generalizes the Ramanujan Conjecture men-
tioned in subsection 1.2.2 (and which was also proved by Deligne) that one has the
estimate

an(f) = O(nk/2−1/2+ε), for f ∈ Sk.(1.47)
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This estimate, however, is in fact best possible. Indeed, Ramanujan[Ra] shows that it
follows from his conjecture(s) that one has

τ(n) ≥ n11/2

for infinitely many n of the form n = pr (where p is any prime such that τ(p) 6= 0), and
the same reasoning extends to prove a similar result for a suitable basis of Sk, for any k.

Proof (of Theorem 1.15). Since a0 = 0 we have f = q(
∑
anq

n−1), and so

|f(z)| = O(q) = O(e−2πIm(z)), as q → 0.

Next, we observe that the transformation law of f under Γ shows that the function
φ(z) := |f(z)|Im(z)k/2 is invariant under Γ and hence (by the above) is bounded on all
of H. Thus for some constant M we have

|f(z)| ≤M(Im(z))−k/2, for all z ∈ H.

Thus, by using the integral representation

an =

∫ 1

0

f(x+ iy)q−ndx,

of the Fourier coefficients of a periodic function, we get the estimate

|an| ≤M(Im(z))−
k
2 e2πnIm(z),

which is true for all z ∈ H. In particular, if we take z such that Im(z) = 1
n
, then we

obtain the assertion of the theorem.

Corollary 1.16 For any modular form f ∈ Mk of even weight k ≥ 4 we have

an(f) = cfσk−1(n) +O(nk/2), where cf = cka0(f).(1.48)

In particular, if a0(f) 6= 0, then the order of magnitude of an(f) is nk−1, i.e. there exist
constants c1, c2 such that

c1n
k−1 < |an(f)| < c2n

k−1.(1.49)

Proof. Put g = f − a0(f)Ek. Then g ∈ Sk, so an(g) = O(nk/2) by Hecke’s Theorem. On
the other hand, an(g) = an(f)−a0(f)an(Ek) = an(f)−a0(f)an(Ek) = an(f)−cfσk−1(n),
and so (1.48) follows. Furthermore, if an(f) 6= 0, then also cf 6= 0 and so (1.49) follows
from (1.48) and Proposition 1.13.
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1.3.5 Application 2: The order of magnitude of arithmetical
functions

In application 1 we used the knowledge of explicit modular forms to derive identities
among certain arithmetical functions involving the functions σk, at least for small values
of k. For larger values of k this method becomes infeasible since the expressions become
too involved to be interesting or useful. However, since the coefficients of cusp forms
have a slower growth rate than the σk’s, (cf. Corollary 1.16 above), we can combine the
uninteresting terms into an error term and thus obtain powerful results on the order of
magnitude of certain arithmetic functions. As an example of this method, let us consider
the arithmetical functions Σr,s which were studied by Ramanujan in his monumental
paper [Ra]. Further examples will appear in the next subsection 1.3.6.

Following Ramanujan, let us put, using the notation of subsection 1.2.1,

σk−1(0)
def
= −Bk

2k
=

1

ck
,

so that we can now write equation (1.8) in the form

Ek(z) = ck

∞∑
k=0

σk−1(n)qn.(1.50)

Again following Ramanujan[Ra], let us consider the function

Σr,s(n) =
n∑
k=0

σr(k)σs(n− k),(1.51)

where r, s are odd positive integers. (By symmetry we may assume that r ≤ s.) From
equation (1.50) we see that the generating function of this function is

∞∑
n=0

Σr,s(n)qn =
1

cr+1cs+1

Er+1(z)Es+1(z) =
1

4
ζ(−r)ζ(−s)Er+1(z)Es+1(z),

where (in the second equality) we have used the identity ζ(−r) = 2
cr+1

which follows from

Euler’s formula for ζ(r + 1) and the functional equation (1.54) below.
Following Ramanujan, the growth rate of Σr,s can be expressed as follows.

Theorem 1.17 (Ramanujan) If r and s are odd positive integers, then we have

Σr,s(n) =
ζ(−r)ζ(−s)

2ζ(−r − s− 1)
σr+s+1(n) +

ζ(1− r) + ζ(1− s)

r + s
nσr+s−1(n) +O(n

1
2
(r+s)+1).

(1.52)
Furthermore, in the 9 cases that r + s ≤ 12 and r + s 6= 10 there is no error term in
(1.52); i.e. we have in these cases the identities

Σr,s(n) =
ζ(−r)ζ(−s)

2ζ(−r − s− 1)
σr+s+1(n) +

ζ(1− r) + ζ(1− s)

r + s
nσr+s−1(n).(1.53)
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Proof. Suppose first that r > 1 and s > 1. Then f = Er+1Es+1 − Er+s+2 is a cusp form
of weight t = r + s+ 2, so by Hecke’s theorem (1.15) we obtain

Σr, s(n)/(ζ(−r)ζ(−s))− σr+s+1(n)/(2ζ(−r − s− 1)) = O(n
1
2
(r+s+2)).

Since in this case ζ(1− r) = ζ(1− s) = 0, this equation is equivalent to equation (1.52).
Furthermore, from (1.35) we know that St = 0 for t ≤ 14, t 6= 12, and so the identity
(1.53) holds.

Next, suppose that r = 1. If s > 1, then by Proposition 1.10 we know that hs+1 =
θEs+1 − s+1

12
(E2Es+1 − Es+3) ∈ Ss+3 is a cusp form of weight s + 3. From this, the

estimate (1.52) follows readily from Hecke’s theorem (1.15) since ζ(0) = −1
2
. Finally, if

r = s = 1, then (1.53) is just a restatement of Glaisher’s identity (i.e. the first identity
of Corollary 1.11).

Remarks. 1) Note that the identities of (1.53) constitute a succinct way of writing the
7 explicit identities of Corollaries 1.7 and 1.11. In fact, (1.53) also includes two more
identities which were not mentioned earlier:

n−1∑
k=1

σ3(k)σ9(n− k) =
1

2640
[σ13(n)− 11σ9(n) + 10σ3(n)]

n−1∑
k=1

σ(k)σ11(n− k) =
1

65520
[691σ13(n)− 2730(n− 1)σ11(n)− 691σ(n)] .

2) Ramanujan[Ra] did not have Hecke’s theorem available, so he could only prove (by

using an “elementary” method) that the above error term is O(n
2
3
(r+s+1)). However, in

the same paper he conjectured that the error term is in fact O(n
1
2
(r+s+1+ε)) and showed

that it cannot be smaller than O(n
1
2
(r+s+1)). It follows again by the Petersson-Ramanujan

Conjecture (proved by Deligne) that this (best) error estimate is indeed correct.

3) In Ramanujan’s paper [Ra] the coefficient of σr+s+1(n) in formula (1.52) is given
as

Γ(r + 1)Γ(s+ 1)

Γ(r + s+ 2)

ζ(r + 1)ζ(s+ 1)

ζ(r + s+ 2)
.

This is in fact equal to the coefficient given above because from the functional equation
of the ζ-function,

ζ(1− s) = 21−sπ−s cos
(πs

2

)
Γ(s)ζ(s),(1.54)

we obtain, if r is an odd integer,

Γ(r + 1)ζ(r + 1) = (−1)
r+1
2 2rπr+1ζ(−r),

and from this (and Euler’s formula) the relations

Γ(r + 1)Γ(s+ 1)

Γ(r + s+ 2)

ζ(r + 1)ζ(s+ 1)

ζ(r + s+ 2)
=

ζ(−r)ζ(−s)
2ζ(−r − s− 1)

=
cr+s+1

cr+1cs+1

follow readily.
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1.3.6 Application 3: Unimodular lattices

As yet another application, let us consider even integral lattices L ⊂ Rr of dimension r.
This means:

• L ' Zr as an abelian group, and L contains a basis of Rr;

• the usual dot product ( · ) on Rr assumes integral values on L×L and even integral
values on the diagonal of L× L.

A basic question in the theory of lattices is to calculate or to estimate the number

rL(n) = #{x ∈ L : (x · x) = n}

of lattice vectors of a given squared-length n.
By fixing a basis of L and hence an isomorphism L ' Zr, we can equivalently think

of a lattice as the module Zr endowed with an even integral positive-definite quadratic
form Q(x1, . . . , xr). Explicitly, if v := {v1, . . . ,vr} is a basis of L, then Q = QL,v is given
by

Q(x1, x2, . . . , xr) = 1
2
||x1v1 + . . . xrvr||2 = 1

2
~xtA~x, where A = ((vi · vj))i,j.

In this translation, the number rL(2n) of lattice-vectors of squared-length 2n becomes
the number rQ(n) of representations of n by Q, i.e.,

rL(2n) = rQ(n).

Thus, an equivalent formulation of the above problem is to calculate or to estimate the
number of representations of a number n by an even integral positive-definite quadratic
form Q.

Let us now assume in addition that L (or Q) is unimodular, i.e. that its volume
vol(L) := det(A) = 1. Then, by the discussion in subsection (1.2.5), we know that the
associated theta-series

ϑL(z) = ϑQ(z) =
∞∑
n=0

rL(2n)qn

defines a modular form of weight r/2; recall that we necessarily have that r ≡ 0 (mod 8).
Since rL(0) = 1, we see that

fL = ϑL − Er/2 ∈ Sr/2(1.55)

is a cusp form of weight r/2. Thus, by Theorem 1.15 we obtain:

Theorem 1.18 If L is an even unimodular lattice of dimension r, then the number
rL(2n) of lattice-vectors of squared-length 2n satisfies:

rL(2n) =
r

B r
2

σ r
2
−1(n) +O(nr/4).(1.56)
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Examples 0) For any r = 4m, the set

Γr = {(x1, . . . xr) ∈ 1
2
Zr :

∑
xi ∈ 2Z, xi − xj ∈ Z,∀i, j}

defines an integral lattice of determinant 1, as is easy to see; cf. [Se1], p. 51. Furthermore,
Γr is an even integral lattice if (and only if) r ≡ 0 (mod 8). Thus, for any such r, the
number rΓr(2n) satisfies the growth rate (1.56).

1) r = 8. If L is an even unimodular lattice of dimension 8, then we have

rL(2n) = 240σ3(n), for all n ∈ N,

because there are no non-zero cusp forms of weight r/2 = 4 (and so fL = 0). It is known,
however, that up to isomorphism there is only one such lattice, namely the lattice Γ8

arising from the exceptional Lie algebra E8; cf. [CS], p. 423.

2) r = 16. Here again there are no non-zero cusp forms of weight r/2 = 8, and so

rL(2n) = 480σ7(n), for all n ∈ N,

for every even unimodular lattice L of dimension 16. In this case there are two such
(non-isomorphic) lattices: Γ8 ⊕ Γ8 and Γ16 (in the notation of Example 0)).

3) r = 24. If L is an even unimodular lattice of dimension 24, then there is a constant
cL ∈ Q such that

ϑL = E12 +
cL

(2π)12
∆,

because S12 = C∆ is generated by ∆. This means:

rL(2n) =
65520

691
σ11(n) + cLτ(n), for all n ∈ N,

and so the constant cL is determined by

cL = rL(2)− 65520

691
.

By a theorem of Niemeier (1968) it is known that there are exactly 24 non-isomorphic
even unimodular lattices L of dimension 24; cf. Conway/Sloane[CS], ch. 16, 18. (For any
r = 8m, there is a general formula for the weighted number of even unimodular lattices
in terms of Bernoulli numbers; cf. [CS], p. 409.) Four of these are the following:

a) L = Γ24. Here rL(2) = 2 · 24 · 23, so cL = 697344
691

.

b) L = Γ8 ⊕ Γ8 ⊕ Γ8. Here rL(2) = 3rΓ8(2) = 3 · 240, so cL = 432000
691

.

c) L = Γ8 ⊕ Γ16. Here rL(2) = rΓ8(2) + rΓ16(2) = 720, so again cL = 432000
691

.

d) L = Leech lattice. This the even unimodular lattice of dimension 24 which is
characterized by the condition that rL(2) = 0; thus, in this case cL = −65520

691
. We

thus see that the shortest non-zero vector in L has squared-length 4, and that there are
rL(4) = 65520

691
(σ11(2)− τ(2)) = 196560 such vectors!
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1.4 Modular Interpretation

The term “modular” comes from the Latin word modulus = measure, standard of mea-
surement. What is being measured here are elliptic curves: (elliptic) modular functions
are functions that measure properties of elliptic curves.

1.4.1 Elliptic curves

By definition, an elliptic curve over C is a curve described by an equation of the form
y2 = f(x), where f(x) ∈ C[x] is a cubic polynomial with distinct roots. By making a
suitable linear change of variables we can assume that the curve has the Weierstrass form

E = Ea,b : y2 = 4x3 − ax− b, where ∆E := a3 − 27b2 6= 0;(1.57)

here we have used the fact that the polynomial f(x) = 4x3 − ax− b has distinct roots if
and only if its discriminant disc(f) = 16(a3 − 27b2) 6= 0.

Note that the change of variables x1 = λ2x, y1 = λ3y, where λ ∈ C×, transforms the
above elliptic curve to the (isomorphic) elliptic curve

E1 = Ea1,b1 : y2
1 = 4x3

1 − a1x− b1,

in which a1 = a/λ4 and b1 = b/λ6; thus ∆E1 = ∆E · λ−12. In particular, the discriminant
∆E is not preserved under isomorphisms of elliptic curves. However, it is immediate that

jE
def
=

(12a)3

∆E

=
(12a)3

a3 − 27b2

is invariant under such transformations; this number jE is called the j-invariant of E.
It is often useful to “compactify” E by adding a point P∞ = (∞,∞) to E. In fact,

E = E ∪ {P∞} has a natural group structure (with identity P∞) where the addition is
given by the so-called chord-tangent method; cf. e.g. [ST], p. 15ff. for more details.

Remark. In many texts (such as [ST]) one finds in place of the (classical) Weierstrass
form (as above) the equivalent form

ẼA,B : Y 2 = X3 + AX +B, where 4A3 + 27B2 6= 0,

which has certain advantages. Note that ẼA,B is obtained from Ea,b by the transformation
x = X and y = 2Y , and so A = −a/4, B = −b/4 and ∆ẼA,B

:= −16(4A3 + 27B2) =

a3 − 27b2 = ∆Ea,b
. Moreover, its j-invariant is jẼA,B

:= − (48A)3

∆ẼA,B

= jEa,b
.

The above is an algebraic description of elliptic curves (which in fact can be general-
ized to any field K of characteristic 6= 2, 3 in place of C). However, for complex elliptic
curves we also have an analytic description: there is a (unique) lattice L ⊂ C such that
E “equals” C/L. This identification is obtained by the theory of doubly periodic (or
elliptic) functions, which we consider next.
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1.4.2 Elliptic functions

Since the basic theory of such functions is presented in most standard texts on complex
analysis (cf. e.g. Ahlfors[Ah], chapter 7), we shall only briefly recall the main facts.

Let L ⊂ C be a lattice in C; thus L = Zω1 + Zω2, where ω1/ω2 /∈ R. Note that by
interchanging ω1 and ω2 if necessary, we can always assume that Im(ω1/ω2) > 0, i.e. that
ω1/ω2 ∈ H, and we shall do so tacitly in the sequel.

An elliptic or doubly-periodic function with period lattice L is a meromorphic function
f defined on C such that

f(z + ω) = f(z), for all ω ∈ L.

Since there are no non-constant holomorphic elliptic functions (cf. Ahlfors[Ah], p. 262
or [Ko], p. 15), we must allow poles. The simplest non-constant elliptic function is the
Weierstrass ℘-function,

℘L(z) =
1

z2
+
∑
ω∈L

′
[

1

(z − ω)2
− 1

ω2

]
,

which has a pole of order 2 at every lattice point ω ∈ L. By expanding 1
(z−ω)

as a power
series and rearranging the terms, we obtain the following Laurent series expansion of ℘L
(in a neighbourhood of 0):

℘L(z) =
1

z2
+

∞∑
k=2

(k + 1)Gk+2(L)zk, where Gk(L) =
∑
ω∈L

′ 1

ωk
(1.58)

Note that this function Gk(L) is closely related to the function Gk(τ) which was defined
earlier in subsection 1.2.1; in fact, we have

Gk(L) =
∑
m,n∈Z

′ 1

(mω1 + nω2)k
=

1

ωk2

∑
m,n∈Z

′ 1

(m(ω1/ω2) + n)k
= ω−k2 Gk(ω1/ω2),

and so in particular, Gk(Zτ + Z) = Gk(τ). Thus, we see that the coefficients of the
expansion (1.58) of ℘L are given by modular forms!

By differentiating (1.58), one deduces easily that ℘ satisfies the differential equation

(℘′L)2 = 4℘3
L − g2(L)℘L − g3(L),(1.59)

where g2(L) = 60G4(L) and g3(L) = 140G6(L); cf. [Ah], p. 268 or [Ko], p. 23. Thus
we see that the assignment z 7→ φL(z) := (℘τ (z), ℘

′
τ (z)) defines a map from C/L to the

plane cubic curve E = EL : y2 = 4x3 − g2(L)x− g3(L), which is in fact an elliptic curve

because ∆E = g2(L)3−27g3(L)2 = ∆(L) := ω−12
2 ∆

(
ω1

ω2

)
6= 0 (since ∆(τ) does not vanish

on the upper half plane (cf. (1.39)). Note that the j-invariant of EL is

j(L) := jEL
=

(12g2(L))3

∆EL

= j

(
ω1

ω2

)
,(1.60)

where j(τ) denotes the j-function of subsection 1.2.3. Moreover, we have:
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Proposition 1.19 The map z 7→ (℘(z), ℘′(z)) induces a bijection (in fact, an analytic
isomorphism)

φL : C/L ∼→ EL = Eg2(L),g3(L).

In addition, this is an isomorphism of groups.

Proof. The first assertion is easily verified; cf. [Ko], p. 24. The second assertion (about
the group laws) is just a restatement of the addition law of the Weierstrass ℘-function
(cf. [Ah], p. 269 or [Ko], p. 34.)

Remarks. 1) The inverse of the map φL is given by the (multi-valued) integral

φ−1
L (P ) =

∫ P

P∞

dz√
f(z)

+ L ∈ C/L,

where f(z) = 4z3− g2(L)z− g3(L), and where the integral is over any path (on E) which
joins P∞ to P ; such an integral is (essentially) what is called an elliptic integral.

Historically, it was the study of elliptic integrals that gave birth to elliptic functions
and to elliptic curves. In fact, the study of elliptic integrals begins with Fagnano’s
discovery (1718) that there is a simple formula for doubling the arc length s(r) =

∫ r
0

dt√
1−t4

of a lemniscate, i.e. to find u such that s(u) = 2s(r); cf. Siegel[Si], p. 1ff for the precise
details. In 1753 Euler discovered that Fagnano’s observation is a special case of a general
addition law for the lemniscate integral s(r), i.e. that there is a simple formula for the
solution u of s(u) = s(r)+s(r′) in terms of r and r′, and subsequently he (and Legendre)
noticed that this is true more generally for all elliptic integrals

If (r) =

∫ r

0

dx√
f(x)

,

where f(x) is any cubic or quartic polynomial. Later, Weierstrass discovered his ℘-
function in his (successful) attempt to invert elliptic integrals. In particular, the addition
law for the Weierstrass ℘-function is just a restatement of Euler’s addition formula for
elliptic integrals.

2) The Weierstrass function ℘L actually gives rise to all elliptic functions as follows.
First of all, every even elliptic function with period lattice L is rational functions in ℘L,
i.e. the set M(L)+ of all even L-periodic elliptic functions is the field M(L)+ = C(℘L)
of rational functions in ℘L. Moreover, the set M(L) of all L-periodic elliptic functions
is the field generated by ℘L and by its derivative ℘′(z), i.e.

M(L) = C(℘L, ℘
′
L),

i.e. every elliptic function is a rational function in ℘ and ℘′; cf. [Ko], p. 18. Note that
the differential equation (1.59) shows that M(L) = C(℘L, ℘

′
L) is a quadratic extension

of M(L)+ = C(℘L).
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1.4.3 Lattice functions

In the previous subsection on elliptic functions we saw that certain modular forms miracu-
lously appeared as values attached to lattices, i.e. as lattice functions; in particular, these
modular forms extend to lattice functions. This is in fact no accident, for it turns out
that there is a complete dictionary between lattice functions (of weight k) and functions
on the upper half plane of weight k with respect to Γ = SL2(Z), as we shall see presently.
For this, we first introduce the following definitions and notations.

Definition. Let L = {L ⊂ C} denote the set of all lattices in C. A lattice function of
weight k is a function F : L → C such that

F (cL) = c−kF (L), ∀c ∈ C×.

We denote the set of such functions by Fk(L). Moreover, a function f : H → C is said
to be of weight k with respect to Γ if it satisfies the transformation rule (1.2). The set
of all such functions is denoted by Fk(H,Γ), i.e.

Fk(H,Γ) = {f : H → C with f |kγ = f, for all γ ∈ Γ}.

Example. The lattice function Gk defined in (1.58) has weight k (i.e. Gk ∈ Fk(L))
because

Gk(cL) =
∑
ω∈cL

′ 1

ωk
=
∑
ω∈L

′ 1

(cω)k
=

1

ck

∑
ω∈L

′ 1

ωk
= c−kGk(L).

We now prove:

Proposition 1.20 (a) The map L : H → L given by L(τ) = Zτ + Z induces a bijection

L : Γ\H ∼→ L/C×.

(b) The pull-back map F 7→ L∗F = F ◦ L induces for each k a bijection

L∗ : Fk(L)
∼→ Fk(H,Γ)

between the set Fk(L) of lattice functions of weight k and the set Fk(H,Γ) of functions
on H which have weight k with respect to Γ.

Proof. (a) It is immediate that the rule τ 7→ L(τ) := L(τ)C× defines a surjection
L : H → L/C× because any lattice Λ = Zω1+Zω2 ∈ L can be written as Λ = L(ω1/ω2)ω2.
Moreover, L is constant on Γ-orbits and hence defines a surjection L : Γ\H → L/C×

because if g =
„
a b
c d

«
∈ Γ, then L(g(τ)) = (Z(aτ + b)+Z(cτ +d))(cτ +d)−1 = L(τ)(cτ +

d)−1. Here we have used one direction of the following easy general fact:

Fact. If ω = (ω1, ω2), ω
′ = (ω′1, ω

′
2) ∈ B := {(ω1, ω2) ∈ C2 : ω1/ω2 ∈ H}, then

Zω1 + Zω2 = Zω′1 + Zω′2 ⇔ ∃g ∈ Γ = SL2(Z) : gωt = (ω′)t.(1.61)
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[Indeed, by linear algebra we have that Zω1 + Zω2 = Zω′1 + Zω′2 ⇔ ∃g ∈ Γ = GL2(Z) :

gωt = (ω′)t. Moreover, if this is the case, then g(ω1

ω2
) =

ω′1
ω′2

(viewing g as a fractional linear

transformation). But since ω1

ω2
,
ω′1
ω′2
∈ H, this forces that det(g) > 0, i.e. that g ∈ SL2(Z).]

