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Introduction

The theory of (elliptic) modular forms was developed in the 19th century by Klein,
Fricke, Poincaré, Weber and others, building upon the theory of elliptic functions which
had evolved from the earlier work of Euler, Jacobi, Eisenstein, Riemann, Weierstrass
and many others. Thus, from the outset, modular functions were intimately linked to
the study of elliptic functions/elliptic curves and this relation between these theories has
remained throughout its development for the benefit of both.

The basic fascination of modular forms may be summarized as follows.

1. The basic concepts of modular forms are extremely simple and require vitually no
technical preparation (as we shall see). Nevertheless, it is a subject in which many
diverse areas of mathematics are fused together:

e complex analysis, in particular Riemann surfaces

e algebra, algebraic geometry

e (non-euclidean) geometry

e (matrix) group theory, Lie groups, representation theory

e number theory, arithmetic algebraic geometry

This interaction goes in both directions: on the one hand, the above areas supply the
tools necessary for solving many of the problems studied in the theory of modular
forms; on the other hand, the latter furnishes important explicit examples which
not only illustrate and illuminate but only advance the general theory of many of
these branches.

2. Many of the basic results in the theory are very explicit and hence suitable for
computational purposes, be it by hand or by computer.

3. One of the most fascinating aspects of modular forms and functions is the uni-
versality of their applications, not only in number theory but also in many other
branches of Mathematics. This is in part due to the fact that modular forms are
functions “with many hidden symmetries”, and such functions naturally arise in
many applications, even in Physics. Some of these include:



Analysis: Ruziewiecz’s problem — the uniqueness of finitely additive measures
on S, n > 2.

(Margulis (1980), Sullivan (1981), Drinfeld (1984), Sarnak (1990); cf. Sarnak
[Sa])

Algebraic topology: elliptic genera — spin manifolds, representations of the
cobordism ring.

(Witten (1983), Landweber, Stong, Ochanine, Kreck (1984ff); cf. Landweber
[Land])

Lie algebras (group theory): Kac-Moody algebras — connections with the
Dedekind n-function

(Kac, Moody, MacDonald [Mc] (1972ff)); conjectural relations with the Mon-
ster group (“Monstrous Moonshine” — Conway /Norton[CN], 1979).

Graph theory, telephone network theory: the construction of expander graphs.
(Alon (1986), Lubotzky /Phillips/Sarnak (1986ff); cf. Bien[Bi|, Sarnak[Sa])

Physics: string theory (cf. elliptic genera, moduli theory etc.)

The applications of modular forms to number theory are legion; in fact, as Sarnak
says in his book[Sa], “traditionally the theory of modular forms has been and still
is, one of the most powerful tools in number theory”. Some of these applications
are the following:

Elementary number theory: identities for certain arithmetic functions.
(Jacobi (1830), Glaisher (1885), Ramanujan (1916), ... )

Analytic number theory:
— Orders of magnitude of certain functions.
(Ramanujan (1916), Hardy (1920), ...)
— Dirichlet series, Euler products and functional equations.
(Hecke(1936), Weil(1967), Atkin-Lehner(1970), Li(1972) ...)
Algebraic number theory:

— Complex multiplication “Kronecker’s Jugendtraum”; cf. Hilbert’s 12"
problem — the generation of class fields of Q(v/—D).
(Weber (1908), Fueter (1924), Hasse (1927), Deuring (1947); cf. Borel[Bo])
— The arithmetic of positive definite quadratic forms — formulae, relations,
the order of magnitude of the number of representations.
(Hecke, Siegel, 1930ff)
— The Gauss conjecture on class numbers of imaginary quadratic fields.
(Heegner (1954), Goldfeld, Gross/Zagier (1983ff))

— Two-dimensional Galois representations of Q and Artin’s conjecture on
L-functions.

(Weil, Langlands (1971), Deligne/Serre (1974))
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— The arithmetic of elliptic curves.

(Tate, Mazur, Birch, Swinnerton-Dyer, Serre, Wiles, ... (1970ff))
— The congruent numbers problem.

(Tunnel, 1983; cf. Koblitz|[Ko])

— Fermat’s Last Theorem
(Frey, Serre, Mazur, Ribet (1987ff), Wiles (1995))

4. Tt lies at the fore-front of present-day mathematical research. This is not only due
to its many deep applications as mentioned above, but also because it is a stepping
stone for a number of other mathematical research areas which have experienced
tremendous growth in the last few decades, such as:

e The theory of automorphic forms (Shimura, Langlands)

Langland’s program: representation theory of adele groups
(Jacquet, Langlands, Kottwitz, Closzel, Arthur)

Hibert modular forms (Hirzebruch, Zagier, van der Geer)

Siegel modular forms and moduli of abelian varieties
(Mumford, Deligne, Faltings, Chai).