It remains to show that L : Γ\H → L/C× is injective. Thus, suppose τ, τ ′ ∈ H

are such that L(τ)λ = L(τ ′) for some λ ∈ C×. Then by (1.61) ∃g ∈ SL2(Z) such that
g(λτ, λ) = (τ ′, 1). But then g(τ) = g(λτ

λ
) = τ ′

1
= τ ′ (viewing g as a fractional linear

transformation), and so τ ′ ∈ Γτ = orbitΓ(τ). Thus L is injective and hence bijective.
(b) First note that if f ∈ F(H) is any (C-valued) function on H, then the rule

hk(f)(ω1, ω2) := ω−k2 f(ω1/ω2)

defines a C-valued map hk(f) ∈ F(B) on the set B = {(ω1, ω2) ∈ C2 : ω1/ω2 ∈ H}
of (oriented) bases of lattices. Now clearly hk(f)(λω) = λ−khk(ω),∀λ ∈ C× and ω =
(ω1, ω2) ∈ B, i.e. hk(f) ∈ Fk has weight k. Thus, the homogenization map hk defines a
map and bijection

hk : F(H)
∼→ Fk(B)

between the set of functions on H and the set of functions on B of weight k.
We next observe that the linear action of Γ = SL2(Z) on C2 induces an action on

B ⊂ C2, and a short computation shows that

hk(f) ◦ g = hk(f |kg), for all g ∈ Γ.(1.62)

Thus we see that hk defines a bijection

hk : Fk(H,Γ)
∼→ Fk(B)Γ = Fk(Γ\B)

between the set Fk(H,Γ) of functions on H of weight k with respect to Γ and the set
Fk(B)Γ of Γ-invariant functions of weight k on B; note that the latter can be identified
with the set Fk(Γ\B) of functions of weight k on the quotient Γ\B.

On the other hand, we have by (1.61) a natural identification Γ\B ∼→ L given by
(ω1, ω2) 7→ Zω1 + Zω2 and so we see that hk defines a bijection hk : Fk(H,Γ)

∼→ Fk(L)
which is given by the rule

hk(f)(Zω1 + Zω2) = ω−k2 f(ω1/ω2).

Clearly, the inverse of this bijection is the map L∗ : F 7→ L∗F , and so L∗ is a bijection,
as claimed.

Remark. The notion of a lattice function is (via the above Fact) closely related to
the concept of a homogeneous modular form which is frequently found in the classical
literature; cf. [Sch], p. 38. The above approach via lattices may be found in [Se1], p. 81.
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1.4.4 The moduli space M1

As we saw in subsection 1.4.2, the theory of elliptic functions shows that every lattice
L ⊂ C gives rise to an elliptic curve EL ⊂ C × C and that we have an identification
C/L ' EL. In fact, every elliptic curve E ⊂ C × C (in Weierstrass form) arises in this
way, as we shall see presently. For this, we shall first prove:

Proposition 1.21 The modular function j ∈ A0 induces an isomorphism

j : Γ\H → C.

Thus, for every c ∈ C there exists a lattice L, unique up to scaling, such that j(L) = c.

Proof. Since j is a modular function of weight 0 without a pole on H, it induces a
map j : Γ\H → C. To show that j is bijective, let c ∈ C. Then j − c ∈ A0 and
v∞(j − c) = v∞(j) = −1. Thus, by (1.38) we know that j − c has a unique zero in Γ\H,
i.e. there is a unique point τ ∈ Γ\H such that j(τ) = c. Thus j : Γ\H → C is bijective.
This proves the first assertion, and the second follows from Proposition 1.20(a) (together
with formula (1.60)).

We can now refine the above result to show that each (Weierstrass) elliptic curve
E ⊂ C× C comes from a unique lattice L ⊂ C.

Proposition 1.22 For any a, b ∈ C with a3 6= 27b2 there is a unique lattice L such that
g2(L) = a and g3(L) = b. Thus, the map L 7→ EL = Eg2(L),g3(L) defines a bijection

Φ : L ∼→ {Ea,b ⊂ C× C}

between the set L = {L ⊂ C} of lattices in C and the set of Weierstrass curves in C×C.

Proof. Suppose first that a = 0. By (1.40) we know that g2(ρ) = 0, and g3(ρ) 6= 0, so if
we choose λ ∈ C such that λ6 = g3(ρ)b

−1, then L = λ(Zρ + Z) satisfies g2(L) = 0 and
g3(L) = λ−6g3(Zρ+ Z) = λ−6g3(ρ) = b.

Next, assume that a 6= 0 and put c = (12a)3

a3−27b2
6= 0. Then b2 = (c−123)

27c
a3. By Proposition

1.21 there exists a lattice L0 such that j(L0) = c; thus g3(λL0)
2 = (c−123)

27c
g2(λL0)

3,
for any λ ∈ C×. Choose λ such that λ4 = g2(L0)a

−1, and put L1 = λL0. Then

g2(L1) = λ−4g2(L0) = a. Moreover, g3(L1)
2 = (c−123)

27c
g2(L1)

3 = (c−123)
27c

a3 = b2, so
g3(L1) = ±b. If g3(L1) = b, then take L = L1; otherwise, take L = iL1.

It remains to show that L is uniquely determined by a and b. If a = 0, then j(L) = 0,
and so L = λ(Zρ + Z), for some λ ∈ C×. Then g3(L) = b ⇔ λ6 = g3(ρ)b

−1, and so λ is
unique up to a sixth root of unity, i.e. up to a power of (−ρ). But (−ρ)k(Zρ+Z) = Zρ+Z,
so L is uniquely determined by this property.

Next, suppose b = 0. Then an analogous argument shows that L = λ(Zi+ Z), where
λ4 = g2(i)a

−1, so λ is unique up to a power of i, and hence L is unique.
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Finally, suppose that ab 6= 0, and that L1, L2 are two lattices such that g2(L1) =
g2(L2) = a and g3(L1) = g3(L2) = b. Then also j(L1) = j(L2), and so L2 = λL1, for
some λ ∈ C×. Thus a = g2(L2) = λ−4g2(L1) = λ−4a, and so λ4 = 1, and similarly λ6 = 1,
and hence λ2 = λ6/λ4 = 1. Thus λ = ±1, and so L1 = L2.

We thus see that every elliptic curve E is “uniformized” by a unique lattice L. This
fact can be used to prove the following purely algebraic statement about isomorphism
classes of elliptic curves:

Corollary 1.23 Two elliptic curves E1 and E2 are isomorphic if and only if they have
the same j-invariant, i.e.

E1 ' E2 ⇔ jE1 = jE2 .

Proof. If E1 ' E2, then clearly jE1 = jE2 , as was mentioned earlier in subsection 1.4.1.
Conversely, suppose that jE1 = jE2 , and write Ek = Eak,bk , for k = 1, 2. Then by

Proposition 1.22 there exist lattices Lk such that g2(Lk) = ak and g3(Lk) = bk, for
k = 1, 2. Now by hypothesis and formula (1.60) we have j(L1) = jE1 = jE2 = j(E2), and
so by Proposition 1.21 it follows that L2 = λL1, for some λ ∈ C×. Then a2 = g2(λL1) =
λ−4g2(L1) = λ−4a1, and similarly b2 = λ−6b1. Thus, the map (x, y) 7→ (λ2x, λ3y) defines
an isomorphism E1

∼→ E2.

We thus see that the j-invariant completely characterizes an elliptic curve up to
isomorphism, i.e. j establishes a bijection between the set C and the set

M1 = {Ea,b : a, b ∈ C, a3 6= 27b2}/'

of isomorphism classes of elliptic curves. More precisely, we have:

Theorem 1.24 The modular function j factors over M1 to induce isomorphisms

Γ\H ∼→ L/C× ∼→ M1
∼→ C

which are induced by the maps τ 7→ L(τ) = Zτ + Z, L 7→ EL, and E 7→ jE, respectively.

Proof. The fact that the composition of these maps is j is the content of formula (1.60).
Now j : Γ\H → C is an isomorphism by Proposition 1.21, and the first and third maps
are isomorphisms by Proposition 1.20(a) and Corollary 1.23, respectively. Thus, all maps
are isomorphisms.

Remark. The above set M1 is called moduli space of elliptic curves. Thus, the above
results show that this “abstract” set has a natural algebraic/analytic structure because
we can identify it (via j) with the complex plane C. (Note that C is also an algebraic
object because it can be identified with the set of points of the affine line A1

C.)
More generally, a moduli problem attempts to classify isomorphism classes of algebraic

objects by identifying them with the points of an algebraic/analytic object. We will
encounter further moduli problems when we discuss modular forms of higher level (cf.
chapter ??).
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1.5 Hecke Operators

In section 1.2 we encountered the (normalized) discriminant function

∆1(z) =
1

1728
(E3

4 − E2
6) =

∑
n≥1

τ(n)qn,

where τ(n) is the Ramanujan τ -function. As was mentioned, Ramanujan conjectured in
1916 that

1) τ(n) is multiplicative;

2) τ(pr) can be expressed in terms of τ(pr−1), τ(pr−2) and τ(p) for r ≥ 2.

This conjecture was then subsequently proved by Mordell in (1917). Later in 1937, Hecke
addressed the following questions in his fundamental paper[He]:

Questions: 1) Are there any other modular forms whose Fourier coefficients are multi-
plicative? How many such modular forms are there?

2) Is there an analogue of property 2) above?

In his paper, Hecke made the following remarkable discoveries:

1) There are at most dimMk (non-zero) modular forms f of weight k whose Fourier
coefficients are multiplicative.

2) If f is as in 1), then its Fourier coefficients apr(f) for prime powers satisfy a
recursion relation which is similar to that of the τ(pr)’s; cf. Corollary 1.37 below.

Two year later, Hecke’s student H. Petersson[Pe] was able to extend and complete
Hecke’s work by proving (cf. Corollary 1.40 below):

1)* There are precisely dimMk (non-zero) modular forms f of weight k whose Fourier
coefficients are multiplicative, and these form a basis of Mk.

Hecke’s idea was to make use of certain operators Tn (now called Hecke Operators)
which act on modular forms. Although these and other operators had been studied earlier
by Kronecker, Klein, Gierster and Hurwitz in their study of modular correspondences,
it was Hecke who first realized their importance in connection with modular forms. In
addition, he discovered that these operators satisfy some basic relations which then force
relations on the Fourier coefficients of forms.

These Hecke Operators will be defined and studied in the next subsection. Then in
subsection 1.5.2 we shall prove the key result of Hecke that a modular form f ∈ Mk is
a simulataneous eigenfunction of all the Hecke operators if and only if its (normalized)
Fourier coefficients are multiplicative. Finally, in subsection 1.5.3 we shall show, using
the so-called Petersson inner product, that such eigenfunctions form a basis of Mk.

37



1.5.1 The Hecke Algebra

Let f ∈ Mk be a modular form of weight k. For each integer n ≥ 1, put

(f |kTn)(z) = (Tnf)(z) = nk−1
∑
a ≥ 1
ad = n

0 ≤ b < d

dkf

(
az + b

d

)
(1.63)

This can also be written more intrinsically in terms of lattice functions as follows. Given
a lattice function F ∈ Fk(L) of weight k (cf. section 1.4.3), define for each integer n ≥ 1
the map Tn : Fk(L) → Fk(L) be the formula

Tn(F )(L) = nk−1
∑
L′ ⊂ L

[L : L′] = n

F (L′),(1.64)

where the sum extends over all sublattices L′ of L of index n. Then one easily shows (cf.
Serre[Se1], p. 100) that we have:

Tn(L
∗F ) = L∗(Tn(F )),(1.65)

where L∗ : Fk(L)
∼→ Fk(H,Γ) is the map which identifies the set Fk(L) of lattice functions

of weight k with the set Fk(H,Γ) of functions on H of weight k with respect to Γ; cf.
Proposition 1.20.

Proposition 1.25 Each Hecke operator Tn maps modular forms to modular forms and
cusp forms to cusp forms of the same weight. Moreover, if f =

∑
an(f)qn ∈ Mk, then

the Fourier coefficients of f |kTn are given by

am(f |kTn) =
∑
d|(m,n)

dk−1amn/d2(f), for all m ≥ 0;(1.66)

in particular,
a0(f |kTn) = σk−1(n)a0(f), a1(f |kTn) = an(f),

and, if n = p is prime,

am(f |kTp) =

{
amp(f) if p - m
amp(f) + pk−1am/p(f) if p | m

Proof. (Sketch) Let f ∈ Mk. Then by (1.63) we see that f |kTn is holomorphic on H,
and by (1.64) (and (1.65)) we see (using Proposition 1.20) that f |kTn is weakly modular
of weight k for Γ. Finally, a short computation (cf. [Se1], p. 100) shows that f |kTn has
Fourier expansion f |kTn(z) =

∑
m≥0 am,nq

n where the am,n’s are given by (1.66). Thus
f |kTn is holomorphic at infinity, and so f |kTn ∈ Mk. Note that (1.66) also shows that if
f ∈ Sk (i.e. a0(f) = 0), then f |kTn ∈ Sk.

The Hecke operators Tn satisfy the following fundamental relations which therefore
induce relations on the Fourier coefficients of modular forms, as we shall see below.
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Theorem 1.26 As linear operators on Mk, the Hecke operators satisfy the relations

TmTn = Tmn for all integers m,n ≥ 1 with (m,n) = 1.(1.67)

TpT
r
p = Tpr+1 + pk−1Tpr−1 , if p is a prime and r ≥ 1.(1.68)

Proof. (Sketch) By (1.65), it is enough to verify the corresponding properties for the Tn’s,
and these follow easily from the definition (1.64) and properties of lattices. For example,
if (m,n) = 1, then each sublattice L′ of a lattice L of index [L : L′] = mn is uniquely the
intersection of two intermediate lattices L′1,L

′
2 of index [L : L′1] = m and [L : L′2] = n,

from which (1.67) follows readily. See [Se1], Chapter VII, Proposition 10 and 11 (p. 98)
for more details.

Definition. The Hecke algebra T = Tk ⊂ EndC(Mk) is the C-algebra generated by all
the operators Tn. Thus, by Theorem (1.26) we see that T is a commutative algebra which
coincides with the C-algebra generated by T1 = id and all the Tp’s, where p is prime.

A modular form f ∈ Mk is called a T-eigenfunction with eigenvalues {λn}n≥1 if f
satisfies the relations

f |kTn = λnf, ∀n ≥ 1.(1.69)

If this the case, then there exists a unique C-linear ring homomorphism χf : T → C with
χf (Tn) = λn, for all n ≥ 1, such that we have

f |kT = χf (T )f, ∀T ∈ T.(1.70)

This map χf is called the character of T associated to the T-eigenfunction f .

Example 1.27 (a) If dimC Mk = 1, then each modular form f ∈ Mk of weight k is a
T-eigenfunction for some set of eigenvalues {λn}. Similarly, if dimC Sk = 1, then each
cusp form f ∈ Sk of weight k is a T-eigenfunction. In particular, by Theorem 1.1 (and
the Remark following it) we see that the following are T-eigenfunctions:

E4, E6, E8, E10, ∆, E14, ∆E4, ∆E6, ∆E8, ∆E10, ∆E14.

[Indeed, since f |kTn ∈ Mk by Proposition 1.25, we see that f |kTn = λnf , for some λ ∈ C
(because dimMk = 1), and so f is a T-eigenfunction.]

(b) Each Eisenstein series Ek is a T-eigenfunction with eigenvalues {σk−1(n)}n≥1; cf.
Example 1.34(a) below or Serre[Se1], p. 104.

The Fourier coefficients of a T-eigenfunction f are closely related to its eigenvalues,
as we shall now see. This implies that relations among the operators Tn induce relations
among the Fourier coefficients of f .

Theorem 1.28 If f =
∑
an(f)qn ∈ Mk is a T-eigenfunction with eigenvalues {λn}n≥1,

then its Fourier coefficients satisfy the relations

an(f) = a1(f)λn, for all n ≥ 1.(1.71)
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In particular, we have a1(f) 6= 0 unless f = 0 (or k = 0). Moreover, if f 6= 0, then the
Fourier coefficients an = an(f̃) of f̃ = f/a1(f) satisfy:

amn = aman, for all (m,n) = 1,(1.72)

apr+1 = apapr − pk−1apr−1 , if p is a prime and r ≥ 1.(1.73)

Proof. By (1.66) and (1.69) we have

an(f)
(1.66)
= a1(f |kTn)

(1.69)
= a1(λnf) = λna1(f),

which proves (1.71). From this we see that if a1(f) = 0, then all an(f)’s are zero for
n ≥ 1 and so f(z) = a0(f) is constant. Thus either f = 0 or k = 0.

Now suppose f 6= 0, so a1(f) 6= 0. Then for (m,n) = 1 we have by (1.67) that

λmnf̃
(1.69)
= f̃ |kTmn

(1.67)
= (f̃ |kTm)|kTn = (λmf̃)|kTn = λnλmf̃ .

Thus, λmn = λmλn. Since an = an(f̃) = λn, for all n ≥ 1, we see that the an’s are
multiplicative, i.e. equation (1.72) holds.

The proof of equation (1.73) is analogous, using relation (1.68) in place of relation
(1.67).

Remark. Let f ∈ Mk be a T-eigenfunction which is normalized in the sense that
a1(f) = 1. Then f = f̃ , and so (1.72) shows that its Fourier coefficients are multiplicative.
Moreover, by (1.71) we see that they are the eigenvalues of T, i.e. that we have λn =
an(f), for all n ≥ 1.

Example 1.29 By Example 1.27 we know that the discriminant function ∆ is a T-eigen-
function of weight 12. Since ∆(z) = (2π)12

∑
τ(n)qn with τ(1) = 1, it follows from (1.71)

that its eigenvalues are {τ(n)}n≥1. Thus, by Theorem 1.28 we see that we have

τ(mn) = τ(m)τ(n), for all (m,n) = 1,

τ(pr+1) = τ(p)τ(pr)− p11τ(pr−1), if r ≥ 1 and p is prime.

This, therefore, proves the first two of the three conjectures of Ramanujan mentioned in
subsection 1.2.2.

Corollary 1.30 (Multiplicity 1) If f, g ∈ Mk, k > 0, are two non-zero T-eigenfunctions
with the same eigenvalues {λn}n≥1, then g = cf , for some c ∈ C.

Proof. By Theorem 1.28 we know that a1(f) 6= 0. Thus, putting c = a1(g)/a1(f), we see
that an(g) = a1(g)λn = ca1(f)λn = can(f), for all n ≥ 1. Thus g − cf = a0(g) − ca0(g)
is a constant modular form of weight k, and hence is 0. This means that g = cf , as
claimed.
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1.5.2 L-functions

The relations satisfied by the Fourier coefficients of a T-eigenfunction f are best under-
stood in terms of the Dirichlet series or L-function associated to f .

Definition. If f ∈ Mk, then its associated L-function is the Dirichlet series

L(f, s) =
∑
n≥1

an(f)n−s, where f =
∑
n≥0

an(f)qn.

Observe that the constant term a0(f) of f is ignored in the definition of L(f, s). Since
by Corollary 1.14 we have |an(f)| ≤ cnk−1, for some c > 0, we see that |L(f, s)| ≤
c
∑

n≥1 n
k−1−s = ζ(s − k + 1), and so the sum defining L(f, s) converges absolutely for

Re(s) > k.

Remark. The L-function L(f, s) is closely related to its Mellin-transform M(f, s) which
is defined by

M(f, s) =

∫ ∞

0

(f(iy)− f(∞))ys
dy

y
.

The precise relation is given by Mellin’s formula

M(f, s) = (2π)−sΓ(s)L(f, s),(1.74)

which is easily derived (cf. Lang[La], p. 20). From this one concludes easily that L(f, s)
has an analytic continuation to C with at most a simple pole at s = 1. (In fact, L(f, s)
is holomorphic everywhere if f ∈ Sk is a cusp form.)

Moreover, since f satisfies the transformation law f(−1/z) = zkf(z), its Mellin trans-
form satisfies the functional equation

M(f, s) = (−1)k/2M(f, k − s),

which therefore also gives the functional equation of L(f, s).
Now Hecke showed in 1935/36 that the converse also holds: every L-function which

has a functional equation and satisfies certain growth conditions comes from a modular
form. More precisely:

Theorem 1.31 (Hecke) Suppose f is a holomorphic function on H which has a Fourier
expansion f(z) =

∑
n=0 anq

n that converges absolutely and uniformly on each compact
subset of H. Then f ∈ Mk if and only if the following conditions hold:

(i) There is a ν > 0 such that for Im(z) → 0 we have f(z) = O(Im(z)−s) (uniformly
in Re(s)).

(ii) The Mellin transform M(f, s) = (2π)−sΓ(s)L(f, s) has an analytic continuation
to the whole complex plane and satisfies the functional equation

M(f, s) = M(f, k − s)(1.75)
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and the function

M(f, s) +
a0

s
+

a0

k − s

is holomorphic on the whole complex plane and is bounded in any vertical strip.

Proof. This is a special case of Theorem 7.2 of Iwaniec[Iw], p. 122, or of Theorem 4.3.5
of Miyake[Mi], p. 119.

Thus, the Dirichlet series L(f, s) associated to a modular form f ∈ Mk always has
an analytic continuation and a functional equation. However, in general it will not have
an Euler product unless f is a T-eigenfunction, as we shall see below in Theorem 1.35.
A first step towards this is given by the following result:

Proposition 1.32 Let f ∈ Mk be a modular form of weight k. If f is a T-eigenfunction
with eigenvalues {λn}n≥1, i.e. if f satisfies (1.69), then

L(f, s) = a1(f)
∏
p

1

1− λpp−s + pk−1−2s
.(1.76)

Conversely, if L(f, s) has an Euler product as above, then f is a T-eigenfunction with
eigenvalues {λn}n≥1 given by (1.71). Thus

L(f, s) = a1(f)
∑
n≥1

λnn
−s.

Proof. This follows from Theorem 1.28 by using the following elementary lemma about
Dirichlet series.

Lemma 1.33 Let {an}n≥1 be a sequence of complex numbers with an = O(nk−1), for
some k. Then

∞∑
n=1

an
ns

=
∏
p

1

1− app−s + pk−1−2s
, for Re(s) > k.

if and only if the an’s are multiplicative and satisfy the condition

apapr = apr+1 + pk−1apr−1 , for every prime p and integer r ≥ 1.

Proof. Exercise.

Example 1.34 (a) The L-function associated to the Eisenstein series Ek for k ≥ 4 is
given by

L(Ek, s) = ck
∑
n≥1

σk−1(n)

ns
= ckζ(s)ζ(s− k + 1).
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Here the first equality is just the definition of the L-function (using (1.8)), and the second
is a well-known identity of Dirichlet series. Indeed, any a > 0 we have

ζ(s)ζ(s− a) =
∞∑
n=1

1

ns

∞∑
n=1

na

ns
=

∞∑
n=1

1

ns

∑
d|n

da =
∞∑
n=1

σa(n)

ns
.

Thus, since ζ(s) has an Euler product, so does L(Ek, s); more precisely:

L(Ek, s) = ckζ(s)ζ(s− k + 1) = ck
∏
p

1

(1− p−s)(1− pk−1−s)

= ck
∏
p

1

1− σk−1(p)p−s + pk−1−2s
.

Thus, by Proposition 1.32 we see thatEk is a T-eigenfunction with eigenvalues {σk−1(n)}n≥1.

(b) The discriminant function ∆ is a T-eigenfunction with eigenvalues {τ(n)}n≥1; cf.
Example 1.29. The associated L-function is

L(∆, s) = (2π)12
∏
p

1

1− τ(p)p−s + p11−2s
.

The above theorem shows that if f ∈ Mk is a (normalized) T-eigenfunction, then
its Fourier coefficients {an(f)}n≥1 are multiplicative. As Hecke showed, this property
characterizes T-eigenfunctions:

Theorem 1.35 (Hecke) Let f ∈ Mk be a non-zero modular form of weight k > 0.
Then its Fourier coefficients {an(f)}n≥1 are multiplicative if and only if f is a normalized
T-eigenfunction with eigenvalues {an(f)}n≥1.

The proof of this theorem depends on the following lemma which is also of independent
interest.

Lemma 1.36 Let f ∈ Mk, where k > 0 and let p be a prime. If am(f) = 0, for all
m ≥ 1 with p - m, then f = 0.

Proof. Put f0(z) = f(z/p). We now prove:

Claim 1. We have f0|kg = f0, for all g ∈ Γ0(p) := {
„
a b
c d

«
∈ Γ(1) : p|b}.

First note that f0 = pkf |kαp, where αp =
„

1 0
0 p

«
. Now if g =

„
a bp
c d

«
∈ Γ0(p), then

g = α−1
p g1αp, with g1 =

„
a b
cp d

«
∈ Γ(1).Thus

p−k/2f0|kg = f |kαpg = f |kg1αp = f |kαp = p−k/2f0,

which proves claim 1.
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Claim 2. f0 ∈ Mk.

Clearly f0 is holomorphic on H. Moreover, since

f0(z) =
∑
n≥0

an(f)e2πinz/p
hypothesis

=
∑
n ≥ 0
p|n

an(f)e2πinz/p =
∑
n≥0

anp(f)e2πinz,

we see that f0 is holomorphic at ∞ and that f0|T = f0, where T =
„

1 1
0 1

«
. Thus, by

claim 1, f0|kg = f0,∀g ∈ 〈T,Γ0(p)〉. But 〈T,Γ0(p)〉 = SL2(Z) (exercise), so f0 ∈ Mk.

Claim 3. Put fj(z) := f0(p
jz). Then fj ∈ Mk, for all j ≥ 0.

We prove this by induction on j. Since f0 ∈ Mk by claim 2 and f1 = f ∈ Mk by
hypothesis, we may assume j ≥ 2. Now we note that

fj|kTp = fj−1 + pk−1fj+1, if j ≥ 1,

because if p - m, then am(f) = 0 = am(fj−1 +pk−1fj+1) whereas if p|m then am(fj|kTp) =
amp(fj) + pk−1am/p(fj) = am(fj−1 + pk−1fj+1) by (1.66). Thus, since fj, fj−1 ∈ Mk by
the induction hypothesis, we see that also fj+1 = (fj|kTp − fj−1)/p

k−1 ∈ Mk.

Claim 4. If f 6= 0, then f0, f1, f2, . . . , are linearly independent.

If f 6= 0, then mj = min{m > 0 : am(fj) 6= 0} <∞. Then mj = pjm0, for all j ≥ 0, and
so we see easily that the fj’s are linearly independent.

Now since dimMk
<∞, we see that claims 3 and 4 yield that f = 0, as desired.

Proof of Theorem 1.35. Since the Fourier coefficients of every normalized T-eigenfunction
are multiplicative by Theorem 1.28 (and the remark following it), it is enough to prove
the converse.

Thus, suppose the Fourier coefficients of f are multiplicative. For a prime p, consider
the function fp = f |kTp − ap(f)f ∈ Mk. Then for every m ≥ 1 with p - m we have
am(fp) = amp(f)−ap(f)am(f) = 0 because the am’s are multiplicative. Thus, fp satisfies
the hypotheses of Lemma 1.36 and so fp = 0. This means f |kTp = ap(f)f , and so f is a
T-eigenfunction. Moreover, by Theorem 1.28 we know that a1(f) 6= 0. Thus, a1(f) = 1
because by multiplicativity we have a1(f) = a1(f)a1(f). Thus f is normalized.

Corollary 1.37 Let f ∈ Mk be a non-zero modular form whose Fourier coefficients
an = an(f) are multiplicative. Then its associated L-function has an Euler product of the
form (1.76), and hence its Fourier coefficients satisfy the relation

apr+1 = apapr − pk−1apr−1 , for every prime p and integer r ≥ 1.

Proof. By Theorem 1.35 we know that f is a normalized T-eigenfunction, and so the
assertion follows from Theorem 1.28 and Lemma 1.33.
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1.5.3 The Petersson Scalar Product

We now turn to study the existence of T-eigenfunctions. Although we had already con-
structed some explicit examples, the previous theory does not allow us to prove the
existence of sufficiently many T-eigenfunctions, and so a new idea (due to H. Petersson)
is necessary. This is based on the following concept.

Notation. For any two cusp forms f, g ∈ Sk, put

〈f, g〉 =

∫
D

f(z)g(z)yk−2dxdy, where z = x+ iy.

It is easy to see that this integral converges and that it thus defines a (non-degenerate)
hermitian pairing on Sk, called the Petersson scalar product.

Proposition 1.38 Each Hecke operator Tn is self-adjoint (or hermitian) with respect to
the Petersson scalar product, i.e. we have T ∗n = Tn, or equivalently,

〈f |kTn, g〉 = 〈f, g|kTn〉, for all f, g ∈ Sk.

Proof. See [Ko], Proposition 48 (p. 171) or Miyake[Mi], Theorem 4.5.4 (p. 136).

We can use the Petersson product to prove the following fundamental result due to
Petersson[Pe]:

Theorem 1.39 (Petersson) The normalized T-eigenfunctions of Mk form a basis of
Mk.

Before proving this, let us review some basic linear algebra facts concerning (simul-
taneous) eigenvectors and eigenvalues of linear operators.

Review of Linear Algebra: Let V be a finite-dimensional C-vector space and T ⊂
EndC(V ) a commutative algebra of linear operators.

Recall: A non-zero vector v ∈ V is called a (simultaneous) T-eigenvector if for each
T ∈ T there is a number χ(T ) ∈ C such that

T (v) = χ(T )v.

Clearly, the map T 7→ χ(T ) defines a C-linear ring homomorphism χ : T → C, i.e. a
character of T. (In particular, χ(idV ) = 1.) Conversely, given a character χ, there exists
at least one non-zero eigenvector v ∈ V (χ), i.e. the associated χ-eigenspace

V (χ) = {v ∈ V : T (v) = χ(T )v, for all T ∈ T}.

is non-zero: V (χ) 6= 0. (This follows easily from the existence theorem of eigenvectors,
using the fact that T is commutative.)
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Facts: 1) If χ1, . . . , χr are distinct characters of T, then the associated eigenspaces are
linearly independent, i.e.

r∑
i=1

V (χi) =
r⊕
i=1

V (χi).

Thus, the set T̂ = {χ} of all characters χ : T → C is finite.

2) In general,
∑

χ∈T̂ V (χ) 6= V ; i.e. V does not have a basis consisting of T-eigenvectors.
(For example, if T = 〈T 〉, then such a basis exists if and only if T is diagonalizable.) If
such a basis exists, then T is called a semi-simple algebra.

3) However, if T is ∗-closed with respect to a hermitian pairing 〈 , 〉 on V , then T is
semi-simple. In other words, if T has the property that for every operator T ∈ T, its
adjoint T ∗ is also in T, then

V =
⊕
χ∈T̂

V (χ).

Here the adjoint T ∗ ∈ EndC(V ) of an operator T is defined by

〈T ∗(v), w〉 = 〈v, T (w)〉 for all v, w ∈ V.

Proof of Theorem 1.39: We first show that Sk has a basis consisting of T-eigenfunctions.
By Proposition 1.38 we know that T ∗n = Tn, for all n ≥ 1, and hence T is ∗-closed (as
an algebra acting on Sk). Thus, by the above Fact 3) it follows that V = Sk has a basis
consisting of T-eigenfunctions, and hence the same is true for Mk = CEk ⊕ Sk because
Ek is a T-eigenfunction by Example 1.34(a). Now if f1 = Ek, f2, . . . fr is such a basis
of Mk, then a1(fi) 6= 0 by Theorem 1.28, and so we can replace fi by f̃i = fi/a1(fi) to
obtain a basis consisting of normalized T-eigenfunctions.

It remains to show that every normalized T-eigenfunction f is one of the f̃i’s. Let
χf : T → C denote the associated character of f . Then χf = χf̃i

for some i, and so by

the multiplicity 1 result (Corollary 1.30) we have f = cf̃i, for some c ∈ C. But since f
and f̃i are both normalized, it follows that f = f̃i.

We can now prove the result of Hecke and Petersson which was mentioned at the
beginning of this section.

Corollary 1.40 There are precisely dimMk non-zero modular forms f ∈ Mk whose
Fourier coefficients are multiplicative, and these form a basis of Mk.

Proof. Let 0 6= f ∈ Mk. By Theorem 1.35, the an(f)’s are multiplicative if and only if
f is a normalized T-eigenfunction. Thus, the assertion follows from Theorem 1.39.
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Chapter 2

Modular Forms for Higher Levels

2.1 Introduction

The study of modular forms and functions of higher level was initiated by F. Klein in
1879. His first main motivation for this was to try to understand the Galois group GN

of the so-called modular equation
ΦN(j, j′) = 0

which is the minimal polynomial of the function j′(τ) := j(Nτ) over C(j), where j is
usual j-function on H and N ≥ 2 is an integer. Klein had discovered a year earlier that if
N = p is prime (and p ≤ 13), then Gp ' PSL2(Z/pZ). He then realized that the functions
in the splitting field FN of ΦN (over C(j)) are invariant under the action of a (normal)
subgroup Γ(N) ≤ SL2(Z), and this led him to study such functions from the point of view
of their transformation properties. Klein himself considered this viewpoint as a natural
manifestation of his Erlanger Programm (of 1872) which proposes that mathematical
objects should be classified by their transformation groups.

Later in 1885 Klein showed how similar ideas can be used to study the division
values ℘(a+bτ

N
) of the Weierstrass ℘-function, and this led him to study modular forms of

higher level. As he explained in some detail, many of the earlier constructions of Jacobi,
Legendre, Hermite and many others in the theory of elliptic functions fit into this point
of view and have a much more natural interpretation here.

In the meanwhile Klein and his co-workers and students Fricke, Gierster and Hurwitz
had undertaken a systematic study of the geometric properties of the Riemann surface
Γ(N)\H. Gierster and Hurwitz were particularly interested in applications to number
theory such as class number relations of imaginary quadratic fields, a topic that had been
first investigated by Kronecker in 1857 via the theory of complex multiplication of elliptic
curves. To generalize this, Klein, Gierster and Hurwitz developed a theory of modular
correspondences of higher level which generalized the modular equation (and which were
the basis of Hecke’s operators). It is interesting to note in his (successful) attempts to
derive these class-number relations, Hurwitz established a general trace formula which
eventually became the Leftschetz–Eichler–Selberg (etc.) trace formula.
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2.2 Basic Definitions and Properties

2.2.1 Congruence subgroups

As before, the group of all integral 2×2 matrices with determinant 1 is called the modular
group and is denoted by

Γ(1) = SL2(Z) = {A =
(
a b
c d

)
∈ M2(Z) : detA = 1}.

For any integer N > 1, the principal congruence subgroup of level N is

Γ(N) = Ker
(
SL2(Z)

mod N−→ SL2(Z/NZ)
)

=
{
A ∈ Γ(1) : A ≡

(
1 0
0 1

)
(mod N)

}
.

Definition. A subgroup Γ ≤ Γ(1) is called a congruence subgroup if it contains Γ(N)
for some N , i.e. if Γ(N) ≤ Γ ≤ Γ(1). (The smallest such N is called the level of Γ.)

Remark 2.1 (a) Clearly, each congruence subgroup Γ ≤ Γ(1) has finite index in Γ(1)
(since Γ(N) does). Its index, or rather, that of the related group ±Γ = Γ∪−Γ is denoted
by

µ(Γ) = [Γ(1) : ±Γ].

Note, however, that not every subgroup of finite index is a congruence subgroup. For
example, for each odd number n > 1, there is a normal subgroup of index 6n2 which is
not a congruence subgroup (cf. Newman [Ne], p. 150).

(b) If Γ1 and Γ2 are congruence subgroups, then so is Γ1 ∩ Γ2 because

Γ(N) ∩ Γ(M) = Γ(lcm(N,M)).

(c) If Γ is a congruence subgroup and α ∈ GL+
2 (Q) := {g ∈ GL2(Q) : det(g) > 0},

then α−1Γα∩Γ(1) is also a congruence subgroup. In fact, by multiplying α by a suitable
scalar matrix we may assume without loss of generality that α ∈ GL+

2 (Q) ∩M2(Z), and
then

α−1Γ(N)α ∩ Γ(1) ⊃ Γ(ND), where D = det(α).

In particular, Γ and Γ1 = α−1Γα are commensurable subgroups, i.e. Γ ∩ Γ1 has finite
index in both Γ and Γ1.

Example 2.2 The following congruence subgroups are of fundamental importance for
much of what follows:

Γ0(N) =
{
A ∈ Γ(1) : A ≡

(∗ ∗
0 ∗

)
(mod N)

}
,

Γ1(N) =
{
A ∈ Γ(1) : A ≡

(
1 ∗
0 1

)
(mod N)

}
.
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Note that we have the inclusions Γ(N) ⊂ Γ1(N) ⊂ Γ0(N) ⊂ Γ(1), and that Γ(N) E Γ(1)
and Γ1(N) E Γ0(N) are normal subgroups with quotients

Γ(1)/Γ(N) ' SL2(Z/NZ), Γ1(N)/Γ(N) ' Z/NZ and Γ0(N)/Γ1(N) ' (Z/NZ)× .

In particular, the respective indices are

[Γ(1) : Γ(N)] = #SL2(Z/NZ) = N3
∏
p|N

(
1− 1

p2

)
,

and

[Γ0(N) : Γ1(N)] = φ(N) = N
∏
p|N

(
1− 1

p

)
.

From this and the fact that [Γ1(N) : Γ(N)] = N , we see that

[Γ(1) : Γ0(N)] = ψ(N) := N
∏
p|N

(
1 +

1

p

)
.

Thus, since −1 ∈ Γ0(N) and −1 /∈ Γ1(N) for N ≥ 3, we obtain

µ(Γ0(N)) = ψ(N)

µ(Γ1(N)) = 1
2
φ(N)ψ(N), if N ≥ 3,

µ(Γ(N)) = 1
2
Nφ(N)ψ(N), if N ≥ 3.

Note that we can also write Γ0(N) in the form

Γ0(N) = αNΓ(1)α−1
N ∩ Γ(1) = β−1

N Γ(1)βN ∩ Γ(1),(2.1)

where αN :=
(

1 0
0 N

)
and βN := Nα−1

N =
(
N 0
0 1

)
∈ GL+

2 (Q), for we have

αN

(
a b
c d

)
α−1
N =

(
a b

N

cN d

)
.(2.2)

For later purposes we observe that (2.2) also shows that we have the inclusion

Γ1(N) ≤ β−1
d Γ1(M)βd, if dM |N.(2.3)

Remark. Other natural examples of congruence subgroups are the transposes of the
above groups:

Γ0(N) = {gt : g ∈ Γ0(N)} and Γ1(N) = {gt : g ∈ Γ1(N)}.

Note that S−1Γ0(N)S = Γ0(N) and S−1Γ1(N)S = Γ1(N) where, as before, S =
(
0 −1
1 0

)
.
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2.2.2 Modular Functions

Although we will be mainly interested in modular functions on congruence subgroups, it
is useful to define them for an arbitrary subgroup Γ ≤ GL+

2 (Q). As before, each matrix
g ∈ GL+

2 (Q) acts on the upper half-plane H as a fractional linear transformation.

Definition. A modular function (of weight 0) on a subgroup Γ ≤ GL+(Q) is function
on H such that

1) f is meromorphic on H;

2) f ◦ γ = f , for all γ in Γ;

3) for every g ∈ Γ(1), there is an integer N = Ng ≥ 1 such that f ◦ g has a Puiseaux
series expansion in qN = e2πiz/N :

(f ◦ g)(z) =
∑

an,gq
n
N with an,g = 0 for n << 0.(2.4)

In other words, a modular function on Γ is a weakly modular function of weight 0 which
satisfies condition 3).

Remark 2.3 (a) The setM(Γ) of all modular functions on Γ is a field containing the field
C of constant functions, as is immediate from the definition. Note that M(±Γ) = M(Γ)
because −1 acts trivially on H.

(b) If Γ1,Γ2 ≤ GL+
2 (Q) are any two subgroups, then it is immediate from the definition

that
M(Γ1) ∩ M(Γ2) = M(〈Γ1,Γ2〉),

where 〈Γ1,Γ2〉 ≤ GL+
2 (Q) denotes the subgroup generated by Γ1 and Γ2. In particular,

if Γ1 ≤ Γ2 is a subgroup, then M(Γ1) ⊃M(Γ2) and we have more precisely that

M(Γ2) = M(Γ1)
Γ2 := {f ∈M(Γ1) : f ◦ γ = f,∀γ ∈ Γ2}.

(c) For any α ∈ GL+
2 (Q) and Γ ≤ GL+(Q) the map f 7→ α∗f := f ◦ α induces an

isomorphism
α∗ : M(Γ)

∼→M(α−1Γα).

[Indeed, if f ∈ M(Γ) and γ = α−1γ1α ∈ α−1Γα, then (α∗f) ◦ γ = (f ◦ α) ◦ (α−1γ1α) =
(f ◦γ1)◦α = f ◦α = α∗f , so f is weakly modular on α−1Γα. Moreover, α∗f also satisfies
property 3) by Lemma 2 of [Ko], p. 127, and so α∗f ∈ M(α−1Γα). By replacing Γ by
α−1Γα and α by α−1, we see that the map α∗ is an isomorphism.]

Thus, if Γ E Γ1 is a normal subgroup of a subgroup Γ1, then g∗1f ∈ M(g−1
1 Γg1) =

M(Γ),∀f ∈ M(Γ), g1 ∈ Γ1, and hence the quotient group Γ1/Γ acts as a group of
automorphisms of M(Γ)/M(Γ1). In particular, if [Γ1 : Γ] < ∞, then it follows from
Galois theory that M(Γ) is a finite Galois extension of M(Γ1).

(d) If Γ is commensurable with Γ(1), then the N = Ng appearing in (2.4) can made
more precise. For this, let Ng(Γ) := min{n : ±T n ∈ g−1Γg} ≤ [Γ(1) : Γ∩Γ(1)]. Now if f
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is a weakly modular function on Γ, then (f ◦ g) ◦TN = f ◦ g, where N = Ng(Γ), i.e. f ◦ g
is a periodic function with period N , and hence has a Fourier expansion in qN . Thus, we
see that (2.4) holds for f ◦ g for some N if and only if holds for N = Ng(Γ).

Note that since the number Ng(Γ) and the expansion (2.4) of f only depend on the

image g(∞) of g(∞) in the set cusps(Γ) = Γ\(Q ∪ {∞}) (as is easy see), it follows that
condition 3) has be checked for only finitely many g ∈ Γ(1) because the set cusps(Γ),
called the set of cusps of Γ, is a finite set. Accordingly we call (2.4) the Laurent expansion
of f at the cusp g(∞). Moreover, the number Ng(Γ) is called the fan-width of Γ at the

cusp g(∞).

Example 2.4 (a) By Remark 2.3(d) we see that M(Γ(1)) = A0 (because Ng(Γ(1)) =
1,∀g ∈ Γ(1)); i.e. a modular function on Γ(1) is the same a modular function of weight
0 in the sense of §1.1. Thus M(Γ(1)) = C(j) by Theorem 1.2. Moreover, in this case
Γ = Γ(1) acts transitively on Q∪{∞}, so #cusps(Γ(1)) = 1, i.e. there is only one cusp.

(b) For any α ∈ GL+
2 (Q) and f ∈ M(Γ) we have by Remark 2.3(c) that f ◦ α ∈

M(α−1Γα) ⊂M(Γ ∩ α−1Γα). In particular, since jN = j ◦ βN , we see that

C(j, jN) ⊂M(Γ(1) ∩ β−1
N Γ(1)βN) = M(Γ0(N)),

where the latter equality follows from (2.1). Thus, jN is a modular function of higher
level, for jN /∈M(Γ(1)), as can seen either directly form the results of chapter 1 or from
the facts that M(Γ0(N)) = C(j, jN) and that M(Γ0(N)) 6= M(Γ(1)), which will be
established below.

(c) The “division values” of the Weierstrass ℘-function give rise to modular functions
as follows. For z ∈ C and a lattice L ⊂ C, define the Weber function f0 by

f0(z, L) = −2735 g2(L)g3(L)

∆(L)
℘L(z),

where ℘L is the Weierstrass ℘-function with respect to the lattice L; cf. subsection 1.4.2.
Moreover, for a = (a1, a2) ∈ Q2 \ Z2 and τ ∈ H put

fa(τ) = f0(a[τ ], L(τ)) = f0(a1τ + a2,Zτ + Z).

where [τ ] denotes the column vector [τ ] = (τ, 1)t and where a is viewed as a row vector.
The functions fa are called Fricke functions and satisfy the transformation law

fag(τ) = fa(g(τ)), ∀g ∈ Γ(1).(2.5)

To see this, note first that the Weber function f0 satisfies the homogeneity property

f0(cz, cL) = f0(z, L), ∀z, c ∈ C, c 6= 0,

which follows immediately from the fact that h(L) := g2(L)g3(L)/∆(L) is a lattice
function of weight −2 = (4 + 6 − 12) (so h(cL) = c2h(L)) and from the fact that
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℘cL(cz) = c−2℘L(z) (which is clear from the definition of ℘L). Thus, since (ag)[τ ] =
a[g(τ)]j(g, τ) and j(g, τ)L(g(τ)) = L(τ), we obtain fa(g(τ)) = f0(a[g(τ)], L(g(τ))) =
f0(a[g(τ)]j(g, τ), j(g, τ)L(g(τ)) = f0((ag)[τ ], L(τ))fag(τ), which proves the relation (2.5).

Next we note that
fa = fa′ ⇔ a ≡ ±a′ (mod Z2)

because ℘L(z1) = ℘L(z2) ⇔ z1 ≡ ±z2 (mod L) by Proposition 1.19. Thus, if we write
fr,s,N = f(r/N,s/N) when r, s,N ∈ Z, N ≥ 1 and (r, s) 6≡ (0, 0) (mod N), then we have

fr,s,N = fr′,s′,N ⇔ (r, s) ≡ ±(r′, s′) (mod N).(2.6)

In particular, since (r, s)g ≡ (r, s) (mod N) when g ∈ Γ(N), we see that fr,s,N ◦g = fr,s,N ,
for all g ∈ Γ(N).

To see that fr,s,N is holomorphic on H and is meromorphic at the cusps, we will use
the following expansion of the Weierstrass function ℘-function ℘(z, τ) = ℘L(τ)(z) in terms
of q = e2πiτ and w = e2πiz which is valid for |q| < |w| < |q|−1:

12

(2πi)2
℘(z, τ) = 1 +

12w

(1− w)2
+ 12

∞∑
m,n=1

nqmn(wn + w−n − 2)

(This formula is easily established by considering a suitable expansion of the Weierstrass
℘-function; cf. Lang[La0], p. 46 for details.)