Many of the above applications of modular forms are based on the following simple
idea. Suppose we are given a sequence A = {a, },>1 of real or complex numbers whose
behaviour we want to understand. Consider the associated “generating function”

fa(z) =ap + Z a,q", in which ¢ = ¢*™*

n>1

(and ag is chosen “suitably”). If the a,,’s do not grow too rapidly, then this sum converges
for all z in the upper half plane $§ = {z € C : Im(z) > 0}, and hence fa(z) is a
holomorphic (= complex-differentiable) function on $). Clearly, f4 is invariant under
translation (by 1), i.e.

fa(z+1) = fa(2),

and hence f4 has a built-in symmetry. If it also has other (hidden) symmetries, for
example, if

fa(=1/z) = 2 fa(z), Vz€$,

for some k, then f, is called a modular form of weight k (provided that a certain technical
condition holds).

Now if f4 is a modular form of weight k, then it is determined by its first m + 1
(Fourier) coefficients ay, . . ., @, where m = [%], i.e. by a finite set of data; cf. Corollary
1.4. In particular, the space of modular forms of fixed weight k is a finite-dimensional
C-vector space, and any linear relation among the first Fourier coefficients of modular
forms holds universally. This is the basis of many of the applications, particularly those
which establish identities between f, and other (known) modular forms.
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For example, consider the case that

a, = og_1(n) = Z d"1

dn

is the sum of (k — 1)st powers of the (positive) divisors of n. If k is even and k > 2, then
(for suitable constant ag = aoy) the function

E.,=ag+ Z or—1(n)q"

n>1

is a modular form of weight k. In particular, we see that E? and Eg are both modular
forms of weight 8, so by comparing the constant coefficients it follows that E? = Fg. We
thus obtain the curious identity

120203(k)03(n — k) =07(n) —o3(n), n>1,

and other identities are derived in a similar manner; cf. subsection 1.3.3.

The purpose of these lectures is to give a rough outline of some of the aforementioned
applications of modular forms to number theory. Since no prior knowledge of modular
forms is presupposed, the basic definitions and results of the theory are surveyed in some
detail, but mainly without proofs. The latter may be found in standard texts such as
Serre[Sel], Koblitz[Ko], Schoeneberg[Sch|, Iwaniec[Iw], etc.



Chapter 1
Modular Forms on SLy(Z)

1.1 The definition of modular forms and functions
Modular functions are certain functions defined on the upper half-plane
H={z€C:Im(z) >0}

which are invariant, or almost invariant, with respect to a subgroup I' C I'(1) of the
modular group I'(1) = SLy(Z). Here I'(1) or, more generally, the group

G=GLf(R)={g= (")) :a,b,c,d € R, det(g) > 0}

operates on §) via fractional linear transformations:

az+b . a b
(1.1) o) =0 9—(c d).

To make this more precise, let us first introduce the following preliminary concept.

Definition. Let k € Z. We say that a function f is weakly modular of weight k on I' (or:
with respect to T') if
1) f is meromorphic on $);

2) f satisfies the transformation law

(1.2) flg(2)) = j(9,2)*f(2), VgeT,
in which j(g,z) = cz +d if g = (*}).

Remarks. 0) Recall from complex analysis (cf. e.g. [Ah], p. 128) that a function f
defined on an open set U C C is called meromorphic if it has for every a € U a Laurent
expansion



which converges in a (punctured) neighbourhood of a. (If the integer n, can be chosen
to be non-negative, then f is said to be holomorphic or analytic at a.)

1) The above functional equation (1.2) may be written in a more convenient form if
we introduce the operator |, g (or |[g]x):

()19 = Flglk = f(9(2))i(g,2)7F,  for g € SLy(Z).

Indeed, by using this operator, we can then write equation (1.2) in the equivalent form

(1.3) fhg=1/f, Vgel.
It is useful to observe that the operator |, satisfies the “associative law”
(14) f|k(glg2> - (f\kgl)heg% for all 91,92 € SLQ(Z)J

this follows immediately from the following “cocycle condition” (which is easily verified):

3(9192,2) = (91, 92(2)) 1 (92, 2).

Note that it follows from (1.4) that for a fixed f (and k), the set of g € GLJ (R) which
satisfy (1.2) (or, equivalently, (1.3)) is a subgroup of GLj (R). Thus every meromorphic
f on $ is weakly modular of weight k for some subgroup I' < GLj (R).

2) Note that since we have f|p(—1) = (=1)*f, it follows that if k is odd and —1 € T,
then there is no weakly modular function of weight k on I'" other than the function 0. In
particular, there are no non-zero weakly modular forms of odd weight on I'(1).

3) For later reference let us also observe that
Jjlg,2)=1,Vz & gely = {((1) ’f) neZy < I'(1).
Thus, by using the transformation law (1.4) we see that

J(91,2) = §(92,2), V2 & g1 € I'ogo.

We now come to the definition of a modular function on I': this is a weakly modular
function on I' which satisfies an extra condition. Since the formulation of this condition
for an arbitrary subgroup is somewhat more involved, we shall focus for the moment on
the case that I' = I'(1) and treat the more general case in a later chapter; cf. Ch. 2.

Since I' = T'(1) contains the matrices T = ((1) i) and S = (? ’01>, we see that

condition (1.2) above implies
5) fz+1) = f(2),
.6) f(=1/z) = 2*f(2).

In fact, since 7' and S generate I'(1) (cf. Serre[Sel], p. 78), it follows that properties
1.5) and (1.6) are actually equivalent to property (1.2).)

(1
(1
(
(
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Now condition (1.5) means that f is a periodic function (of period 1), and so f has
a Fourier expansion

flz) = Z a,q", where ¢ = exp(2miz).

n=—oo

We say that f is meromorphic at oo if we have a,, = 0 for n < —nyq for some ny, and
that f is holomorphic at oo if a, = 0 for n < 0. Moreover, f is said to vanish at oo if
a, =0 for n <0.

Definition. (a) A modular function of weight k on ' = I'(1) is a weakly modular function
of weight k& on I" which is meromorphic at co.

(b) A modular form of weight k on I' is a modular function which is holomorphic on
$ and at oo.

(c) A cusp form (Spitzenform in German) is a modular form which vanishes at oo.

Notation: Let

A; = Ai(l") denote the space of modular functions of weight & on T,
M; = Mg(I') denote the space of modular forms of weight k£ on T,
St = Si(I') denote the space of cusp forms of weight & on T'.

We thus have the inclusions S, € M, C A,.

Remark. It is clear that A, My, and S, are C-vector spaces, and it is not difficult to
see that
A = Y A, = @A, isa graded field,
M = > M, = &M, isa graded ring, and
S = > S¢ = @S, isagraded ideal of M,

where the above sums are over all k € Z and are taken in M($), the field of all mero-
morphic functions on §. Note that the functions in A (etc.) no longer satisfy a trans-
formation law with respect to I'(1); this is analogous to the fact that the sum of two or
more eigenvectors associated to different eigenvalues are in general longer eigenvectors.

Nevertheless, it is useful to study these large (abstract) spaces since it turns out that
they have a relatively simple structure: M is a graded polynomial ring in two variables,
and S is a principal M-ideal; cf. Theorem 1.1. In particular, it follows that M, and S
are finite-dimensional vector spaces (for all k € Z).

1.2 Examples

Before continuing with the general theory of modular forms, let us look at some basic
examples.



1.2.1 Eisenstein series
These are the series defined by
/ 1
Grl2) = Z (mz +n)k
mne”

which converge absolutely for £ > 3. Here the prime on the summation sign indicates
that term (m,n) = (0,0) has been omitted. Note that we can also write this sum as

1 1 1
Z ; (mz+n)k d;d_ % (mz +n)k = (k) ; (mz + n)k’
(m,n)=d (m,n) =1 (m, n7) =1

where (k) = " n~* denotes the Riemann (-function. Now since every pair (m,n) with
ged(m,n) = 1 can be completed to matrix g = (:@ fi) € SLy(Z), and since g is unique
up left multiplication by 7" € ', (cf. Remark 3) above), we can also write this as
1
(1.7) Gulz) = (k) D, o=z =<) D Ly
€T oo \T U2 €T oo \T
Facts. 0) Gy, =0 for k = 1(2).
1) Gy, is a modular form of weight k for k > 3, i.e. Gj, € M.
2) For k = 0(2), the g-expansion of Gy, is:
Gr(z) = 20(k) Ex(2),

where ((s) = > n~* is the Riemann zeta-function and

(1.8) E(2) =14 Y ora(n)g
n=1
Here o4_1(n) is the sum of the k-1st powers of all divisors of n, i.e.
_ 2k Euler (27'”)k
_ = drt d = —— —_—
7 |Z B N O 14

where By, denotes the k" Bernoulli number defined by

ZB’%' - —1

For later reference, let us make a table of the values of ¢; for small values of k:

k 2 4 6 8 10 12 14 16 18 20

65520 16320 | 28728 | 13200
Cp || —24 {240 | =504 | 480 | =264 | %557 | =24 | ST | ~iasor | irdein