Substituting z = rτ+s
N

yields w = qrNζ
s
N , where ζn = e2πi/N ∈ C, and so it is clear that

℘r,s,N(τ) := ℘
(
rτ+s
N
, τ
)

has a power series expansion in qN which converges everywhere
on H. (Here we assume that 0 ≤ r < N , which is no restriction by (2.6).) Thus,
since h(τ) = h(L(τ)) ∈ A−2, it follows that fr,s,N(τ) = ch(τ)℘r,s,N(τ) (where c ∈ C) is
holomorphic on H and has a Laurent expansion in qN . Moreover, since the fr,s,N ’s are
permuted by the action of Γ(1) (when N is fixed), it follows that fr,s,N is meromorphic
at the cusps, and so fr,s,N ∈M(Γ(N)).

We now prove the following fundamental result.

Theorem 2.5 For each N ≥ 1, the field FN := M(Γ(N)) of modular functions of level
N is generated by j and the two Fricke functions f1,0,N and f0,1,N . Thus

FN = C(j, f1,0,N , f0,1,N) = C(j, {fr,s,N}r,s).

Moreover, FN is a Galois extension of F1 = C(j) with Galois group

Gal(FN/F1) ' Γ(1)/± Γ(N) ' SL2(Z/NZ)/(±1).

Proof. By Example 2.4(c) we know that fr,s,N ∈ FN , and so F := C(j, f1,0,N , f0,1,N) ⊂
C(j, {fr,s,N}) ⊂ FN . Thus, the first assertion follows once we have shown that F = FN .

Now by Remark 2.3(c) we know that FN/F1 = C(j) is a Galois extension with group
Γ(1)/K, where K = {g ∈ Γ(1) : f ◦ g = f,∀f ∈ FN}. Let g =

(
a b
c d

)
∈ Γ(1). Since
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(1, 0)g = (a, b) we have by (2.5) that f1,0,N ◦ g = fa,b,N and similarly f0,1,N ◦ g = fc,d,N .
Thus, if g ∈ K then f1,0,N = fa,b,N and f0,1,N = fc,d,N , and so by (2.6) we have (a, b) ≡
±(1, 0) (mod N) and (c, d) ≡ ±(1, 0) (mod N), i.e., g ∈ ±Γ(N). Thus Gal(FN/F1) =
Γ(1)/(±Γ(N)). In addition, we see that Gal(FN/F ) = ±Γ(N)/(±(Γ(N)) = 1, and so
F = FN .

Corollary 2.6 If Γ ≤ Γ(1) is a congruence subgroup of level N , then

Gal(FN/M(Γ)) = (±Γ)/(±Γ(N))

In particular, M(Γ) is a finite extension of F1 = C(j) of degree µ(Γ), i.e. we have
[M(Γ) : C(j)] = µ(Γ). Moreover, every intermediate field F1 ⊂ F ⊂ FN is of the form
F = M(Γ) for some congruence subgroup Γ.

Proof. Since (±Γ)/(±Γ(N)) ≤ Γ(1)/(±Γ(N)) = Gal(FN/F1) and since M(Γ) = F Γ
N by

Remark 2.3(b), the first assertion is clear by Galois theory. Thus [FN : M(Γ)] = [±Γ :
±Γ(N)], and hence [M(Γ) : F1] = [G(1) : ±Γ] = µ(Γ).

Finally, since FN/F1 is Galois with group G = Γ(1)/(±Γ(N)), we have by Galois
theory that F = (FN)H , for some subgroup H = Γ/(±Γ(N)) ≤ G, and so F = M(Γ) by
Remark 2.3(b).

Corollary 2.7 For any N ≥ 2 we have

M(Γ1(N)) = C(j, f0,1,N) and M(Γ1(N)) = C(j, f1,0,N).

Proof. If g =
(
a b
c d

)
∈ Γ(1), then f0,1,N ◦ g = fc,d,N (cf. the proof of Theorem 2.5) and

so by (2.6) we have that f0,1,N ◦ g = f0,1,N if and only if (c, d) ≡ ±(0, 1) (mod N),
i.e. if and only if g ∈ ±Γ1(N) (because det(g) ≡ 1 (mod N)). This means that
Gal(FN/C(j, f0,1,N)) = ±Γ1(N)/(±Γ(N)), and so by Galois theory and Corollary 2.6
it follows that it M(Γ1(N)) = C(j, f0,1,N), as asserted. The proof of the second equation
is analogous.

In order to understand other fields of modular functions, it is useful to have informa-
tion about the following group G(M(Γ)).

Notation. For any set M of meromorphic functions on H, let

G(M) = {α ∈ GL+
2 (Q) : f ◦ α = f, ∀f ∈M}.

Clearly, G(M) is a subgroup of GL+
2 (Q) and if M1 ⊂ M2, then G(M1) ≥ G(M2).

Moreover, for any α ∈ GL+
2 (Q) we have

G(α∗M) = α−1G(M)α,(2.7)

for β ∈ GL+
2 (Q), then β ∈ G(α∗M) ⇔ (f ◦ α) ◦ β = f ◦ α, ∀f ∈ M ⇔ f ◦ (αβα−1) =

f,∀f ∈M⇔ αβα−1 ∈ G(M) ⇔ β ∈ α−1G(M)α.

We now prove the following refinement of Corollary 2.6:
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Theorem 2.8 If Γ ≤ Γ(1) is any congruence subgroup, then

G(M(Γ)) = Q×Γ.(2.8)

To prove this, we shall use the following simple lemma which is in fact a special case
of the so-called Smith normal form for integral matrices; cf. Newman[Ne], p. 26.

Lemma 2.9 If g ∈ GL+
2 (Q) ∩M2(Z), then there exist g1, g2 ∈ SL2(Z) and m,n ∈ Z+

such that g = mg1βng2.

Proof. Write g =
(
a b
c d

)
, and put m = gcd(a, b, c, d). Then g′ = 1

m
g ∈ GL+

2 (Q) ∩M2(Z)
is a primitive matrix of determinant n = det(g)/m2, and so by [Sch], p. 135 (or [Ne], p.
26) there exist g1, g2 ∈ Γ(1) such that g′ = g1βng2.

Proof of Theorem 2.8. First note that it follows from the definitions that we have
Γ ≤ G(M(Γ)). Moreover, since scalar matrices act as the identity on H, it is clear
that Q× ≤ G(M(Γ)). Thus, since G(M(Γ)) is a subgroup of GL+

1 (Q), we see that
Q×Γ ≤ G(M(Γ)).

To prove the opposite inclusion, we first consider the case Γ = Γ(1). Suppose there
exists α ∈ G(M(Γ(1))) \ Q×Γ(1). Then by replacing α by cα, we may assume that
α ∈ GL+

2 (Q) ∩M2(Z). Thus, by the above Lemma 2.9 we have that βn ∈ G(M(Γ(1))),
for some n > 1, and so j ◦ βn = j because j ∈ M(Γ(1)). This implies that j(2ni) =
j(βn(2i)) = j(2i). But since both 2ni and 2i lie in the fundamental domain D of SL2(Z))
(cf. the proof of Proposition 1.3), this contradicts Proposition 1.21. Thus, no such α
exists, and so G(M(Γ(1))) = Q×Γ(1).

Now suppose that Γ is any congruence subgroup. Then Γ(1) ≥ Γ ≥ Γ(N) for some
N . Let α ∈ G(M(Γ)). Since G(M(Γ)) ≤ G(M(Γ(1))) = Q×Γ(1) (by what was just
proved), we see that α = cg with c ∈ Q× and g ∈ Γ(1). Then g ∈ G(M(Γ)) ∩ Γ(1), and
so the image of g in Gal(FN/F1) actually lies in Gal(FN/M(Γ)) = ±Γ/(±Γ(N)), the
latter by Corollary 2.6. Thus g ∈ ±Γ, i.e. α ∈ Q×Γ. This proves G(M(Γ)) ≤ Q×Γ, and
so the theorem follows.

It is useful to generalize this result to generalized congruence subgroups which are
defined as follows.

Definition. A subgroup Γ ≤ GL+
2 (Q) is called a generalized congruence subgroup if

αΓα−1 is a congruence subgroup for some α ∈ GL+
2 (Q).

Remark 2.10 Let C = {Γ : Γ(1) ≥ Γ ≥ Γ(N), for some N} denote the set of congruence
subgroups, and G = ∪αα−1Cα the set of all generalized congruence subgroups. Then:

(1) Γ ∈ G ⇒ α−1Γα ∈ G,∀α ∈ GL+
2 (Q);

(2) Γ ∈ G ⇒ SL2(Q) ≥ Γ ≥ Γ(N), for some N ;

(3) Γ1 ∈ C,Γ2 ∈ G ⇒ Γ1 ∩ Γ2 ∈ C;

(4) Γ1,Γ2 ∈ G ⇒ Γ1 ∩ Γ2 ∈ G.
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[Indeed, (1) is clear. For (2) we note that if Γ = α−1Γ1α with Γ1 ∈ C, then det(α−1g1α) =
det(g1) = 1, ∀g1 ∈ Γ1, and so Γ ≤ SL2(Q). Moreover, since Γ1 ≥ Γ(N1) for some N1, we
have Γ = α−1Γ1α ≥ α−1Γ(N1)α ≥ Γ(N1D), for some D by Remark 2.1(c), which proves
(2). To prove (3), we use the fact that Γi ≥ Γ(Ni) by (2). Thus, Γ(1) ≥ Γ1 ≥ Γ1 ∩ Γ2 ≥
Γ(N1) ∩ Γ(N2) ≥ Γ(N1N2) by Remark 2.1(b), and so Γ1 ∩ Γ2 ∈ C. Finally (4) follows
from (3) because if α−1Γ1α ∈ C, then α−1(Γ1 ∩ Γ2)α = (α−1Γ1α) ∩ (α−1Γ2α) ∈ C by (3),
so Γ1 ∩ Γ2 ∈ G.]

Corollary 2.11 If Γ ≤ GL+
2 (Q) is any generalized congruence subgroup, then (2.8) holds

for Γ, i.e. G(M(Γ)) = Q×Γ.

Proof. Put Γ1 = αΓα−1. Then G(M(Γ1)) = Q×Γ1 by Theorem 2.8. Thus by Remark
2.3(c) and (2.7) we haveG(M(Γ)) = G(M(α−1Γ1α)) = C(α∗M(Γ1)) = α−1G(M(G1))α =
α−1(Q×Γ1)α = Q×Γ.

Corollary 2.12 If Γ1,Γ2 ≤ GL+
2 (Q) are two generalized congruence subgroups, then

M(Γ1) ⊂M(Γ2) ⇔ Q×Γ1 ≥ Q×Γ2 ⇔ ±Γ1 ≥ ±Γ2,(2.9)

and so M(Γ1) = M(Γ2) ⇔ ±Γ1 = ±Γ2. Thus

M(Γ1 ∩ Γ2) = M(Γ1)M(Γ2).(2.10)

Proof. If Q×Γ1 ≥ Q×Γ2, then clearlyM(Γ1) ⊂M(Γ2) (cf. Remark 2.3(b)). Conversely, if
M(Γ1) ⊂M(Γ2), then G(M(Γ1)) ≥ G(M(Γ2)), and so Q×Γ1 ≥ Q×Γ2 by Corollary 2.11.
This proves the first equivalence of (2.9). To prove the second, suppose g2 ∈ Γ2 ≤ Q×Γ1.
Then g2 = cg1 with c ∈ Q×, g1 ∈ Γ1, so 1 = det(g2) = det(cg1) = c2. Thus c = ±1, and
hence g2 ∈ ±Γ1. This proves the second equivalence of (2.9).

To prove (2.10), we first show that F := M(Γ1)M(Γ2) = M(Γ3) for some general-
ized congruence subgroup Γ3. Now since α−1Γ1α is a congruence subgroup, then so is
α−1(Γ1 ∩ Γ2)α (cf. Remark 2.10), and hence F1 ⊂ α∗M(Γ1) = M(α−1Γ1α) ⊂ α∗F =
α∗(M(Γ1)M(Γ2)) ⊂ α∗M(Γ1 ∩Γ2) ⊂ FN for some N . (Note that since Γi ≥ Γ1 ∩Γ2, for
i = 1, 2, we haveM(Γi) ⊂M(Γ1∩Γ2) and so α∗F = α∗(M(Γ1)M(Γ2)) ⊂ α∗M(Γ1∩Γ2).)
Thus, by Corollary 2.6 we have α∗F = M(Γ) for some congruence subgroup Γ, and hence
F = M(αΓα−1) = M(Γ3).

Now since G(M(Γi)) = Q×Γi by Corollary 2.11, and since it is clear that G(F ) =
G(M(Γ1)M(Γ2)) = G(M(Γ1)) ∩G(M(Γ2)), we see that G(M(Γ3)) = G(F ) = Q×(Γ1 ∩
Γ2) = G(M(Γ1 ∩ Γ2)), and so by (2.9) we have F = M(Γ3) = M(Γ1 ∩ Γ2), which is
(2.10).

Remark 2.13 The above results can be viewed as giving a (generalized) Galois corre-
spondence between certain subfields of the field F∞ = ∪FN of all modular functions, and
the set G± ⊂ G consisting of all generalized congruence subgroups Γ ∈ G with ±1 ∈ Γ.
More precisely, if we let F denote the set of all generalized congruence subfields, i.e. the

55



set of all subfields F ⊂ F∞ with the property that F ⊃ C(j ◦ α) and [F : C(j ◦ α)] <∞,
for some α ∈ GL+

2 (Q), then the above results show that the maps Γ 7→ M(Γ) and
F 7→ G(F ) ∩ SL2(Q) are inverses of each other and hence induce a bijection (Galois
correspondence)

G± ∼→ F
between the set G± of generalized congruence subgroups and the set F of generalized
congruence subfields of F∞.

Example 2.14 If Γ is a congruence subgroup and α ∈ GL+
2 (Q), then it follows from

(2.10) that
M(Γ ∩ α−1Γα) = M(Γ)α∗M(Γ).

In particular, since X0(N) = Γ(1) ∩ β−1
N Γ(1)βN (cf. (2.1)), we see that

M(X0(N)) = C(j, jN).(2.11)

Note: In [Sh] it is asserted that this follows immediately from Galois theory (i.e. from
Corollary 2.6), but there seems to be a gap in the argument.

By elementary field theory, we thus see from (2.11) (together with Corollary 2.6 and
Example 2.2) that jN satisfies a unique monic irreducible polynomial ΦN(x) of

deg ΦN = [M(X0(N) : C(j)] = ψ(N).

with coefficients in Q(j); this polynomial called the modular polynomial of order N . To
find an explicit expression for ΦN , we first introduce the following notation.

Notation. For N ≥ 1, let PN ⊂ M2(Z) denote the set of primitive integral matrices of
determinant n, i.e.

PN = {
(
a b
c d

)
∈M2(Z) : ad− bc = N and gcd(a, b, c, d) = 1}.

Proposition 2.15 The modular polynomial ΦN can be written in the form

ΦN(x) =
∏

g∈Γ(1)\PN

(x− j ◦ g) =
∏

ad = N
0 ≤ b < d

gcd(a, b, d) = 1

(
x− j ◦

(
a b
0 d

))
.

To prove this, we shall use the following result which is a refinement of Lemma 2.9
and which is a special case of a general result due to Hermite (cf. [Ne], p. 15) about
integral matrices:

Lemma 2.16 For any N ≥ 1 we have

PN = Γ(1)βNΓ(1) = Γ(1)αNΓ(1) =
•⋃

ad = N
0 ≤ b < d

gcd(a, b, d) = 1

Γ(1)

(
a b
0 d

)
.(2.12)
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Proof. Clearly, if α ∈ PN , then g1αg2 ∈ PN , for all g1, g2 ∈ Γ(1), i.e. Γ(αΓ(1) ⊂ PN .
Thus, PN contains both double cosets. On the other hand, by Lemma 2.9 we see that
PN ⊂ Γ(1)βNΓ(1), and so we have equality. This proves the first two equalities. For the
third (which is Hermite’s result), see [Sch], p. 133 or [Ne], p. 15.

Proof of Proposition 2.15. It immediate that the product
∏

g∈Γ(1)\PN
(x− j ◦ g) does not

depend on the choice of the system of representatives {g} of the coset space Γ(1)\PN .
Thus, the second identity follows directly from Lemma 2.16.

To prove the first, we observe that by Galois theory and Corollary 2.6 we have

ΦN(x) =
∏

(x− jN ◦ gi) =
∏

(x− j ◦ βNgi),

where {gi} is a system of representatives of Γ0(N)\Γ(1), i.e. Γ(1) = ∪̇Γ0(N)gi. Since
Γ0(N) = Γ(1) ∩ β−1

N Γ(1)βN (cf. equation (2.1)), it follows that {βNgi} is a system of
representatives of Γ(1)\Γ(1)βNΓ(1), and so the first identity follows.

Remark 2.17 (a) As we shall see in more detail below, there is a close connection
between modular polynomials and Hecke operators. For example, if N is squarefree, then
the trace of jN (with respect to the field extension M(X0(N))/C(j)) is essentially the
Hecke operator applied to j; explicitly, we have

trM(X0(N))/C(j)(jN) = NTN(j),

for by Proposition 2.15 and equation (1.63) we have tr(jN) =
∑
j ◦
(
a b
0 d

)
= NTN(j), the

latter because the condition gcd(a, b, d) = 1 holds automatically when N is squarefree.

(b) It is easy to see that the coefficients of ΦN(x) are polynomials in j; i.e. ΦN(x) ∈
C[j][x] = C[j, x]. Thus we can write

ΦN(x) = PN(x, j) with PN ∈ C[x, y].

In fact, it turns out that the coefficients of PN are integers (so PN ∈ Z[x, y]) which grow
very rapidly with N . Furthermore, PN is symmetric in x and y, i.e. PN(y, x) = PN(x, y);
cf. [Sch], p. 143-144. Further properties are discussed in Weber[We] III, p. 239-245.

(c) The Galois group of (the splitting field of) ΦN is:

Gal(ΦN) ' PSL2(Z/NZ) = SL2(Z/NZ)/Z(SL2(Z/NZ));

cf. [Sch], p. 148. Since Z(SL2(Z/NZ)) = {cI : c2 ≡ 1 (mod N)}, we see that FN is the
splitting field of ΦN if N = pr or N = 2pr (where p is an odd prime), but in general the
splitting field of ΦN is a proper subfield of FN .

(d) The roots of the polynomial ΦN(X,X) are called the singular values of the j-
function; in the context of elliptic curves these correspond to CM-elliptic curves (i.e.
elliptic curves with complex multiplication). See Lang[La0], p. 143–147, Weber[We], p.
419–423 or Shimura[Sh], p. 109 for more details.
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Remark 2.18 Recall that a Riemann surface is a connected topological space which is
covered by a family of open sets isomorphic to C with the property that the transition
functions are holomorphic functions; cf. Springer[Sp] or Forster[Fo]. For example, the
complex plane C, the Riemann sphere C∞ = C ∪ {∞} and an elliptic curve EL = C/L
are all examples of Riemann surfaces.

If Γ is congruence subgroup, then it is easy to see that the quotient space X ′
Γ :=

Γ\H can be made into Riemann surface such that the quotient map pΓ : H → Γ\H is
a holomorphic map; cf. [Sh], p. 17 or [Mi], p. 24. Now since each modular function
f ∈M(Γ) defines a unique function

fΓ : Γ\H → C ∪ {∞},
such that f = p∗ΓfΓ := fΓ ◦ pΓ, it follows from conditions 1) and 2) in the definition of a
modular function that we have an inclusion M(Γ) ⊂ p∗ΓM(Γ\H), where M(X ′

Γ) denotes
the field of meromorphic functions on the Riemann surface X ′

Γ = Γ\H.
In order to be able to translate condition 3) into a condition in complex analysis, we

first compactify H by adding its “cusps”:

H∗ := H ∪Q ∪ {∞} = H ∪ P1(Q).

Note that the action of GL+
2 (Q) (and hence of Γ(1)) on H extends naturally to one on

H∗ if we set γ(∞) = a
c

for γ =
(
a b
c d

)
.

Now the quotient XΓ := Γ\H∗ can be given the structure of a compact Riemann
surface which contains X ′

Γ := Γ\H as an open subsurface with a finite complement

cusps(Γ) = cusps(XΓ) := XΓ \X ′
Γ = Γ\P1(Q)

(cf. [Mi], p. 24ff or [Sh], p. 17ff), and then we have

M(Γ) = p∗ΓM(XΓ).(2.13)

For example, if Γ = Γ(1), then cusps(Γ) = {P∞} consists of one point P∞ = pΓ(1)(∞),

and j defines a isomorphism j : X(1) := XΓ(1)
∼→ C∞ := C ∪∞ such that j(P∞) = ∞;

cf. Proposition 1.21. In particular, M(Γ(1)) ' C(j).
If Γ1 ≤ Γ2 are two congruence subgroups, then the inclusion map induces a quotient

map
pΓ1,Γ2 : XΓ1 = Γ1\H∗ → XΓ2 = Γ2\H∗

which is a holomorphic map (of compact Riemann surfaces) of degree

deg(pΓ1,Γ2) = [±Γ2 : ±Γ1] = µ(Γ1)/µ(Γ2).

Note that since pΓ1,Γ2 ◦ pΓ1 = pΓ2 , the map p∗Γ1
of (2.13) naturally identifies the subfield

p∗Γ1,Γ2
M(XΓ2) ⊂M(XΓ1) with the subfield M(Γ2) ⊂M(Γ1). Thus we have

deg(pΓ1,Γ2) = [M(XΓ1) : p∗Γ1,Γ2
M(XΓ2)] = [M(Γ1) : M(Γ2)] = µ(Γ1)/µ(Γ2).

More generally, if α ∈ GL+
2 (Q) is such that αΓ1α

−1 ≤ Γ2, then there is a unique
holomorphic map pΓ1,Γ2,α : XΓ1 → XΓ2 such that

pΓ2 ◦ α = pΓ1,Γ2,α ◦ pΓ1 .(2.14)
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2.2.3 Modular Forms

We now define modular forms for an arbitrary subgroup Γ ≤ SL2(Q).

Definition. A modular form of weight k on Γ is a map f : H → C such that

1) f is holomorphic on H;

2) f |kγ = f , for all γ ∈ Γ.

3) For each g ∈ Γ(1), there is an integer N = Ng such that f ◦ g has a Puiseaux series
expansion in qN = e2πiz/N with non-negative terms:

(f ◦ g)(z) =
∞∑
n=0

an,gq
n
N .

Furthermore, a modular form f is called a cusp form if we have a0,g = 0 for all g ∈ Γ(1).
Note that the set Mk(Γ) of all modular forms of weight k on Γ is a C-vector space

which contains the set Sk(Γ) of all cusp forms as a subspace.

Remark 2.19 (a) More generally, we can also define automorphic functions (or modular
functions) f ∈ Ak(Γ) of weight k on Γ: these are weakly meromorphic functions of weight
k on Γ (cf. §1.1) which have a Laurent expansion (2.4) in qN at each cusp z = g(∞) ∈
Q ∪ {∞}. Thus, we have

f ∈Mk(Γ) ⇔ f ∈ Ak(Γ) and vz(f) ≥ 0,∀z ∈ H∗,

where the order vz(f) of f at a cusp z = g(∞) (with g ∈ Γ(1)) is defined via the Laurent
expansion (2.4) of f ◦ g in terms of qN , where N = Ng (cf. Remark 2.3(d)).