Thus, the g-expansions of first two (non-zero) Eisenstein series are

(1.9) Ey(z) =1+240) o3(n)g" and Eg(z) =1— 504205

n=1
Remarks. 1) Whereas Facts 0) and 1) are clear from the deﬁnltlons (and formula
(1.4)), Fact 2) requires a bit more work; cf. Serre[Sel], p. 92, Schoeneberg[Sch], p. 55
or Koblitz[Ko], p. 110. (Note that Serre writes Ej/» and Gjs in place of Ej and Gj.)
For example, Serre and Koblitz derive (1.8) by using certain expansions of the cotan(mz)
function to obtain the relation

L ()&,
Z(m+z)k:(l{—1)!;nk v

meZ

from which (1.8) follows readily.

2) The Eisenstein series are the special case m = 0 of the Poincaré series P,, j, defined

by
Pur(z) = 3
YET N\
For m > 0 and k > 3 the Poincaré series are cusp forms of weight & whose Fourier
expansion may be expressed in terms of Kloosterman sums and Bessel functions. (For

further information, cf. Gunning[Gu], Miyake[Mi].)

oL exp(2mimy(z)).

3) For k = 2 the infinite sum in the definition of G, still converges but not absolutely.
However, if we define

Z Z Ty~ X +ZZ T~ KB,

m=—o00 Nn=—00 m=1n=—o0

then Gy and E5 are holomorphic functions on $ and we have, similar to before,

(1.10) Ey(z)=1-— 24§: o(n

so Fj5 is also holomorphic at co. However, E5 isn’t a modular form since it satisfies the
transformation law
12z

(1.11) Eo(=1/2) = 2°Ey(2) + 5

cf. [Kol], p. 113. (E, is sometimes called a quasi-modular form.) Nevertheless, Es is
useful in constructing modular forms because we have the following observation which
Ramanujan|[Ra] made in 1916:

k
(112) f eM, = Qf — EfEQ € Mk+2,
where 0 denotes the derivative operator
1 df df
(1.13) Of = i Znanq , if f= Zanq



1.2.2 The discriminant form

Following time-honoured tradition, put

g2 = 60G, = g,
gs = 140G6 = %Eﬁ,
)12
A = 9225_279?% = (?7%8 (EZ)_E62)

It is immediate from its definition that A is a modular form of weight 12, and a more
careful analysis shows that A # 0 in $; cf. (1.39) below. Furthermore, the g-expansions
for the E.’s show that A vanishes at oo, so A is a cusp form of weight 12, i.e. A € Sys.

Let us write
A(z) = (2m) ) " r(n)g"™;
n>1
this defines the Ramanujan function 7(n), which has been studied extensively in the
literature.

Remarks. 1) We have 7(n) € Z,Vn € Z; cf. subsection 1.2.4 below. (It is clear from the

definition that 7(n) € ﬁZ C Q because E, and Eg have integral ¢-expansions.)

2) In 1916 Ramanujan[Ra| showed that
7(n) = o11(n)  (mod 691)

(cf. Corollary 1.9 below), and other congruences were found in subsequent years. By
studying the associated f-adic representation (a la Deligne, Serre) and the theory of
modular forms mod p, Swinnerton-Dyer was able to show that all possible congruences
have now been found; cf. [SwD].

3) Ramanujan also made a number of conjectures about 7(n):

(1.14) T(nm) = 7(n)t(m), if (n,m) = 1;
(1.15) (") = 1(p)T(p") — p"t(P™ "), if n > 1 and p is prime;
(1.16) IT(p)| < 2p"V/2, if p is prime.

Of these, (1.14) and (1.15) were first proven by Mordell (1917), but now follow more
easily from the formalism of Hecke operators developed by Hecke in the 1930’s, as we
shall see in section 1.5The third conjecture is much deeper. Deligne[Del] showed in 1968
that one can deduce this (non-trivially!) from the general Weil Conjectures, which he
then subsequently proved in 1974 (cf. Deligne[De2]).