(b) In order to be able to study the transformation properties of modular forms with
respect to the action of GL+

2 (Q) , it is useful to extend the notation f |kα to matrices
α =

(
a b
c d

)
∈ GL+

2 (Q) as follows:

f |kα = f ◦ [α]k = (detα)k/2f(α(z))(cz + d)−k.

Then for any α ∈ GL+
2 (Q) and c ∈ Q+, we have

f |k(cα) = f |kα.(2.15)

(Note, however, that if c < 0 then we have f ◦ [c]k = (−1)kf .) Moreover, the associative
law (1.4) also holds for this extended symbol, i.e. for any α1, α2 ∈ GL+

2 (Q), we have

f |k(α1α2) = (f |kα1)|k(α2).(2.16)

The following properties of modular forms are easily verified (cf. [Ko], p. 127ff):
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Proposition 2.20 (a) M0(Γ) = C and Mk(Γ) = {0} if k < 0 or if k is odd and −1 ∈ Γ.

(b) M(Γ) := ⊕k∈ZMk(Γ) is a graded ring and S(Γ) := ⊕Sk(Γ) is a graded M(Γ)-ideal.

(c) If f, g ∈Mk(Γ) and g 6= 0, then f/g ∈M(Γ).

(d) If Γ1 ≤ Γ2 are subgroups, then Mk(Γ1) ⊃ Mk(Γ2); in fact, Mk(Γ1)
Γ2 = Mk(Γ2)

and similarly, Sk(Γ1)
Γ2 = Sk(Γ2).

(e) If α ∈ GL+
2 (Q), then the map f 7→ f |kα = f ◦ [α]k defines isomorphisms

[α]k : Mk(αΓα−1)
∼→Mk(Γ), [α]k : Sk(αΓα−1)

∼→ Sk(Γ),

for any (generalized) congruence subgroup Γ. In particular, if α ∈ NGL+
2 (Q)(Γ) is in the

normalizer of Γ in GL+
2 (Q), then [α]k is an element of AutC(Mk(Γ)).

Corollary 2.21 If Γ is a congruence subgroup and k ∈ Z, then dimCMk(Γ) <∞.

Proof. This is trivial if Mk(Γ) = {0}, so assume that there is a non-zero modular form
f0 ∈ Mk(Γ). Then by Proposition 2.20(c), V := 1

f0
Mk(Γ) ⊂ M(Γ). Let S = {z ∈

H∗ : vz(f0) > 0} denote the set of zeros of f0. Then S is Γ-stable and by an argument
similar to that of the proof of Proposition 1.3 we see that Γ\S is a finite set. Now if
f ∈ V , then ff0 ∈ Mk(Γ), so vz(ff0) ≥ 0,∀z ∈ H∗. Thus vz(f) ≥ −vz(f0),∀z ∈ S
and vz(f) ≥ 0,∀z /∈ S, and so the following Lemma 2.22 shows that dimV < ∞. Since
dimMk(Γ) = dimV , the assertion follows.

Lemma 2.22 Let S ⊂ H∗ be a Γ-stable subset such that Γ\S is finite, and let ν : Γ\S →
Z be a function. Then the set

L(S, ν) := {f ∈M(Γ) : vz(f) ≥ −ν(z),∀z ∈ S and vz(f) ≥ 0,∀z ∈ H∗ \ S}

is a finite-dimensional C-vector space.

Proof. Clearly, L(S, ν) is a C-vector space. Without loss of generality we may assume
that ν(z) > 0,∀z ∈ S, for if S ′ = {z ∈ S : ν(z) > 0}, then L(S, ν) ⊂ L(S ′, ν|S′), and
hence it is enough to verify the assertion for S ′ in place of S.

Let z1, . . . , zr be a system of representatives of Γ\S, and put ni = ν(zi), n = n1 +
. . . + nr. At each zi fix a local parameter ti (i.e. ti = z − zi, if zi ∈ H, and ti = qNzi

, if
zi ∈ Q∪{∞}), and write the Laurent expansion of f ∈M(Γ) at zi as f =

∑
m am,i(f)tmi .

Consider the C-linear map
T : L(S, ν) → Cn

defined by the rule f 7→ (a−1,1(f), . . . , a−n1,1(f), a−1,2(f), . . . , a−nr,r(f)) ∈ Cn. Now if
f ∈ Ker(T ) then vzi

(f) ≥ 0, for i = 1, . . . , r, and hence vz(f) ≥ 0, for all z ∈ S, since f
is Γ-invariant. Moreover, since also vz(f) ≥ 0, for all z ∈ H∗ \ S by hypothesis, we see
that f ∈ M0(Γ) = C, the latter by Proposition 2.20(a). Thus dim Ker(T ) ≤ 1, and so
dimL(S, ν) ≤ n+ 1.
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Example 2.23 (a) If f ∈ Mk = Mk(Γ(1)), and N ≥ 1 is an integer, then the form

(f ◦ βN)(z) = f(Nz) = N−k/2f |kβN(z) ∈Mk(Γ0(N)),

for by Proposition 2.20(e), (b) we have f◦βN ∈Mk(β
−1
N Γ(1)βN) ⊂Mk(Γ(1)∩β−1

N Γ(1)βN) =
Mk(Γ0(N)), where the latter identity follows from (2.1). Similarly, if f ∈ Sk = Sk(Γ(1)),
then f ◦ βN ∈ Sk(Γ0(N)). In particular, ∆N = ∆ ◦ βN ∈ S12(Γ0(N)) \ S12(Γ(1)).

(b) ℘-division values. As in Example 2.4(c), let ℘r,s,N(τ) = ℘( rτ+s
N
, τ) be the N -

division value of the Weierstrass ℘-function associated to the pair (r, s) ∈ Z2 with (r, s) 6≡
(0, 0) (mod N). Then the discussion of Example 2.4(c) shows that ℘r,s,N is a modular
form of weight 2 of level N , i.e. that ℘r,s,N ∈M2(Γ(N)).

(c) Eisenstein series. Let k ≥ 3 and fix an integer N ≥ 1. For each a = (a1, a2) ∈ Z2

consider the Eisenstein series

Ga
k(z) = GamodN

k (z) =
∑
m ∈ Z2

m ≡ a (modN)
m 6= (0, 0)

1

(m1z +m2)k

which only depends on the image of a in Z/NZ×Z/NZ. It is immediate that this series
converges absolutely on H and hence defines a holomorphic function there. Furthermore
we have:

0) If a = (0, 0), then GamodN
k (z) = N−kGk(z) ∈ Mk.

1) For any g ∈ Γ(1) we have GamodN
k |kg = G

(ag)modN
k .

2) EachGamodN
k is holomorphic at∞, i.e.Gk has an expansion in qN with non-negative

terms; cf. [Ko], p. 132 or [Sch], p. 156.

Thus, by the same argument as in Example 2.4(c) it follows from 1) and 2) that
GamodN
k ∈Mk(Γ(N)).

In fact, the Ga
k’s are closely related to the division values of the derivatives ℘(n)(z, τ) =

dn

dzn℘ (z, τ) of the Weierstrass ℘-function, for we have the formula:

GamodN
k =

(−1)k

Nk(k − 1)!
℘(k−2)

(
a1τ + a2

N
, τ

)
, ∀τ ∈ H;

cf. [Ko], p. 134 or [Sch], p. 157.

(d) Although the Eisenstein series E2 = 1 − 24
∑

n≥1 σ1(n)qn is not a modular form
(of weight 2) for any congruence subgroup Γ (as the transformation law (1.11) shows),
we can modify it slightly so that it becomes a modular form. More precisely, if N > 1 is
any integer, then it follows from (1.11) that the function

E2,N(z) = NE2(Nz)− E2(z) = (N − 1) + 24
∑
n≥1

(
∑
d|n

d 6≡ 0(N)

d)qn

is a modular form of weight 2 on Γ0(N), i.e. E2,N ∈M2(Γ0(N)); cf. [Sch], p. 177.
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Remark 2.24 (a) Fix integers N and k ≥ 3 and let Ek(Γ(N)) = 〈GamodN
k : a ∈ Z2〉 ⊂

Mk(Γ(N)) denote the C-vector space generated by the Eisenstein series. Then we have

Mk(Γ(N)) = Ek(Γ(N))⊕ Sk(Γ(N)),(2.17)

which follows easily from Theorem 2 of Schoeneberg[Sch], p. 158. (Note that if N ≤ 2,
then (−1) ∈ Γ(N) and so Mk(Γ(N)) = Ek(Γ(N)) = Sk(Γ(N)) = {0} when k is odd.) In
addition, it follows from that theorem that

dimEk(Γ(N)) = σ∞(Γ(N)) := #cusps(Γ(N)) = #(Γ(N)\(Q ∪ {∞}),(2.18)

except in the case that N ≤ 2 and k ≡ 1 (2) in which case dimEk(Γ(N)) = 0. Note that
we have

σ∞(Γ(N)) =
µ(Γ(N))

N
,(2.19)

which follows easily from the fact that Γ(1)/±Γ(N) acts transitively on the set of cusps
of Γ(N).

(b) Similarly, if we put E2(Γ(N)) = 〈℘r,s,N : (r, s) ∈ Z2, (r, s) 6≡ (0, 0) (mod N)〉,
then by Theorem 9 of Schoeneberg[Sch], p. 172, we see that the decomposition (2.17)
also holds for k = 2. However, formula (2.18) is no longer true for k = 2; instead we have

dimE2(Γ(N)) = σ∞(Γ(N))− 1.

(c) For any congruence subgroup Γ of level N , let us put Ek(Γ) = Ek(Γ(N))Γ, if
k ≥ 2. It is then clear (by taking invariants of both sides of (2.17)) that the analogue of
the decomposition (2.17) holds for Γ, i.e. that we have Mk(Γ) = Ek(Γ)⊕ Sk(Γ).

(d) As in the case of Γ = Γ(1), it turns out that the “Eisenstein space” Ek(Γ) is in
general only a small part of Mk(Γ). For example, in the case of Γ = Γ(N) we have the
following general dimension formulae which hold for all k ≥ 3 and N ≥ 3:

dimMk(Γ(N)) = µ

(
k − 1

12
+

1

2N

)
, dimSk(Γ(N)) = µ

(
k − 1

12
− 1

2N

)
,(2.20)

where µ = µ(Γ(N)). (These and other dimension formulae will be discussed in more
detail below.) Clearly, these spaces are much larger than dimEk(Γ(N)) = µ

N
. A similar

statement is true for k = 2, except that in this case we have

dimM2(Γ(N)) = µ

(
N + 6

12N

)
and dimS2(Γ(N)) = µ

(
N − 6

12N

)
+ 1.(2.21)

Note that all these spaces grow quite rapidly with N because µ(Γ(N)) ≈ N3; more
precisely, we have the bounds

1

2
N3 > µ(Γ(N)) >

3

π2
N3 =

1

2ζ(2)
N3.
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Since these spaces grow so rapidly with N , it is useful to subdivide them further.
In his works, Hecke made several suggestions to this end. Particularly useful is his
decomposition of Mk(Γ1(N)) into the subspaces Mk(N,χ) of Nebentypus χ which are
defined as follows.

Proposition 2.25 If Γ = Γ1(N), then we have the direct sum decompositions

Mk(Γ1(N)) = ⊕χMk(N,χ) and Sk(Γ1(N)) = ⊕χSk(N,χ),

in which the sums run over all characters χ : (Z/NZ)× → C× and

Mk(N,χ) := {f ∈Mk(Γ1(N)) : f |kγ = χ(d)f,∀γ =
(
a b
c d

)
∈ Γ0(N)},

and Sk(N,χ) := Mk(N,χ) ∩ Sk(Γ1(N)).

Proof. Recall from §2.2.1 that Γ1(N) E Γ0(N) and that the map a 7→ σa = 〈a〉 ≡(
a−1 0
0 a

)
(mod N) induces an isomorphism ZN = (Z/NZ)×

∼→ Γ0(N)/Γ1(N). Thus the
group ZN acts on Mk(Γ1(N)) (and on Sk(Γ1(N))), and hence we have a decomposition
of Mk(Γ1(N)) into its χ-eigenspaces Mk(Γ1(N))χ = {f ∈ Mk(Γ1(N)) : f |kσa = χ(a)f},
where χ runs over all characters of ZN . However, since Mk(Γ1(N))χ = Mk(N,χ), we
obtain the above decomposition of Mk(Γ1(N)). The proof for Sk(Γ1(N)) is similar.

Remark 2.26 (a) Since T =
(
1 1
0 1

)
∈ Γ1(N), each f ∈ Mk(Γ1(N)) has an expansion in

q = e2πiz, i.e.

f(z) =
∑
n≥0

an(f)qn, where q = e2πiz.

Conversely, if f ∈Mk(Γ(N)) is a modular form of level N which has such an expansion,
then f ∈Mk(Γ1(N)) because Γ1(N) = 〈Γ(N), T 〉.

(b) Since −1 ∈ Γ0(N), we see from the definition thatMk(N,χ) = 0 if χ(−1) 6= (−1)k.

(c) If χ = 1 is the trivial character, then Mk(N, 1) = Mk(Γ0(N)) by definition. Hecke
called these forms the Haupttypus (main type) and the modular forms with χ 6= 1 forms
of Nebentypus (auxiliary type) χ.

We now consider some examples of modular forms of type (N,χ) which occur naturally
in number theory.

Example 2.27 (a) Theta-series. As in §1.2.5, let Q(~x) = 1
2
~xtA~x be an even, integral,

positive definite quadratic form in r = 2k variables (k ∈ Z), and let

ϑQ(z) =
∑
~m∈Zr

qQ(~m) =
∑
~m∈Zr

eπiz ~m
tA~m

be the associated theta-series. Let N be the smallest integer M > 0 such that MA−1 is
an even integral matrix; in other words,

N =
D

g
where D = | det(A)| and g = gcd

(
{aij, 1

2
aii}1≤i≤j≤r

)
;
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cf. [Sch], p. 207. Moreover, define the quadratic character χ : (Z/NZ)× → {±1} by

χ(d) = sign(d)k
(

(−1)kD

|d|

)
,

where
( ·
·

)
denotes the Jacobi-Kronecker symbol; cf. [Hua], p. 304. Then it turns out (cf.

[Sch], p. 217-218 or [Iw], p. 175) that

ϑQ ∈Mk(N,χ), where N and χ are as above.(2.22)

For example, if Q(x1, x2) = ax2
1 + bx1x2 + cx2

2 is a primitive positive definite binary
quadratic form, i.e. if a > 0, b2 − 4ac < 0, a, b, c ∈ Z and gcd(a, b, c) = 1, then N = D =
4ac− b2 and hence ϑQ ∈M1(N,χ), where χ = χ−D =

(−D
·

)
.

It is perhaps interesting to sketch some of the ideas involved in the proof of (2.22).
For this it seems necessary to consider more generally the congruent theta-series

ϑQ,~x(z) :=
∑
~m∈Zr

qQ(~m+ ~x
N

) =
∑
~m ∈ Zr

~m ≡ ~x (modN)

eπiz(~m
tA~m)/N2

, where ~x ∈ Zr.

Then by using the Poisson summation formula one obtains the inversion formula

ϑQ,~x(τ) =
1√
D

(
i

τ

)k ∑
~m∈Zr

e

(
−~mA−1 ~m

2τ
+ ~mt~x

)
in which e(z) = e2πiz; cf. [Iw], p. 167. (This generalizes the transformation formula (1.28)
of §1.2.5.)

We now restrict attention to vectors ~x ∈ G(Q) := {~x (mod N) : A~x ≡ 0 (mod N)},
which is a finite group of order D; cf. [Iw], p. 168. (Note that since ϑQ,~x = ϑQ,~x if
~x ≡ ~y (mod N), the function ϑQ,~x is well-defined for any ~x ∈ Zr/NZr.) For such an ~x it
follows from the inversion formula that we have:

ϑQ,~x|kT = ψQ(~x)ϑQ,~x and ϑQ,~x|kS =
(−i)k√
D

∑
~y∈G(Q)

ψQ(~x, ~y)ϑQ,~y(2.23)

in which ψQ(~x) = e2πiQ(~x/N) and ψQ(~x, ~y) = ψQ(~x+~y)ψQ(~x)−1ψQ(~y)−1 = e2πi(~x
tA~y)/N2

; cf.
[Iw], p. 169-170 or [Sch], p. 210. From this we see that the C-vector space VQ := 〈ϑQ,~x :
~x ∈ G(Q)〉 is stable under the action of Γ(1). In particular, since each ϑQ,~x has a power
series expansion in qN , it follows that each ϑQ,~x is holomorphic at all the cusps.

With more work it is possible to deduce from the above transformation laws (2.23)
the rule

ϑQ,~x|kg = χ(d)ψQ(~x)abϑQ,a~x, if
(
a b
c d

)
∈ Γ0(N);(2.24)

cf. [Sch], p. 218. Since ψQ(~x) is an N -th root of unity, we see from (2.24) that ϑQ,~x ∈
Mk(Γ(N)),∀~x ∈ G(Q), and that ϑQ = ϑQ,~0 ∈Mk(N,χ).
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(b) Dirichlet L-functions. Let χ be a primitive Dirichlet character mod N , i.e. χ :
(Z/NZ)× → C× is a homomorphism with χ(1 +MZ/NZ) 6= {1} for any proper divisor
M |N . If we lift χ to a multiplicative map χ : Z → C by setting χ(a) = 0 if (a,N) > 1,
then the associated Dirichlet L-function is defined by

L(s, χ) =
∑
n≥1

χ(n)

ns
=
∏
p-N

(
1− χ(p)p−s

)−1
.

For example, if χ = 1 is the trivial character, then N = 1 and L(s, χ) = ζ(s) is just the
Riemann zeta-function.

Now let χ1 and χ2 be two primitive Dirichlet characters mod N1 and N2, respectively,
and put N = N1N2 and χ = χ1χ2. Fix an integer k ≥ 1 satisfying χ(−1) = (−1)k, and
put

an = an(χ1, χ2, k) =
∑
d|N

χ1(n/d)χ2(d)d
k−1 for n ≥ 1.

Then there is a unique constant a0 (which is given explicitly on p. 177 of [Mi]) such that

f = fχ1,χ2,k :=
∞∑
n=0

anq
n ∈Mk(N,χ);

cf. [Mi], p. 177. Thus, f is the unique modular form such that its associated L-function
L(f, s) (cf. §1.5.2) is given by the formula

L(f, s) = L(s, χ1)L(s− k + 1, χ2).

For example, in the case that χ1 = χ2 = 1 (and hence N1 = N2 = N = 1), f(z) = Ek(z)
as we already saw in Example 1.34. In fact, it turns out that any such f is always a
generalized Eisenstein series, i.e. f ∈ Ek(Γ1(N)); cf. [Mi], p. 179.

(c) Hecke L-functions. In 1918 Hecke gave a vast generalization of Dirichlet characters
and Dirichlet L-functions to arbitrary number fields K by introducing Grössencharacters
(often called Hecke characters); cf. [Mi], p. 91. In the case that K = Q(

√
−d) is an

imaginary quadratic field, such Grössencharacters are defined as follows.
Fix an integer r ≥ 0 and an ideal m of the ring OK of integers of K, and let I(m)

denote the group of fractional ideals of OK which are prime to m. A homomorphism

ψ : I(m) → C1 := {z ∈ C : |z| = 1}

is called a Grössencharacter mod m of type r if ψ satisfies the condition:

ψ((a)) =

(
a

|a|

)r
, ∀a ≡ 1 (mod m).

The associated Hecke L-function is defined by

L(s, ψ) =
∑

a
(a,m) = 1

ψ(a)

(Na)s
=
∏
p-m

(
1− ψ(p)(Np)−s

)−1
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in which Na = #(OK/a) denotes the norm of an OK-ideal a. Clearly, L(s, ψ) is a
Dirichlet series:

L(s, ψ) =
∑
n≥1

an(ψ)

ns
with an(ψ) =

∑
Na=n

ψ(a).

For example, if ψ = 1 (and m = (1), r = 0), then L(s, ψ) = ζK(s) is just the Dedekind
ζ-function of K. Note also that a Grössencharacter mod m = (1) of type r = 0 is the
same as a character on the ideal class group Cl(OK).

Hecke showed that such L-functions come from modular forms. More precisely, if we
put

fψ =
∑
n≥1

an(χ)qn,

then by [Mi], p. 183, we have that

fψ ∈Mr+1(N,χ), where N = |dK |(Nm)

and dK is the discriminant of K and where χ is the Dirichlet character mod N defined
by the formula

χ(n) = χK(n)ψ((n)), if n ∈ Z, (n,N) = 1

in which χK =
(
dK

·

)
denotes the quadratic character associated to K (given by the

Jacobi-Kronecker symbol). In fact, fψ is a always a cusp form (i.e. fχ ∈ Sr+1(N,χ))
except when r = 0 and ψ = χ′ ◦NK/Q for some Dirichlet character χ′; cf. [Mi], p. 183.

(d) Twists of cusp forms. Let f ∈ Sk(N,χ) be a cusp form of weight k of type (N,χ)
and let ψ be a (primitive) Dirichlet character mod M . Put

fψ =
∞∑
n=1

ψ(n)an(f)qn, where f =
∞∑
n=1

an(f)qn is the q-expansion of f.

Then fψ is again a cusp form, but of a different type. More precisely, we have that

fψ ∈ Sk(Ñ , χψ2), where Ñ = lcm(N,M2, NM).(2.25)

To see this, observe first that we have the identity

M∑
a=1

ψ(a)f |kξa,M = g(ψ)fψ in which g(ψ) =
M∑
a=1

ψ(a)e2πia/M

denotes the Gauss sum associated to ψ and ξa,M =
(
1 a

M
0 1

)
∈ SL2(Q). Since the left hand

side of this identity is easily seen to be in Sk(Ñ , χψ
2) (cf. [Sh], p. 92) and since g(ψ) 6= 0

(cf. [Sh], p. 91), if follows that also fψ ∈ Sk(Ñ , χψ2).
Note that it follows from (2.25) that if f ∈ Sk(Γ1(N)) is any cusp form and M > 1 is

any integer, then its “prime to M projection”

f(M) =
∑
n ≥ 1

(n,M) = 1

an(f)qn
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is also a cusp form of some level. Indeed, choose a primitive Dirichlet character ψ mod
M ′, where M ′ = M , if M 6= 2, and M ′ = 4 if M = 2. Then by the above we have

f(M) = (fψ)ψ ∈ Sk(Γ1(Ñ)) with Ñ = lcm(N, (M ′)2, NM ′).

(e) L-functions of elliptic curves. Let E/Q be an elliptic curve, i.e. E is defined by
an equation of the form

y2 = x3 + ax+ b with a, b ∈ Q and 4a3 + 27b2 6= 0.

By replacing E by an isomorphic curve (i.e. by replacing a by ac4 and b by bc6 with
c ∈ Q) we can assume that a, b ∈ Z and that the absolute value of the discriminant
∆E = −16(4a3 + 27b2) ∈ Z is minimal (among all such choices). For each prime p - ∆E

put

Np(E) = #{(x, y) mod p : y2 ≡ x3 + ax+ b} and ap(E) = p−Np(E),

and consider the function

L∗E(s) =
∏
p-∆E

(1− ap(E)p−s + p1−2s)−1

which is called the Hasse-Weil L-function of E/Q. Note that this product converges for
Re(s) > 3

2
because by a theorem of Hasse we have |ap(E)| < 2

√
p.