4) The following question proposed by D.H. Lehmer is still open:
7(n) #0, forall n>17

Some partial results in this direction (which are also valid for more general modular
forms) were obtained by Serre; cf. Serre[Se2], §7.6.
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1.2.3 The j — invariant
This is the modular function (of weight 0) defined by
3 3
. 92 Ey
1.17 = 1728== = 1728 —/———;.
It is holomorphic in $ (because A # 0) and has a simple pole at co with g-expansion

Jj(z) = é + 744 + Z c(n)q".

n>1
Remarks. 1) One can show that the Fourier coefficients ¢(n) are integral; for example,
c(1) = 196884 = 2231823,  ¢(2) = 21493760 = 2" - 5 - 2099.
2) One has the following congruences for the Fourier coefficients ¢(n):
n=0 (mod p*) = ¢(n)=0 (mod p*), fora > 1, p <11, p prime,

and even stronger congruences are valid for p < 5; cf. Serre[Sel], p. 90.

3) Based on observations of J. Thompson and J. McKay, Conway and Norton [CN]
have advanced the conjecture that the coefficients ¢(n) are simple linear combinations
of the degrees of the irreducible characters of the “Monster group” M which is a simple
group of order 246 .32 .5%.76.112.13%.17-19-23-29-31-41-47-59 - 71.

1.2.4 The Dedekind 7n-function
Consider the function 7(z) defined by

o0

(1.18) n(z) =1 - ).

n=1

This function is closely related to both Fy and to the discriminant function A. First of
all, its logarithmic derivative is
n'(2) 271

(1.19) D) = o1 B2 (),

as is easy to see (cf. [Ko|, p. 121). From this and (1.11) one deduces that 7(z) satisfies
the transformation laws

(1.20) nz+1) = 62”/2477(2'),
z

(1.21) w172 = (2) e,

1
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which show in particular that 7 is not a modular form on I'(1). (It can, however, be
considered as a modular form of weight  on a subgroup of I'(1 ) as we shall see later.)
In addition, the above formulae show that its 24th power n** does satisfy the trans-
formation rules (1.5) and (1.6) with k = 12, and so n*! is a cusp form of weight 12 on
['(1); in fact, we have

(1.22) A(z) = (27) 20 (2) = (27) 12qH 1—q")

which is a formula that was first established by Jacobi. Note that it follows from this
formula that the n-th Fourier coefficient of ** is given by the Ramanujan function 7(n);
in particular, the 7(n)’s are integral, as promised.

Remarks. 1) The n-function is also related to the partition function p(n) via the relation

Zp

(Recall that the p(n) denotes the number of partitions n = ny +- - - +n, of n into positive
integers n; with order disregarded.) For more information about the n-function and its
application to the partition function p(n), cf. Knopp[Kn].

2) From (1.20) and (1.21) it follows easily that the n-function satisfies the general
transformation law

(1.24) n(9(2)) = c(9)j(g, 2)2n(z), for g € SLy(Z),

for some constant ¢(g) € C (because S and T generate the group I'(1) = SLy(Z), as was
mentioned earlier). However, the explicit determination of the constant ¢(g) in terms of
g is rather complicated and was first done by Dedekind: if g = (Z b) with ¢ > 0, then

o= (AT a0 e st = 32 2 (%))

0<n<c

27rzz/24

(1.23)

denotes the so-called Dedekind sum in which ((z)) = z — [z] — 1; cf. Iwaniec[Iw], p. 45
and Lang[Lal, ch. IX for more details.

3) The Fourier expansion of 7 (in terms of qi) is given by the formula

o0

77(2) — Z (_1)nq(l+12n(3n+l))/24 _ Z qn2/24 . Z qn2/24’

n=-—00 n>1 n>1
n = +1(12) n = +5(12)

which is (essentially) a famous identity due to Euler; cf. Hardy-Wright[ HW], p. 284 and
Iwaniec[Iw], p. 45.

12



1.2.5 Theta series

Another common source of modular forms is via theta series attached to quadratic forms;
these are of fundamental interest in many applications. To define these, let

r

1
Q(l’l, . ,Ir> = 5 Z Qi Tl = Z bijxixj

i,5=1 1<i<j<r
be an even, integral, positive definite quadratic form in r variables. This means:

e The matrix A = (a;;) is symmetric, with integral entries a;; € Z and even diagonal
entries (a; € 2Z), or equivalently, the matrix B = (b;;) defined by b; = %au’, by =
a;j, if i # j is integral;

e we have Q(Z) := Q(z1,22, ..., 3,) = sT'AZ > 0, for all & = (z1,...,2,) # 0.
Example. If r = 2, then each even integral (binary) quadratic form can be written as

2a b

1
Q(z1,m2) = ax] + bryxy + cxj = §ftA:f where A = ( b 9

) with a, b, c € Z.