Hasse conjectured that L∗E(s) has a functional equation and an analytic continuation
to all of C, and this was verified by Weil [We1]) in 1952 in a few cases. For these cases, Weil
was able to identify L∗E(s) with a Hecke L-function associated to the Grössencharacter
defined by certain Jacobi sums. This was then generalized by Deuring in 1953 to all
elliptic curves E/Q with complex multiplication. The latter are elliptic curves which have
an analytic description of the form E ' C/OK , where K is an imaginary quadratic
number field (such that OK has unique factorization). For example, the curves of the
form

y2 = x3 + ax and y2 = x3 + b

are such curves of complex multiplication. (The first family (with b = 0) is analyti-
cally isomorphic to C/Z[i] and the second (with a = 0) is isomorphic to C/Z[e2πi/3].)
For these curves, the associated Grössencharacters and L-functions are described in
Ireland/Rosen[IR], chapter 18. (See also [Ko], chapter 2). The general case is treated in
Silverman[Si2], chapter 2.

In 1955 Taniyama formulated the following remarkable conjecture:

Conjecture (Taniyama). For every elliptic curve E/Q, its Hasse-Weil L-function
L∗E(s) comes from a modular form of weight 2 on some congruence subgroup Γ.

More precisely, he stated his conjecture as follows: “If Hasse’s Conjecture is correct,
then L∗E has to come from an automorphic form.” This statement was made more precise
by Weil[We2] who proved in 1967 the following generalization of Hecke’s result:
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If f =
∑
an(f)qn is a holomorphic function on H such that L(f, s) is bounded in

vertical strips and such that L(fχ, s) has a functional equation (of the right type)
for every primitive Dirichlet character χ, then f is a cusp form (of some level).

Actually, this result cannot be applied directly to L∗E(s) since it doesn’t satisfy the
right functional equation. However, by introducing certain Euler factors for the primes
p|∆E as well, Weil defined the (refined) Hasse-Weil L-function LE(s) which satisfies (at
least in special cases) the right functional equation.

In his book, Shimura[Sh] gave a general construction of all the examples which satisfy
Taniyama’s Conjecture. More precisely, if we start with f ∈ S2(Γ0(N)) such that its L-
function has an Euler product (of the right type), then Shimura’s construction finds
an elliptic curve E/Q such that LE(s) = L(f, s). In particular, LE(s) satisfies Hasse’s
Conjecture.

In 1995 Wiles[Wi] proved a substantial part of Taniyama’s Conjecture, and his method
was refined by Breuil, Conrad, Diamond and Taylor[BCDT] to yield a complete proof of
Taniyama’s Conjecture:

For every E/Q there exists fE ∈ S2(Γ0(|∆E|)) such that L(fE, s) = LE(s).

Actually, it turns out that fE has much smaller level than |∆E|, for the proof shows that
fE ∈ S2(Γ0(NE)), where NE|∆E is the conductor of the elliptic curve (in which the prime
divisors p 6= 2, 3 of ∆E appear with multiplicity at most 2).

A very important property of the spaces Mk(Γ) and Sk(Γ) is that their dimension can
be computed explicitly in terms of basic group-theoretical data. To this end we introduce
the following notation.

Notation. If Γ is a congruence subgroup, and n > 1 is an integer, then we put

εn(Γ) = #{z ∈ Γ\H : #(Stab±(z)/(±1)) = n},

where (as usual) Stab±Γ(z) := {g ∈ Γ : g(z) = z} denotes the stabilizer of z ∈ H with
respect to ±Γ. Thus, since a point z ∈ H is called an elliptic point on H with respect to Γ
if Stab±Γ(z) 6= {±1}, the number εn(Γ) represents the number of Γ-inequivalent elliptic
points on H of order n.

Proposition 2.28 If Γ is a congruence subgroup, then the dimension of S2(Γ) is given
by the formula

dimS2(Γ) = gΓ = 1 +
µ(Γ)

12
− ε2(Γ)

4
− ε3(Γ)

3
− σ∞(Γ)

2
.(2.26)

where, as before, µ(Γ) = [Γ(1) : ±Γ] and σ∞(Γ) = #cusps(Γ).

Proof (Sketch). The map f 7→ ωf = f(z)dz defines an isomorphism

ωΓ : S2(Γ)
∼→ Ω1(XΓ)
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from the space of weight 2 cusp forms on Γ to the space of holomorphic differential forms
on the compact Riemann surface XΓ; cf. [Sh], p. 39. Now by the Riemann-Roch Theorem
we have dimC Ω1(XΓ) = gΓ, where gΓ denotes the genus of the compact Riemann surface
XΓ; cf. [Sh], p. 36. By using the Riemann-Hurwitz formula, one finds that the genus of
XΓ is given by formula of (2.26); cf. [Sh], p. 23 or [Mi], p. 113.

Remark 2.29 (a) For any k ≥ 2, one can express dimMk(Γ) and dimSk(Γ) in terms of
the genus of XΓ and the invariants ε2, ε3 and σ∞; cf. [Sh], p. 46, or [Mi], p. 60. However,
no formula is known for k = 1.

(b) For Γ = Γ(N) and N ≥ 2 there are no elliptic points on Γ, i.e. ε2(Γ(N)) =
ε3(Γ(N)) = 0. Thus, by (2.26) and (2.19) the formula for the genus of XΓ(N) becomes

gΓ(N) = µ(Γ(N))

(
N − 6

12N

)
+ 1.

From this, together the results in [Sh], pp. 46-47, the explicit formulae of Remark 2.24(d)
follow immediately.

(c) Similarly, the group Γ = Γ1(N) has no elliptic elements for N ≥ 4, but the number
of cusps is given by a more complicated formula; cf. [Mi], p. 111. If N = p ≥ 5 is a prime
then σ∞ = p− 1 and µ = 1

2
(p2 − 1), and so we obtain

gΓ1(p) = 1
24

(p− 1)(p− 11) + 1.

(d) On the other hand, the group Γ = Γ0(N) usually does have elliptic elements. The
numbers ε2(Γ), ε3(Γ) and σ∞(Γ) are known explicitly (cf. [Mi], p. 108), but they more
complicated than those of Γ(N) since they depend on the Legendre symbol of the primes
dividing N .

For example, if N = p is an odd prime, then ε2 = 1 +
(
−1
p

)
, ε3 = 1 +

(
−3
p

)
and

σ∞ = 2 (cf. [Mi], p. 108) and so (since µ = p+ 1) we obtain

gΓ0(p) =

{
[p+1

12
] if p 6≡ 1 (mod 12)

[p+1
12

]− 1 if p ≡ 1 (mod 12)
.

In particular, we see that gΓ0(p) ∼ p
12

as p→∞.

Example 2.30 (a) For Γ = Γ0(11) we see from the genus formula of Remark 2.29(c)
that gΓ = 1, and hence dimC S2(Γ0(11)) = 1 by Proposition 2.28. Now the function
g(z) = η(z)η(11z) ∈ S2(Γ0(11)) (cf. [Ko], p. 130), and so S2(Γ0(11)) = Cη(z)η(11z).

More generally, for any N |12, N > 1 we have Sk(Γ0(N − 1)) = C(η(z)η((N − 1)z))k,
if k = 24

N
; cf. [Sh], p. 49.

(b) For any N |12, we have Sk(Γ(N)) = Cη(z)2k, if k = 12
N

; cf. [Sh], p. 50. In particular,
S1(Γ(12)) = Cη(z)2, so η(z)2 is a cusp form of weight 1 (and of level 12).
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2.3 Hecke Operators

As we saw in Chapter 1, the Hecke operators Tn and the resulting Hecke algebra T played
a fundamental role in the theory of modular forms of level 1. The same is true of higher
level, except that the theory is somewhat more complicated.

The Hecke operators Tn are special cases of a slightly more general class of operators
T (α). To define these, let Γ1 and Γ2 be two congruence subgroups and let α ∈ GL+

2 (Q).
We then define the linear map

TΓ1,Γ2(α) : Mk(Γ1) →Mk(Γ2)

by the rule
f |kTΓ1,Γ2(α) = (detα)k/2−1trΓα/Γ2(f |kα),

where Γα = Γ2 ∩ α−1Γ1α and where the trace map tr = trΓα/Γ2 : Mk(Γα) → Mk(Γ2) is
defined by the formula

trΓα/Γ2(f) =
∑

γi∈Γα\Γ2

f |kγi ∈Mk(Γ2), for f ∈Mk(Γα).(2.27)

(Note that the right hand side of (2.27) is independent of the choice of the coset repre-
sentatives {γi} of Γα\Γ2.) In other words, the map T (α) = TΓ1,Γ2(α) is defined by means
of the following commutative diagram (in which d = det(α)k/2−1):

Mk(αΓαα
−1)

[α]k−→ Mk(Γα)

↑ ↓ d·tr

Mk(Γ1)
T (α)−→ Mk(Γ2)

Remark 2.31 (a) The operator TΓ1,Γ2(α) only depends on the double coset Γ1αΓ2 de-
fined by α. More precisely, if Γ1αΓ2 = ∪̇Γ1αi is any decomposition of Γ1αΓ2 into Γ1-
cosets, then we have the formula

f1|kTΓ1,Γ2(α) = (detα)k/2−1
∑

f1|kαi, for all f1 ∈Mk(Γ1).(2.28)

[Indeed, we see easily that the right hand side of (2.28) does not depend on the choice
of coset representatives {αi}, and hence (2.28) follows because Γ1αΓ2 = ∪̇Γ1αγi if Γ2 =
∪̇Γαγi; cf. [Sh], p. 51.] Thus, TΓ1,Γ2(α) coincides with the operator [Γ1αΓ2]k defined by
[Sh], p. 73. (Note that Koblitz[Ko] (p. 166) does not include the factor det(α)k/2−1 in his
definition of [Γ1αΓ2]k.)

(b) The following properties of T (α) = TΓ1,Γ2(α) are easily verified; cf. [Sh], p. 73ff or
[Ko], p. 165ff:

1) If c ∈ Q and c > 0, then T (cα) = ck−2T (α).
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2) If f ∈ Sk(Γ1), then f |kTΓ1,Γ2(α) ∈ Sk(Γ2).

3) If α ∈ NSL2(Q)(Γ), then f |kTΓ,Γ(α) = f |kα.

3′) If α ∈ NSL2(Q)(Γ), then for all β ∈ GL+
2 (Q) we have f |kTΓ,Γ(αβ) = (f |kα)|kTΓ,Γ(β)

and f |kTΓ,Γ(βα) = (f |kTΓ,Γ(β))|kα.

4) The composition TΓ2,Γ3(β)◦TΓ1,Γ2(α) of two such operators is computed as follows.
Write

(Γ1αΓ2)(Γ2βΓ3) =
�⋃

Γ1γiΓ3,

and let ni = #{Γ2δi : Γ2δi ⊂ Γ2βΓ3 ∩ Γ2α
−1Γ1γi} denote the number of left cosets in

Γ2βΓ3 ∩ Γ2α
−1Γ1γi. Then we have (cf. [Sh], p. 74 and pp. 51-52):

(f |kTΓ1,Γ2(α))|kTΓ2,Γ3(β) =
∑
i

nif |kTΓ1,Γ3(γi)

We now specialize to the case Γ1 = Γ2 = Γ1(N) and write Γ = Γ1(N). If n = p is a
prime, then the Hecke operator Tp (or T (p)) is defined by

Tp = T (p) = TΓ,Γ(αp), where (as before) αp =
(
1 0
0 p

)
.

More generally, for an arbitrary positive integer n define as in [Sh], p. 70,

T1,n = T (1, n) = TΓ,Γ(αn) and Tn = T (n) =
∑

ΓαΓ⊂∆′
n

TΓ,Γ(α),

where ∆′
n = {α =

(
a b
c d

)
∈M2(Z) : detα = n, a ≡ 1 (mod N), c ≡ 0 (mod N)}. Note that

this definition agrees with the previous one when n = p is a prime because ∆′
p = ΓαpΓ;

cf. Proposition 2.32(f) below.
In addition to the Tn’s, it is also useful define the operators Tn,n = T (n, n) by

Tn,n = T (n, n) = TΓ,Γ(nσn), if gcd(n,N) = 1;

cf. [Sh], p. 72. Here σn ∈ Γ0(N) is as in the proof of Proposition 2.25, i.e.

σn ≡
(
n−1 0
0 n

)
(mod N).

The Hecke operators Tn satisfy the following fundamental properties:

Proposition 2.32 (a) If m and n are coprime, then Tnm = Tn ◦ Tm.

(b) If p|N , then Tpr = (Tp)
r.

(c) If p - N and r ≥ 2, then Tpr = Tpr−1Tp − pTpr−2Tp,p.

(d) If gcd(a,N) = 1, then the operators Tn and Ta,a commute.

71



(e) For any positive integers m and n the operators Tn and Tm commute, and we have

Tn ◦ Tm =
∑

d|(m,n)

(d,N)=1

dTd,dTmn/d2 .

(f) If n is squarefree, then Tn = T1,n. More generally, for any n ≥ 1 we have

Tn =
∑
d2|n

(d,N) = 1

Td,dT1,n/d2 .

Proof. (a) – (d): [Ko], p. 156; (e): [Sh], equation (3.3.6), p. 71.
(f) Let ∆∗

n = {
(
a b
c d

)
∈ ∆′

n : gcd(a, b, c, d) = 1}. Then one easily sees (cf. [Ko], Lemma,
p. 167) that ∆∗

n = ΓαnΓ, and so we obtain the double coset decomposition

∆′
n =

⋃
d2|n

(d,N) = 1

dσd∆
∗
n/d2 =

⋃
d2|n

(d,N) = 1

Γdσdαn/d2Γ,

from which the assertion follows.

Remark 2.33 (a) The above properties (b) – (d) may be summarized by following
formal identity:

∞∑
n=1

T (n)n−s =
∏
p|N

(1− Tpp
−s)−1

∏
p-N

(1− Tpp
−s + Tp,pp

1−2s)−1.

(b) Since σn ∈ NSL2(Q)(Γ1(N)), it follows from the definition and the properties of
Remark 2.31(b) that

f |kTn,n = nk−2f |kσn, for all f ∈Mk(Γ1(N));(2.29)

in particular,
f |kTn,n = nk−2χ(n)f, for f ∈Mk(N,χ).

Thus, since Hecke operator Tm commutes with Tn,n (cf. Proposition 2.29(d)), it follows
that Tm maps Mk(N,χ) into itself. Indeed, if f ∈Mk(N,χ), then

(f |kTm)|σn = n2−k(f |kTm)|kTn,n = n2−k(f |kTn,n)|kTm = χ(n)f |kTm, ∀(n,N) = 1,

and so f |kTm ∈Mk(N,χ).

We now examine the effect of the Hecke operators on the q-expansion of modular
forms f ∈Mk(Γ1(N)). For this, we first introduce the following operators Un and Vn on
formal power series:
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Notation. If f =
∑
anq

n ∈ C[[q]], then put

Vmf =
∑
m

anq
mn and Umf = anq

n/m,

where the second summation is only over those n which are divisible by m. Thus

U1f = V1f = UmVmf = f, whereas VmUmf =
∑
n≥0
m|n

anq
n.

Note that if f(z) =
∑

n anq
n, where q = e2πi, then we have (for any integer k)

Vmf(z) = f(mz) = m−k/2f |kβm and Umf(z) = 1
m

m−1∑
j=0

f
(
z+j
m

)
.(2.30)

To determine the effect of Tm on modular forms f ∈Mk(Γ1(N)), it enough to find an
expression for f |kTm with f ∈Mk(N,χ) since by Proposition 2.25 every f ∈Mk(Γ1(N))
is the sum of fi’s with fi ∈Mk(N,χi).

Proposition 2.34 If f =
∑
an(f)qn ∈ Mk(N,χ), then the n-th Fourier coefficient of

f |kTp for a prime p is given by

an(f |kTp) = apn(f) + χ(p)pk−1an/p(f),

where χ(p) = 0 if p|N and an/p = 0 if p - n. Thus

Tp = Up + χ(p)pk−1Vp on Mk(N,χ).

More generally, for any positive integer m we have

an(f |kTm) =
∑
d|(m,n)

χ(d)dk−1amn/d2(f), if n ≥ 0,(2.31)

and hence
Tm =

∑
d|m

χ(d)dk−1Vd ◦ Um/d on Mk(N,χ).(2.32)

Proof. [Ko], p. 161–163, or [Sh], equation (3.5.12), p. 80.

Remark 2.35 By comparing the above formula with that of Proposition 1.25, we thus
see that in the case of level N = 1 the Hecke Operator Tn defined here coincides with
the one defined in §1.5.

Hecke observed that many of the interesting modular forms are eigenforms for all the
Hecke operators Tn, and that these enjoy some remarkable properties.
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Proposition 2.36 Suppose that f ∈ Mk(Γ1(N)) is an eigenform with respect to all the
operators Tn, i.e. Tnf = λnf , for some λn ∈ C, for all n ≥ 1. Then f ∈ Mk(N,χ) for
some character χ : (Z/NZ)× → C× and we have

an(f) = λna1(f), for all n ≥ 1.

Thus, a1(f) 6= 0 unless f = c is a constant function.

Proof. By hypothesis, f is an eigenform under Tp and under T 2
p , and hence by Proposition

2.32(c) f is also an eigenform under Tp,p, if p - N is a prime. Thus, by (2.29), f is a
eigenform under the σp’s, for all primes p - N . By Dirichlet’s theorem on primes in
arithmetic progressions, the σp’s generate Γ0(N)/Γ1(N), and so f is an eigenform with
respect to Γ0(N)/Γ1(N). But this means that f ∈Mk(N,χ), for some character χ. This
proves the first assertion, and the other follows easily because λna1(f) = a1(λnf) =

a1(f |kTn)
(2.31)
= an(f).

Remark 2.37 If f is a Tn-eigenfunction with a0(f) 6= 0, then the eigenvalue λn is
completely determined by the character χ (and by n), for we have λn =

∑
d|n χ(d)dk−1;

cf. [Ko], p. 163.

Example 2.38 (a) Recall from Example 1.27 that the Eisenstein series Ek and the
discriminant form ∆ are eigenforms of level 1.

(b) By the same argument as in Example 1.27, we see from Example 2.30(a) that
g(z) = η(z)η(11z) ∈ S2(Γ0(11)) is a Tn-eigenform for all n because dimC S2(Γ0(11)) = 1.
More generally, for any k|24, k ≡ 0 (2), we have that Sk(Γ0(N−1)) = Cgk, where N = 24

k

and gk(z) = (η(z)η((N − 1)z))k/2, and hence gk is a Tn-eigenform for all n ≥ 1.

As in the case of level 1, the Fourier coefficients of the q-expansion f(z) =
∑
an(f)qn

of an eigenform f ∈Mk(Γ1(N)) satisfy some rather remarkable identities, which are best
understood in terms of its associated Dirichlet series (or L-function):

L(f, s) :=
∑
n≥1

an(f)n−s, if f(z) =
∑
n≥0

an(f)qn, where q = e2πiz.

Corollary 2.39 Suppose that f ∈Mk(N,χ) is an eigenform with respect to all the Hecke
operators Tn. If f is normalized, i.e. if a1(f) = 1, then its associated L-function L(f, s)
has an Euler product of the form

L(f, s) :=
∑
n≥1

an(f)n−s =
∏
p

(1− ap(f)p−s + χ(p)pk−1−s)−1.

Conversely, if f ∈Mk(N,χ) is such that its Dirichlet series L(f, s) has an Euler product
of this form (for some ap ∈ C), then f is a (normalized) eigenform with respect to all
Tn’s, and for each prime p we have ap = ap(f).
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Proof. Similar to Proposition 1.32; cf. [Ko], p. 163 or [Mi], p. 149.

Remark 2.40 In Theorem 1.35 we learned that the L-function L(f, s) of a modular
form f of level N = 1 has an Euler product if and only if it has an Euler product of
the above type. This, however, is no longer true for higher level N because the Euler
factors at the primes p|N may be quite complicated. Nevertheless, an analogous result
does hold for the Euler factors at the primes p - N ; cf. Hecke[He], Satz 42.

For level 1 we found that the normalized Tn-eigenfunctions form a basis of Mk(Γ(1));
cf. Theorem 1.39. This is no longer true for higher level, as can be seen by examples.
However, we do have the following (partial) generalization:

Theorem 2.41 Let T′ ⊂ End(Sk(Γ1(N))) denote the C-algebra generated by all Hecke
operators Tn with (n,N) = 1. Then Sk(Γ1(N)) has a basis consisting of T′-eigenforms.

The proof of this result is very similar to that of Theorem 1.39: we observe that if
(n,N) = 1, then the Hecke operator Tn commutes with its adjoint T ∗n which defined via
the Petersson scalar product on Sk(Γ):

Notation. If f, g ∈ Sk(Γ), then

〈f, g〉Γ =

∫
Γ\H

f(z)g(z)yk−2 dx dy(2.33)

is a (positive definite) hermitian pairing on Sk(Γ) called the Petersson pairing.

Remark 2.42 (a) If k = 2, then via the identification ωΓ of (the proof of) Proposition
2.28, this pairing coincides (up to a constant) with the usual hermitian pairing (ω1, ω2) =∫
X
ω1 ∗ ω̄2 on Ω1(X) of the compact Riemann surface X = XΓ; cf. Springer [Sp], p. 181.

(b) The above integral (2.33) still converges if we allow f ∈ Mk(Γ) (but still require
g ∈ Sk(Γ)), and so the orthogonal complement Sk(Γ)⊥ = {f ∈ Mk(Γ) : 〈f, g〉 = 0,∀g ∈
Sk(Γ)} can be defined; cf. [Mi], p. 44. It can be shown that this space is generated by
Eisenstein series when k ≥ 3; cf. [Mi], p. 69.

Proposition 2.43 (a) If Γ2 = α−1Γ1α where α ∈ GL2(Q) and fi ∈ Sk(Γi), then

〈f1, f2|kα−1〉Γ1 = 〈f1|kα, f2〉Γ2 .(2.34)

(b) If Γ1 ≤ Γ2 and fi ∈ Sk(Γi), then

〈f1, f2〉Γ1 = 〈trΓ1/Γ2(f1), f2〉Γ2 .(2.35)

Proof. See [Sh], p. 75 or [Ko], p. 171. (Note that [Ko] defines the Petersson scalar product
slightly differently.)
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Corollary 2.44 Let α ∈ GL+
2 (Q) and put α∗ = det(α)α−1. If Γ1 and Γ2 are two con-

gruence subgroups, then

〈f1|kTΓ1,Γ2(α), f2〉Γ2 = 〈f1, f2|kTΓ2,Γ1(α
∗)〉Γ1 , ∀fi ∈ Sk(Γi), i = 1, 2.

Thus, TΓ2,Γ1(α
∗) is the adjoint of TΓ1,Γ2(α) with respect to the Petersson product.

Proof. Put Γα = Γ2 ∩ α−1Γ1α and Γα−1 = αΓαα
−1 = Γ1 ∩ αΓ2α

−1. Moreover, put
c = det(α)k/2−1. Then by (2.35) and (2.34) we obtain

c−1〈f1|kTΓ1,Γ2(α), f2〉Γ2 = 〈trΓα/Γ2f1|kα, f2〉Γ2 = 〈f1|kα, f2〉Γα = 〈f1, f2|α−1〉Γα−1

= 〈f1, trΓα−1/Γ1(f2|kα−1)〉Γ1 = c−1〈f1, f2|kTΓ2,Γ1(α
∗)〉Γ1 ,

which proves the assertion.

We are now ready to prove Theorem 2.41. For this, we shall prove the following
slightly more precise result.

Proposition 2.45 If (n,N) = 1, then the adjoint T ∗n of Tn on Sk(Γ1(N)) is σ−1
n Tn, i.e.

we have
〈f |kTn, g〉 = 〈f, g|σ−1

n Tn〉, for all f, g ∈ Sk(Γ1(N)).

Thus, the algebra T′ is ∗-closed (i.e. T ∈ T′ ⇒ T ∗ ∈ T′) and hence Sk(Γ1(N)) has a basis
consisting of T′-eigenforms.

Proof. Since α∗n = nα−1
n =

(
n 0
0 1

)
≡ σ−1

n αn (mod N), we see that α∗n = σ−1
n αnγ, for some

γ ∈ Γ(N), and so by Corollary 2.44 we have T ∗1,n = T (α∗n) = T (σ−1
n αn) = T (σ−1

n )T1,n, the
latter by Remark 2.31(b), property 3’). Thus, by Proposition 2.32(f) we obtain

T ∗n =
∑
d2|n

T ∗1,n/d2T
∗
d,d =

∑
d2|N

T (dσ−1
d )T (σ−1

n/d2)T1,n/d2 = T (σ−1
n )
∑
d2|N

T (dσd)T1,n/d2 = σ−1
n Tn,

where we used the obvious facts that T ∗d,d = T ((dσd)
∗) = T (dσ−1

d ) and that T (dσ−1
d )T (σ−1

n/d2)

= T (dσ−1
n σd) = T (σ−1

n )T (dσd).
This proves the first assertion. Furthermore, since σn ∈ T′ for all (n,N) = 1 (cf. proof

of Proposition 2.36), and since σ−1
n = σn∗ , where n∗n ≡ 1 (mod N), we see that T ∗n ∈ T′,

∀(n,N) = 1. Thus, T′ is a commutative, ∗-closed algebra, and hence by linear algebra
Sk(Γ1(N)) has a basis of T′-eigenforms; cf. §1.5.3.

Remark 2.46 (a) If we specialize the above result to N = 1, then we obtain Theorem
1.39. Note, however, that while the Hecke operators Tn for level 1 are self-adjoint (cf.
Proposition 1.38), this is no longer true for higher level.

(b) As we shall see in the next section, Sk(N,χ) does not have in general a basis
consisting of T-eigenforms; i.e. the algebra T ⊂ EndC(Sk(Γ1(N))) generated by all the
Hecke operators Tn, n ≥ 1 is not semi-simple.
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(c) For any n ≥ 1, the adjoint of Tn on Sk(Γ1(N)) is given by

T ∗n = wNTnw
−1
N , where wN =

(
0 −1
N 0

)
.(2.36)

Indeed, since wN
(
a b
c d

)
w−1
N =

„
d −c/N

−bN a

«
, we see that wNαnw

−1
N = α∗n and that wN nor-

malizes Γ1(N). Thus, the same argument as in the proof of Proposition 2.45 shows that
(2.36) holds.

Remark 2.47 For simplicity, we had restricted the above discussion of Hecke operators
to the case that Γ = Γ1(N); note that this also includes the case Γ = Γ0(N) because
Mk(Γ0(N)) = Mk(N, 1) (trivial Nebentypus character). In Shimura’s book [Sh], however,
one finds a more general treatment of Hecke operators which applies to all congruence
subgroups Γ ≥ Γ(N) which can be conjugated by βt =

(
t 0
0 1

)
to a group containing

Γ1(Nt), for some t|N . For these groups, the study of Hecke operators can be reduced to
the corresponding study on Γ1(Nt); cf. [Sh], p. 87.

For example, in the case of Γ = Γ(N), we see that

βNΓ(N)β−1
N = ΓN := {

(
a b
c d

)
∈ Γ1(N) : c ≡ 0(N2)} ≥ Γ1(N

2)

because βN
(
a b
c d

)
β−1
N =

„
a b/N
cN d

«
, and so the map β∗N : f 7→ f |kβN identifies Mk(Γ(N))

with the subspace Mk(ΓN) of Mk(Γ1(N
2)). This latter subspace can be decomposed as

a sum of certain Nebentypus spaces of level N2; in fact, we have that

(Mk(N))|kβN = Mk(ΓN) =
⊕
χ

Mk(N
2, χ̃) ⊂Mk(Γ1(N

2)),(2.37)

where the sum runs over all Dirichlet characters χ mod N and χ̃ denotes the lift of χ to
a character mod N2. (This decomposition is easily verified by observing that the map
β∗N induces for each Dirichlet character χ mod N a bijection

β∗N : Mk(Γ(N), χ)
∼→Mk(N

2, χ̃),

where Mk(Γ(N), χ) = {f ∈ Sk(Γ(N)) : f |kσa = χ(a)f,∀a ∈ ZN} denotes the χ-
eigenspace of Mk(Γ(N)) under the natural action of ZN := (Z/NZ)× as a group of
automorphisms of Sk(Γ(N)) via a 7→ σa.)

Therefore, by the above identification (2.37) we can then transport the theory of Hecke

operators to Γ(N). For example, we define the Hecke operator T
Γ(N)
n on Mk(Γ(N)) by

f |kT Γ(N)
n = ((f |kβN)|kTn)|kβ−1

N , if f ∈Mk(Γ(N)).

It then immediate that all the corresponding properties hold for the T
Γ(N)
n ’s.
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2.4 Atkin-Lehner Theory

In the previous section we saw that the T-eigenfunctions f ∈ Sk(Γ1(N)) have many
interesting properties and raised the question of the existence of such functions. In the
case of level N = 1 we had already obtained a complete answer to this: the normalized
T-eigenfunction of Sk(Γ(1)) form a basis of the space; cf. Theorem 1.39 or Proposition
2.34. For higher level, however, this existence question is much more subtle, as we shall
see. Let us briefly review what we know so far:

1) If f ∈ V := Sk(Γ1(N)) is a T-eigenfunction, then the associated T-eigenspace Vχf

is 1-dimensional and contains a unique normalized T-eigenfunction; cf. Propo-
sition 2.36. (Here, as in (1.70), χf : T → C is the character defined by
f |kT = χf (T )f , ∀T ∈ T.) Thus

#{f ∈ Sk(Γ1(N)) : f is a normalized T-eigenfunction} = #T̂.

But in general V does not have a basis consisting of T-eigenfunctions, i.e. #T̂ <
dim V, as as Example 2.51 below shows.

2) By Proposition 2.36 we know that V := Sk(Γ1(N)) does have a basis consisting
of T′-eigenfunctions, where T′ = 〈Tn : n ≥ 1, (n,N) = 1〉 ⊂ EndC(V) is the
C-algebra generated by the Hecke operators Tn prime to the level. Thus we have

V =
⊕
χ′∈T̂′

Vχ′ .

However, in general the eigenspaces Vχ′ = {f ∈ V : f |kT = χ′(T )f,∀T ∈ T′} are
not 1-dimensional.

This, therefore, raises the following problems and questions.

Problem 1. Describe the set of characters or, equivalently, describe the set of T-eigen-
functions of V = Sk(Γ1(N)).

Problem 2. Describe explicitly the above decomposition of V into its T′-eigenspaces.
More precisely:

(a) Describe the set T̂′ of characters of T’;

(b) For each character χ′ ∈ T̂′, determine a basis for the T′-eigenspace Vχ′ .

In 1970 A.O.L. Atkin and J. Lehner [AL] made the following remarkable discovery.
While it is not possible to find a basis of eigenforms for the whole of Sk(Γ1(N)), one can
define a certain subspace Snew

k (Γ1(N)) ⊂ Sk(Γ1(N)) which does have such a basis, and
which has a natural complement Sold

1 (Γ1(N)) which consists of the forms “coming from
lower level”. (Actually, Atkin-Lehner only considered the subspace Sk(Γ0(N)), and the
extension to Sk(Γ1(N)) was later worked out by Miyake[Mi1] and Li[Li].) As a result,
one obtains: (i) a complete answer to Problem 2; (ii) a satisfactory answer to Problem 1;
and (iii) a “canonical basis” of Sk(Γ1(N)), of which only a part consists of T-eigenforms.
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2.4.1 The Definition of Newforms

We begin by defining oldforms on Γ1(N); these are modular forms which come from
lower level by “twisting” by the operator βd. For this, we first note that for any positive
divisors M |N and d|N

M
we have Γ1(N) ≤ β−1

d Γ1(M)βd (cf. (2.3)), and hence the rule

f 7→ f |kTΓ1(M),Γ1(N)(βd) = dk/2−1f |kβd = dk−1
∑

an(f)qnd(2.38)

defines an injective linear map

β
(N)
M,d = TΓ1(M),Γ1(N)(βd) : Sk(Γ1(M)) → Sk(Γ1(N)).

Definition. The space of oldforms or old subspace is the space spanned by all forms
f |kβd for dM |N , M 6= N and f in Sk(Γ1(M)):

Sold
k (Γ1(N)) :=

∑
dM |N,M 6=N

Sk(Γ1(M))|kβ(N)
M,d.

The space of newforms or new subspace is the orthogonal complement of the old subspace
with respect to the Petersson inner product,

Snew
k (Γ1(N)) = Sold

k (Γ1(N))⊥.

Thus
Sk(Γ1(N)) = Sold

k (Γ1(N))⊕ Snew
k (Γ1(N))

As we shall see, this direct sum is a decomposition of T-modules, where T = TN ⊂
End(Sk(Γ1(N))) is the Hecke algebra of level N , i.e. the C-algebra generated by the Hecke

operators Tn = T
(N)
n ∈ End(Sk(Γ1(N))), for all n ≥ 1. Note that one has to be careful

about the level N , for the actions of the algebras TN and TM are not completely com-
patible (cf. (2.44) below). Nevertheless, we do have the following (partial) compatibility
relation:

Proposition 2.48 If dM |N and n is an integer which is coprime to N , then the following
diagram commutes:

Sk(Γ1(N))
T

(N)
n−→ Sk(Γ1(N))

βM,d ↑ ↑ βM,d

Sk(Γ1(M))
T

(M)
n−→ Sk(Γ1(M))

(2.39)

Proof. Let f ∈ Sk(M,χ). Then f |kβd ∈ Sk(N, χ̃), where χ̃ is the lift of χ : Z/MZ → C×

to Z/NZ, and so, by (2.32) (and (2.30)) we have

f |kT (M)
n |kβd =

∑
t|n

χ(t)tk−1d
k
2VdVtUn/t(f) and f |kβd|kT (N)

n =
∑
t|n

χ̃(t)tk−1d
k
2VtUn/tVd(f).

Now since (d, t) = 1 for all t|n, we have that UtVd = VdUt (and also VtVd = VdVt, as well

as χ̃(t) = χ(t)), and so f |kT (M)
n |kβd = f |kβd|kT (N)

n , from which the assertion follows.
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Remark 2.49 (a) It follows from (2.39) that Sold
k (Γ1(N)) is stable under the Hecke

algebra T = T′N generated by Hecke operators T
(N)
n , for (n,N) = 1, and hence the same

is true for Snew
k (Γ1(N)) because T′N is ∗-closed (cf. Proposition 2.45). In fact, as we shall

see later (cf. Remark 2.57(c)), both Sold
k and Snew

k are stable under the full Hecke algebra
TN , but this fact is more subtle.

(b) If we take d = 1 in the above proposition, then (2.39) shows that T
(M)
n is the

restriction of T
(N)
n to Sk(Γ1(M)) ⊂ Sk(Γ1(N)), provided that (n,N) = 1. (If (n, N

M
) > 1,

then this assertion is often false, as equation (2.44) below shows by taking n = p|N .)

Note that the above is an analytic definition of the space of newforms (since it uses
the Petersson product). However, this space can also be defined algebraically, either in
terms of the algebra T′ as in Corollary 2.55 or, more directly, by using the degeneracy
operators DM,d and D∗

M,d ∈ EndC(Sk(Γ1(N)) which are defined as follows.

Notation. Let M,d ≥ 1 be integers such that dM |N , and let f ∈ Sk(Γ1(N)). Put

f |kDM,d = dk/2−1(trΓ1(N)/Γ1(M)(f))|kβd, f |kD∗
M,d = dk/2−1(trΓ1(N

d
,d)/Γ1(M)(f))|kαd,

where Γ1(
N
d
, d) = α−1

d Γ1(N)αd = {
„
x y
z w

«
∈ SL2(Z) : x ≡ w ≡ 1 (N), d|y, N

d
|z}.

Proposition 2.50 We have

Sk(Γ1(N))old =
∑
dM |N
M 6= N

Im(DM,d) and Sk(Γ1(N))new =
⋂
dM |N
M 6= N

Ker(D∗
M,d).(2.40)

Proof. We first observe that

DM,d = βM,d ◦ (βM,1)
∗ and D∗

M,d = βM,1 ◦ (βM,d)
∗(2.41)

where (βM,d)
∗ denotes the adjoint of βM,d = β

(N)
M,d with respect to the Petersson product.

Indeed, since βM,1 : Sk(Γ1(M)) → Sk(Γ1(N)) is just the canonical injection, we have by
(2.35) that β∗M,1 = trΓ1(N)/Γ1(M), and so the first formula of (2.41) is clear. Moreover,

since β∗M,d = T (β∗) = TΓ1(N),Γ1(M)(αd) by Corollary 2.44 and since Γ1(M)∩α−1
d Γ1(N)αd =

Γ1(M) ∩ Γ1(
N
d
, d) = Γ1(

N
d
, d) because M |N

d
, the second formula of (2.41) follows.

Since Im((βM,1)
∗) = Sk(Γ1(M)) (because tr(g) = [Γ1(M) : Γ1(N)]g, for g ∈ Sk(G1(M))),

the first formula of (2.41) shows that Im(DM,d) = Im(βM,d), and so the first equation of
(2.40) is clear. Moreover, since (2.41) shows that D∗

M,d is the adjoint of DM,d, we obtain:

f ∈ Sk(Γ1(N))new ⇔ 〈f, g|kDM,d〉 = 0, ∀g ∈ Sk(Γ1(N)), ∀dM |N,M 6= N,

⇔ 〈f |kD∗
M,d, g〉 = 0, ∀g ∈ Sk(Γ1(N)), ∀dM |N,M 6= N,

⇔ f |kD∗
M,d = 0, ∀dM |N,M 6= N,

which proves the second formula of (2.40).
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Before stating the main theorems of Atkin-Lehner theory, it is perhaps useful to work
out the following example which illustrates the basic difficulty with the action of Hecke
operators on oldforms.

Example 2.51 Let f ∈ Sk(Γ0(M)) = Sk(M, 1) be a normalized TM -eigenform and
suppose that p - M is a prime. Fix r ≥ 3 and put N = prM . Then the space

Sf = 〈f(z), f(pz), f(p2z), . . . , f(prz)〉 ⊂ Sold
k (Γ0(N))

is stable under the Hecke algebra TN ⊂ End(Sk(Γ0(N))) but Sf does not have a basis of
eigenforms under TN .

To see this, write fj(z) = f(pjz) = Vpjf = p−jk/2f |kβpj , for 0 ≤ j ≤ r. If (n,N) = 1,
then by (2.39) we have

fj|kT (N)
n = p−jk/2f |kT (M)

n βpj = p−jk/2an(f)f |kβpj = an(f)fj, for 0 ≤ j ≤ r.(2.42)

Furthermore, by (2.32) we have T
(N)
p = Up, so

T (N)
p fj = fj−1, for 1 ≤ j ≤ r.(2.43)

On the other hand, since f is an eigenfunction of T
(M)
p , we have f |kT (M)

p = apf , where

ap = ap(f). Now by (2.32) we have f |kT (M)
p = Upf + pk−1Vpf = fkT

(N) + pk−1f1. Thus
we obtain

f |kT (N)
p = f |kT (M)

p − pk−1f1 = apf − pk−1f1;(2.44)

in particular, f |kT (N)
p 6= f |kT (M)

p and f is no longer an eigenfunction with respect to

T
(N)
p .

From equations (2.42)–(2.44) we see that Sf is a TN -submodule, and that the matrix

of T
(N)
p with respect to the basis f0 = f, f1, . . . fr is

ap 1 0 . . . . . . 0
−pk−1 0 1 0 . . . 0

0 0 0 1 . . . 0
...

. . . . . .
...

0 . . . . . . . . . 0 1
0 . . . . . . . . . 0 0


.

Thus, the characteristic polynomial of T
(N)
p on Sf is ch(x) = xr−1(x2 − apx + pk−1) =

xr−1(x − α)(x − β) and so the T
(N)
p -eigenfunctions are precisely the scalar multiples of

the functions f0 − apf1 + pk−1f2, f0 − βf1 and f0 − αf1 (with eigenvalues 0, α and β,

respectively). We thus see that if r ≥ 3, then T
(N)
p is not diagonalizable on Sf , i.e. Sf

does not have a basis of T
(N)
p -eigenfunctions.

81



2.4.2 Basic Results

In this section we shall present the main results of Atkin-Lehner Theory which give a
satisfactory answer to the basic questions raised at the beginning of this section. As we
shall see in the next subsection, most of these results are direct consequences of the Main
Theorem 2.58 of Atkin-Lehner Theory which will presented later.

Since in the sequel we shall frequently deal with modular forms of (fixed) weight k
with varying level N , it is convenient to introduce the abbreviation

VN = Sk(Γ1(N)).

Definition. If f ∈ Vnew
N is a T′-eigenform with a1(f) = 1, then we call f a normalized

newform of level N . The set of all normalized newforms in VN is denoted by N (VN).

Theorem 2.52 Each f ∈ N (VN) is a T-eigenfunction, and hence N (VN) is a basis of
Vnew
N consisting of T-eigenfunctions. Thus Vnew

N is a T-module and #N (VN) = dimV new
N .

Thus, we see that we have a rich supply of T-eigenfunctions. While this result doesn’t
classify all the T-eigenfunctions, it gives a satisfactory answer to Problem 1 above in the
sense that it classifies all the eigenfunctions which do not come from lower level.

We now turn to Problem 2, i.e. the classification of the T′-eigenfunctions. For this,
let us introduce the following notation.

Notation. For any M |N and f ∈ N (VM), let

Sf (N) = Sf (VN) =
∑
d|N/M

Cf |kβd =
⊕
d|N/M

Cf |kβd;

clearly dimSf (N) = σ0(
N
M

) = number of divisors of N
M

. Furthermore, we let

N ∗(VN) :=
⋃
M |N

N (VM)

denote the set of normalized newforms of all levels M |N .

It is clear from the definition and Proposition 2.48 that every f ∈ N ∗(VN) is a T′-
eigenfunction. If χ′f ∈ T̂′N denotes the associated character, then is clear from Proposition
2.48 that every g ∈ Sf (N) is a χ′f -eigenfunction, i.e. that Sf (N) ⊂ (VN)χ′f . We now have:

Theorem 2.53 (Atkin-Lehner Decomposition) For each f ∈ N ∗(VN), the space
Sf (N) is the χ′f -eigenspace of VN , i.e.

Sf (N) = (VN)χ′f ,

and hence Sf (N) is also a T-module. Furthermore, the map f 7→ χ′f induces a bijection

N ∗(VN)
∼→ T̂′N , and hence we have the T-module decomposition

VN =
⊕
M |N

⊕
f∈N (VM )

Sf (N) =
⊕

f∈N ∗(VN )

Sf (N).(2.45)
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Remark 2.54 (a) The decomposition (2.45) shows that the set

B(VN) := {f |kβd : f ∈ N (VM), M |N, d|N
M
}

is a basis of VN . Thus, VN has a “canonical basis” consisting of normalized newforms of
all levels, together with certain “twists” of these with respect to the operators βd, d|N .

(b) Note that in general not every function in B(VN) is a TN -eigenfunction. For
example, f |βd can never be a TN -eigenfunction if d 6= 1 because we have a1(f |βd) = 0
if d 6= 1. Moreover, even if d = 1 but f ∈ N (VM), M 6= N , then f need not be a
TN -eigenfunction, as is evident in the situation of Example 2.51. On the other hand, if
M 6= N has the same prime divisors as N , then f ∈ N (VM) is a TN -eigenfunction.

(c) For every f ∈ N ∗(VN), the space Sf (N) contains at least one TN -eigenfunction;
in other words, the restriction map χ 7→ χ|T′ defines a surjection

T̂N → T̂′N .

[To see this, note that first we have a canonical bijection between the set of characters T̂
and the set max(T) of maximal ideals of T (via χ 7→ Ker(χ)), and the same is true for T̂′.
Since every maximal ideal of T′ is contained in a maximal ideal of T (by the Going-up
Theorem of Commutative Algebra), every character of T′ lifts to a character of T.]

(d) In general, the above map T̂ → T̂′ is not injective, for there may be several TN -
eigenfunctions contained in a single T′N -eigenspace Sf (N), as we already saw in Example
2.51.

As an application of the above result, we also obtain the following algebraic charac-
terization of the newspace V new

N .

Corollary 2.55 The space Vnew
N is the sum of the eigenspaces of T ′N whose eigenchar-

acters occur with multiplicity one, whereas the space Vold
N is the sum of the eigenspaces

whose eigencharacters appear with multiplicity greater than one.

Proof. By Theorem 2.53 we know that every T′-eigenspace is of the form Sf (N), for
some f ∈ N (VM), M |N . Since dimSf (N) = σ0(N/M), we see that dimSf (N) = 1 ⇔
N = M ⇔ f ∈ N (VN) ⇔ Sf (N) ⊂ Vnew

N . On the other hand, if dimSf (N) > 1, then
Sf (N) ⊂ Vold

N , and so the assertion follows from the decomposition (2.45).

Corollary 2.56 Each f ∈ N (VN) is a (TN ∪ T∗N)-eigenform, where T∗N = {T ∗ ∈
End(VN) : T ∈ TN} is the subalgebra consisting of all adjoints of TN . Thus we have

f |kT ∗n = an(f)f, for all n ≥ 1.(2.46)

Moreover, if f ∗ :=
∑

n≥1 an(f)qn, then f ∗ ∈ N (VN) and we have

f |kwN = cf ∗, for some c ∈ C×.(2.47)

In particular, wN maps Vnew
N (and Vold

N ) into itself.
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Proof. Since TN(N) is ∗-closed, we see that TN(N) ⊂ TN ∩ T∗N . Now since TN is
commutative, so is T∗N , and hence T ∗ commutes with TN(N), if T ∈ TN . Thus, f |T ∗ is in
the TN(N)-eigenspace of f , and so by the Multiplicity-One Theorem we have f |T ∗ = cTf ,
for some cT ∈ C. This proves the first statement.

Thus, f |T ∗n = cnf , for some cn ∈ C. Since also f |Tn = an(f)f , we obtain cn〈f, f〉 =
〈f |T ∗n , f〉 = 〈f, f |Tn〉 = 〈f, an(f)f〉 = an(f)〈f, f〉, and so cn = an(f). Thus, (2.46) holds.

To prove (2.47), we first recall that wN normalizes Γ1(N); cf. Remark 2.46c). Fur-
thermore, since βMwNβ

−1
N = wM , ∀M |N , we see that wN maps VN old into itself, and

hence also Vnew
N = (Vold

N )⊥, because w∗N = −wN . Thus g := f |kwN ∈ Vnew
N . Furthermore,

since T ∗n = wNTnw
−1
N by (2.36), we obtain g|kTn = f |kwNTn = f |T ∗nwN = an(f)f |kwN =

an(f)g. This means that g is a T-eigenform with Tn-eigenvalue an(f), and so (2.47)
holds with c = a1(g); cf. Proposition 2.36. Thus f ∗ ∈ Vnew

N is a T-eigenform, and hence
f ∗ ∈ N (VN).

Remark 2.57 (a) Note that while the algebra 〈TN ,T∗N〉 generated by TN and T∗N is ∗-
closed, it is not commutative in general, for otherwise VN would have a basis consisting
of T-eigenforms.

(b) It is immediate from Corollaries 1 and 4 that Vnew
N and Vold

N are TN -modules as
well as T∗N -modules.

2.4.3 The Main Theorem

The key for the proof of the Atkin-Lehner theorem is the following Structure Theorem
2.58 which, for a given integer D, analyzes the space

VN(D) = {f =
∑

anq
n ∈ VN : an = 0 for all n with gcd(n,D) = 1}.

Clearly, VN(D) = VN(rad(D)), i.e. VN(D) only depends on the radical rad(D) =
∏

p|D p

of D, and we have VN(D) ⊂ VN(D′), if D|D′. Also, we observe that by equations (2.30)
and (2.38) we have for any D ≥ 1

β∗dVM(D) ⊂ VN(dD), if dM |N.(2.48)

Furthermore, if, as above, TN(D) ⊂ TN ⊂ End(VN) denotes the subalgebra generated

by all the Hecke operators T
(N)
n , for (n,D) = 1, then it follows from (2.32) that VN(D′)

is a TN(D)-module if D′|D, i.e.

VN(D′)|T ⊂ VN(D′), if T ∈ TN(D) and D′|D.(2.49)

The following theorem is the “Main Theorem” of Atkin-Lehner theory.

Theorem 2.58 (Structure Theorem) We have VN(ND) = VN(N) ⊂ Vold
N , for any

D ≥ 1. More precisely,

VN(ND) =
∑
p|N

β∗pVN/p(N).
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Before sketching the proof of this theorem in the next subsection, let us deduce its
most important consequences. An immediate corollary is the following.

Corollary 2.59 If f ∈ VN is a TN(ND)-eigenform for some D ≥ 1 and a1(f) = 0, then
f ∈ VN(ND) ⊂ Vold

N . Thus, if 0 6= f ∈ Vnew
N is a T(ND)-eigenform, then a1(f) 6= 0.

Proof. If (n,ND) = 1, then by (2.31) we have an(f) = λna1(f) = 0, so f ∈ VN(ND) ⊂
Vold
N by the Structure Theorem 2.58.

Definition. If f ∈ Vnew
N is a T(N)-eigenform with a1(f) = 1, then we call f a normalized

newform of level N . The set of all normalized newforms in VN is denoted by N (VN).

Corollary 2.60 Vnew
N has a basis consisting of normalized newforms.

Proof. By Remark 2.49a) we know that Vnew
N is a TN(N)-module, and so Proposition

2.45 shows that Vnew
N has a basis f1, . . . , fr consisting of T(N)-eigenforms. By Corollary

1 we have a1(fi) 6= 0, and so if we put f̃i = fi/a1(fi), then f̃1, . . . , f̃r is a basis consisting
of normalized newforms.

In fact, it turns out that N (VN) itself is the unique basis consisting of normalized
newforms. This and much more follows from the following fundamental result.

Theorem 2.61 (Multiplicity-One Theorem) Let f, g ∈ VN be T(ND)-eigenforms,
for some D ≥ 1. If f 6= 0 and g have the same eigenvalues, i.e., if

f |kT = aTf, g|kT = aTg for all T ∈ T(ND),

and if f ∈ Vnew
N , then g = cf , for some c ∈ C.

Proof. Since a1(f) 6= 0 by Corollary 1, we may assume without loss of generality that
a1(f) = 1.

Write g = gold +gnew. Since T(ND) preserves the old and new subspaces (cf. Remark
2.49), the equation g|kT = ag, with T ∈ T(ND), implies that

gold|kT = agold and gnew|kT = agnew,

and hence both gold and gnew have the same T(ND)-eigenvalues as f .
Now the form h = a1(g)f − gnew ∈ Vnew

N is a T(ND)-eigenform with a1(h) = 0, and
so by Corollary 1 (of Theorem 2.58) we have a1(g)f − gnew ∈ Vold

N , which implies that
gnew = cf with c = a1(g).

It remains to show that gold = 0, so that cf = g, as claimed. For this, note first that
it follows (by induction) from the definition of the old and new spaces that we can write

VN =
∑
M |N
d| N

M

β∗dVnew
M and Vold

N =
∑
M |N
M 6=N
d| N

M

β∗dVnew
M .(2.50)
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Thus, we have gold =
∑
gi with gi ∈ β∗di

Vnew
Mi

. Now the space Vnew
Mi

has a basis of
TMi

(Mi)-eigenforms (cf. Corollary 2). Since these are also TN(ND)-eigenforms, we can
express gold in the form gold =

∑
hj|kβdj

, where each hj ∈ Vnew
Mj

is a T(ND)-eigenform

with the same eigenvalues as gold and therefore, as f . Then kj := a1(hj)f − hj is a
T(ND)-eigenform with a1(kj) = 0, and so kj ∈ Vold

N by the above Corollary 1. Thus
a1(hj)f ∈ Vnew ∩ Vold = {0}, so a1(hj) = 0. But then Corollary 1, applied to hj ∈ Vnew

Mj
,

shows that hj = 0, and so gold = 0, as claimed.

Corollary 2.62 If f ∈ Vnew
N = Snew

k (Γ1(N)) is a T(ND)-eigenform, then it is an eigen-
form under the full Hecke algebra T, and f = cg, for some g ∈ N (VN). In particular,
N (VN) is a basis of Vnew

N consisting of T-eigenforms, and hence Vnew
N is a T-module.

Proof. By the Multiplicity-One Theorem 2.61, the T(ND)-eigenspace of f has dimension
one. Now for any T ∈ T, f |T is a T(ND)-eigenfunction in the same eigenspace as f , since
T is a commutative algebra. Thus, f |T must be a constant multiple of f , i.e. f |T = cf ,
so f is a TN -eigenform. Moreover, a1(f) 6= 0 by the above Corollary 1 (of Theorem 2.58),
and so g = f/a1(f) ∈ N (VN).

Now by Theorem 2.61 again, any two elements of N (VN) belong to different T(N)-
eigencharacters, and so N (VN) is a linearly independent set. Thus, N (VN) is a basis of
Vnew
N since we already know by Corollary 2 above that N (VN) generates Vnew

N .

Corollary 2.63 If 0 6= f ∈ VN is a TN(ND)-eigenform, then there exists a divisor
M |N and a normalized newform g ∈ N (VM) which has the same TN(ND)-character as
f .

Proof. Let χ : T(ND) → C× denote the character defined by f , i.e. f |T = χ(f)f ,∀T ∈
T(ND). Now since each term in the formula (2.50) for Vold is a T(ND)-module, we
see that χ has to appear in some β∗dVnew

M for some dM |N , M 6= N , and hence also in
Vnew
M ' β∗dVnew

M . Thus, there is a non-zero T(ND)-eigenform g ∈ Vnew
M with g|T = χ(T )g,

for all T ∈ T(ND). By Corollary 1, g = ch is a scalar multiple of some h ∈ Vnew
M , and so

the assertion follows.

Corollary 2.64 The space Vnew
N is the sum of the eigenspaces of TN(ND) whose eigen-

characters occur with multiplicity one, whereas the space Vold
N is the sum of the eigenspaces

whose eigencharacters appear with multiplicity greater than one.

Proof. By Theorem 2.61, each T(ND)-eigenspace of Vnew
N is one-dimensional. On the

other hand, if χ : T(ND) → C is a character which appears in Vold
N , i.e. there is an

f ∈ Vold
N such that f |T = χ(T )f , ∀T ∈ T(ND), then by Corollary 2 there is a g ∈ N (VM),

M |N , M 6= N , with character χ, and then g|βN/M and g are two linearly independent
forms in Vold

N with the same character χ.
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Corollary 2.65 Each f ∈ N (VN) is a (TN ∪ T∗N)-eigenform, where T∗N = {T ∗ ∈
End(VN) : T ∈ TN} is the subalgebra consisting of all adjoints of TN . Thus we have

f |kT ∗n = an(f)f, for all n ≥ 1.(2.51)

Moreover, if f ∗ :=
∑

n≥1 an(f)qn, then f ∗ ∈ N (VN) and we have

f |kwN = cf ∗, for some c ∈ C×.(2.52)

In particular, wN maps Vnew
N (and Vold

N ) into itself.

Proof. Since TN(N) is ∗-closed, we see that TN(N) ⊂ TN ∩ T∗N . Now since TN is
commutative, so is T∗N , and hence T ∗ commutes with TN(N), if T ∈ TN . Thus, f |T ∗ is in
the TN(N)-eigenspace of f , and so by the Multiplicity-One Theorem we have f |T ∗ = cTf ,
for some cT ∈ C. This proves the first statement.

Thus, f |T ∗n = cnf , for some cn ∈ C. Since also f |Tn = an(f)f , we obtain cn〈f, f〉 =
〈f |T ∗n , f〉 = 〈f, f |Tn〉 = 〈f, an(f)f〉 = an(f)〈f, f〉, and so cn = an(f). Thus, (2.46) holds.

To prove (2.47), we first recall that wN normalizes Γ1(N); cf. Remark 2.46c). Fur-
thermore, since βMwNβ

−1
N = wM , ∀M |N , we see that wN maps VN old into itself, and

hence also Vnew
N = (Vold

N )⊥, because w∗N = −wN . Thus g := f |kwN ∈ Vnew
N . Furthermore,

since T ∗n = wNTnw
−1
N by (2.36), we obtain g|kTn = f |kwNTn = f |T ∗nwN = an(f)f |kwN =

an(f)g. This means that g is a T-eigenform with Tn-eigenvalue an(f), and so (2.52)
holds with c = a1(g); cf. Proposition 2.36. Thus f ∗ ∈ Vnew

N is a T-eigenform, and hence
f ∗ ∈ N (VN).

Remark. a) Note that while the algebra 〈TN ,T∗N〉 generated by TN and T∗N is ∗-
closed, it is not commutative in general, for otherwise VN would have a basis consisting
of T-eigenforms.

b) It is immediate from Corollaries 1 and 4 that Vnew
N and Vold

N are TN -modules as
well as T∗N -modules.

Notation. For any M |N and f ∈ N (VM), let

Sf (N) = Sf (VN) =
∑
d|N/M

Cf |kβd =
⊕
d|N/M

Cf |kβd;

clearly dimSf (N) = σ0(
N
M

) = number of divisors of N
M

. Furthermore, we let N ∗(VN) :=⋃
M |N N (VM) denote the set of normalized newforms of all levels M |N .

It is immediate from equation (2.39) that every g ∈ Sf (N) has the same T(N)-
eigenvalues as f , and hence is a subspace of the T(N)-eigenspace defined by f . However,
the fact that Sf (N) is actually the full T(N)-eigenspace seems to lie deeper, and requires
a further result, whose proof will be sketched in the next section.

Theorem 2.66 Suppose f ∈ Vnew
N a TN -eigenform and g ∈ VM is a (TM ∪ T∗M)-

eigenform such that an(f) = an(g), for all (n,D) = 1 (for some D ≥ 1), then f = g and
N = M .
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Corollary 2.67 Let D ≥ 1. For any f ∈ N ∗(VN), the space Sf (N) is the TN(ND)-
eigenspace defined by f and hence

VN =
⊕
M |N

⊕
f∈N (VM )

Sf (N) =
⊕

f∈N ∗(VN )

Sf (N).(2.53)

is the decomposition of VN into distinct T(ND)-eigenspaces. Furthermore, each Sf (N)
is a TN -module and a T∗N -module.

Proof. First note that the decomposition (2.50), together with Corollary 1 of Theorem
2.61 (applied to all levels M |N), shows that VN =

∑
f∈N ∗(VN ) Sf (N).

Next we observe that by (a slight generalization of) Proposition 2.45, V := VN has a
basis consisting of T(ND)-eigenforms, or, equivalently, V has a (unique) decomposition
into T(ND)-eigenspaces Vχ := {g ∈ V : g|T = χ(T )g,∀T ∈ T(ND)}, i.e. V =

⊕
χ Vχ,

where χ : T(ND) → C runs over all characters of T(ND).
In addition, we note that for each f ∈ N ∗(VN) we have by (2.39) that Sf ⊂ Vχf

,
where χf : T(ND) → C denotes the character defined by f i.e. by f |T = χf (T )f ,
∀T ∈ T(ND). Thus we have

V =
∑

f∈N ∗(VN )

Sf (N) ⊂
∑

f∈N ∗(VN )

Vχf
⊂
⊕
χ

Vχ = V,

and so all inclusions have to be equalities. In particular, for each character χ we have
Vχ =

∑
χf=χ Sf (N), where the sum is over all f ∈ N ∗(VN) such that χf = χ.

However, the characters χf are all pairwise distinct because if χf = χg, where f, g ∈
N ∗(VN), then by Corollary 4 of Theorem 2.61, the hypotheses of Theorem 2.66 are
satisfied, and so f = g, as claimed. Thus, every character χ is of the form χ = χf ,
for a unique f ∈ N ∗(VN), and each Sf (N) = Vχf

is a complete T(ND)-eigenspace.
Furthermore, the decomposition (2.53) holds.

Finally, to see that Sf (N) is a T-module, let T ∈ T. Since T commutes with T(ND),
we have that f |T ∈ Vχf

= Sf (N), and so Sf (N) is a T-module. Similarly, Sf (N) is also
a T∗-module, as a variant of the proof of Corollary 4 above shows.

Corollary 2.68 Suppose that g ∈ VN is a T(ND)-eigenform for some D ≥ 1. Then
there exists a unique divisor M |N and a unique normalized newform f ∈ N (VM) of level
M such that f and g have the same T(ND)-eigenvalues.

Proof. Since (2.53) is the decomposition of VN into distinct T(ND)-eigenspaces, we
have that g ∈ Sf (N), for a unique M |N and a unique f ∈ N (VM).

Corollary 2.69 Let f ∈ VN . Then f is a normalized newform (of level N) if and only
if f is a TN ∪ T∗N -eigenform.
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Proof. If N (VN), then f is a (TN ∪ T∗N)-eigenform by Corollary 4 of Theorem 2.61.
Conversely, if f is a (TN ∪ T∗N)-eigenform, then by Corollary 2 we have f ∈ Sg(N), for
some g ∈ N (VM), with M |N . By Theorem 2.66 it then follows that f = g and M = N ,
so f ∈ N (VN).

Corollary 2.70 Let f ∈ VN . Then f is a normalized newform (of level N) if and only
if f and f |wN are both TN -eigenforms.

Proof. Since f is a T∗-eigenform if and only if f |wN is a T-eigenform (cf. proof of
Corollary 4 of Theorem 2.61), Corollary 4 is just a restatement of Corollary 3.

Remark. Note that the decomposition (2.53) shows that the set

B(VN) :=
⋃
M |N

⋃
f∈N (VM )

{f |kβd}d| N
M

is a basis of VN . Thus, VN has a “canonical basis” consisting of normalized newforms of
all levels, together with certain “twists” of these with respect to the operators βd, d|N .

2.4.4 Sketch of Proofs

We now sketch the main ideas of the proofs of Theorems 2.58 and 2.66, following (in
part) the presentation given in Lang[La], pp. 126–137 and Miyake[Mi], pp. 153–175.

Step 1. V(DN) = V(N), for all D ≥ 1.

The proof of this step uses the following results.

Lemma 2.71 (Hecke) If (d,N) = 1, then Mk(Γ1(N)) ∩Mk(Γ1(N))|kβd = {0}.

Proof. This is a special case of Miyake[Mi], Lemma 4.6.3; cf. also Lang[La], proof of
Theorem 4.1.

Lemma 2.72 If f is a homomorphic function on H such that f(z + 1) = f(z) and such
that f |kβd ∈Mk(Γ1(N)), for some d ≥ 1, then f ∈Mk(Γ1(N))

Proof. [Mi], first part of proof of Theorem 4.6.4.

Lemma 2.73 If f =
∑
anq

n ∈ Mk(N,χ), then f(D) :=
∑

(n,D)=1 anq
n ∈ Mk(ND

2, χ),
for any D ≥ 1.

Proof. [Mi], Lemma 4.6.5.

Remark. a) If f ∈ V, then by definition f ∈ V(D) ⇔ f(N) = 0.

b) For any prime p we have f − f(p) =
∑

p|n an(f)qn = h|kβp, where h is a suitable
power series in q.
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Proof of Step 1. By definition, V(N) ⊂ V(ND). Suppose that the inclusion is proper, i.e.
that there exists f ∈ V(ND)\V(N). Then f(ND) = 0 but f(N) 6= 0, so there exists a divi-
sorD1|D and a prime p - ND1 such that g := f(ND1) 6= 0 but g(p) = f(ND1p) = 0. Thus g =
g−g(p) = h|βp, for some power series h in q. Now g ∈ Sk(Γ1(ND

2
1)) by Lemma 2.73, so also

h ∈ Mk(Γ1(ND
2
1)) by Lemma 2.72. But then g ∈ Mk(Γ1(ND

2
1))capMk(Γ1(ND

2
1))|βp =

{0} by by Lemma 2.71 (since p - ND2
1), contradiction. Thus, no such f exists, i.e.

V(ND) = V(N).

Step 2. For all primes p|D with p2|N we have VN(D) ⊂ VN(D/p) + VN/p|βp.
For this, we shall use:

Lemma 2.74 a) If p|N and f ∈ Mk(Γ1(N))), then f(p) = f − p−k/2f |kTpβp. Thus
f(p) ∈Mk(Γ1(Np)).

b) If p2|N and f ∈Mk(Γ1(N))), then f |Tp ∈Mk(Γ1(N/p)) and hence f(p) ∈Mk(N).

Proof. a) Recall that f |kβp(z) = pk/2f(dz). Moreover, since p|N , we have Tp = Up (cf.
Proposition 2.34). Thus, an(f |kTpβp) = 0, if p - n and an(fkTpβp) = pk/2an(f), if p|n,
and so the assertions follow.

b) [La], Lemma 6 (p. 133).

Proof of step 2. Let f ∈ V(D). Then g := f(p) ∈ VN by Lemma 2.74b). Moreover, since
g(D/p) = f(D) = 0, we see that g ∈ VN(D/p). On the other hand, by Lemma 2.74 we
have f = g + h|βp with h = p1−k/2f |Tp ∈Mk(Γ1(N/p)), and so step 2 follows.

Step 3. For all squarefree D|N and primes p|D we have VN(D) ⊂ VN(D/p) + VN/p|βp.

Lemma 2.75 Let p|N and f ∈ Mk(N,χ), where χ is not a character mod N/p. If
f = g|βp, for some g, then f = 0.

Proof. [La], Lemma 4 (p. 131).

Lemma 2.76 Suppose p|N , and χ is a character mod N/p. Then the operator T̃Np :=
TΓ0(N),Γ0(N/p)(αp) defines a linear map

T̃Np : Mk(N,χ) →Mk(N/p, χ)

with the following properties:

f |kT̃NDp = f |kT̃Np , if f ∈Mk(N,χ), p - D.(2.54)

f |βqT̃Nqp = f |kT̃Np βq, if q 6= p(2.55)

f |βpT̃Np = pk/2cpf, if f ∈Mk(N/p, χ)(2.56)

with cp = 1 if p2|N and cp = 1 + 1
p

otherwise.
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Proof. The properties (2.54) and (2.55) are proved in [Mi], Lemma 4.6.6, and property
(2.56) is proved on the top of p. 161 of [Mi].

Lemma 2.77 For any D ≥ 1 we have

VN(D) =
⊕
χ

VN,χ(D),

where the sum is over all Dirichlet characters mod N and VN,χ(D) = VN(D)∩Mk(N,χ).

Proof. By step 1, we may assume that D|N . Then f(D)|kσa = (f |σa)(D) (cf. [La], Lemma
3, p. 131), and so V(D) is stable under the action of the σa’s and so the assertion follows.

Proof of step 3. Let f ∈ V(D); by Lemma 2.77 we may assume that f ∈ VN,χ(D), for
some Dirichlet character χ. PutD1 = N

p
and g = f(D1), h = f−g. Then g, h ∈Mk(N1, χ),

where N1 = ND2
1. Since g(p) = f(D) = 0, we see that g = gp|βp, where gp is some power

series in q. If χ is not a character modulo N1/p, then gp = 0 and then f(D1) = g = 0, i.e.
f ∈ V(D1), and we are done.

Thus, assume that χ is defined mod N1/p (and hence also modulo N/p). Then by ?
gp ∈Mk(N1/p, χ).

Put fp := f |kT̃Np ; we claim that f − fp|βp ∈ VN(D1).

2.4.5 Exercises

1. Prove that the Hecke algebra T ⊂ EndC(Sk(Γ))) is semi-simple if and only if Sk(Γ)
has a basis consisting of T-eigenforms.

2. (a) Let p be a prime and let T(p) ⊂ EndC(S2(Γ0(p
2))) be the Hecke algebra (over

C) generated by the Hecke operators Tn with p 6 | n. Show that

dim T(p) = g(X0(p
2))− g(X0(p)).

(b) Generalize part (a) to S2(Γ0(p
r)).

91



Bibliography

[Ah] L. Ahlfors, Complex Analysis. Addison-Wesley, Reading, 1965.

[AL] A.O.L. Atkin, J. Lehner, Hecke Operators on Γ0(m), Math. Ann. 185 (1970), 134–
160.

[Bi] F. Bien, Construction of telephone networks by group representations. Notices
AMS 36(1989), 5–22.

[Bo] A. Borel, S. Chowla, C.S. Herz, K. Iwasawa, J.-P. Serre, Seminar on Complex
Multiplication. Springer Lecture Notes 21 (1966).

[BCDT] C. Breuil, B. Conrad, F. Diamond, R. Taylor, On the modularity of elliptic
curves over Q: with 3-adic exercises. J. Am. Math. Soc. 14 (2001), 843–939.

[CN] J.H. Conway, S.P. Norton, Monstrous Moonshine. Bull. London Math. Soc. 11
(1979), 308–339.

[CS] J.H. Conway, N.J.A. Sloane, Sphere Packings, Lattices and Groups. Springer-
Verlag, New York, 1988.

[De1] P. Deligne, Formes modulaires et représentations `-adiques. Sem. Bourbaki
1968/69, exp. 355; Springer Lecture Notes 179 (1971).

[De2] P. Deligne, La Conjecture de Weil I, II. Publ. IHES 43 (1974), 273-307; 52 (1980),
137 -152.

[Dij] R. Dijkgraaf, Mirrow symmetry and elliptic curves. In: The Moduli Space of Curves
(R. Dijkgraaf, C. Faber, G. van der Geer, eds.) Birkhäuser, Boston, 1995, pp. 149–
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