By completing the square, we obtain Q(z1, x2) = a (xl + %x2)2+deggA) x3, where det(A) =
4ac — b?, and so we see that

Q = Q4 is positive definite if and only if @ > 0 and det(A) = dac — b* > 0.

A fundamental question, which was responsible for the development of much of Num-
ber Theory (Diophantus, Fermat, Euler, Lagrange, Gauss, ... ), is the following:

Problem. Given an even integral positive definite quadratic form () and an integer
n > 1, determine the number of representations of n by (), i.e. the number

ro(n) =#{meZ" : Q(m) =n}.

As was mentioned in the introduction, one method to study a sequence of numbers
is to consider its associated generating function. For this, consider the theta series
associated to  or to A which is defined by

(1.25) Do(z2) = Z G — Z (i AT

mezr mezr

where as usual ¢ = €2™. It is immediate that we have

(1.26) Io(2) = Y ren)g" = 1+ rq(n)q",

13



so Y¢ is indeed the generating function of the rg(n)’s. Since this sum converges on all of
$ (ctf. [Sch], p. 204 or [Sel], p. 108), it follows that V¢ is a holomorphic function on §).
From equation (1.26) it is clear that ¢ satisfies the transformation law

(1.27) Yolz + 1) = Yo(2).

However, g will not be a modular form for the full modular group I' = SLy(Z) unless
Q@ is unimodular, i.e. unless its determinant

det(Q) & det(A) = 1.

In this case we have the transformation law
1 o
(1.28) o (~1) = (@2 20a(2),

which one can prove using the Poisson summation formula; cf. [Sel], p. 109. From this
one easily concludes the following useful fact:

If Q(xy,...,x,) is an even, integral, positive definite unimodular quadratic
form in r variables, then » = 0 (mod 8).

Indeed, if false, then by replacing () by Q & Q) or by Q & Q & Q & ), we may assume
that » = 4 (mod 8) Then by equations (1.27) and (1.28) we have, using the notation of

section 1.1,
(1.4) (1.28)

DollSTy =" (WllSIHIT]; =" —dellT]y =" —Yq,

which yields a contradiction since (ST)? = 1. Thus, r = 0 (mod 8).
Therefore, equation (1.28) reduces to

(1.29) Do (—1) = 2"%90(2),

z

which, together with (1.27) and the g-expansion (1.26), implies that ¢ is a modular
form of weight /2, i.e.

(1.30) Ug(2) € M, )o(I'), if @ is unimodular and 7 = 0 (mod 8).

Example. Consider the 8 x 8 matrix

DO
o
|

OO OO NO
|
—_
|

N = O O OO

N RO O oo 0o

o
|

N —_ O OO O oo

oo oo
N
|
cCoOR,R N, OOO

|
O =
|
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whose associated quadratic form Q4 (1, ..., x3) = s7' AT is given by

1
2

2 2., 02, 2., .2, 2, 2 2
Qalxr,...,28) = o]+ x5+ x5+ 2; + 25 + 5 + 27 + 25
—XT1T3 — XXy — 3Ly — Ty — T5lg — Tgly — L7A8.
It is immediate that A is even and symmetric. To see that A = (a;;) is positive definite,

it is enough to verify that the principal subdeterminants det(Ay) = det((aij)1<ij<k) are
positive for 1 < k£ < 8:

2 0 2 0 -1
dl = det(Al) = 2, d2 = det = 4, dg = det 0 2 0 = 6,
02 -1 0 2

and similarly, dy = 5, d5s = 4, d¢ = 3, d7 = 2, dg = 1. Thus A is positive definite and
unimodular, and hence by (1.30), the associated theta series is a modular form of weight
4 = % on I'(1), i.e. ¥4 € My. In fact, we shall prove later that

Uy = Ey,

which means equivalently that the number of representations of a number n by Q)4 is
given by the formula
rg,(n) = 24003(n), forn > 1.

(To see that this is an equivalent formulation of the previous equation, use equations
(1.26) and (1.9).)

Remarks. 1) As is explained in Serre[Sel], p. 51, the lattice associated to the quadratic
form of the above example is the root lattice of type Eg which arises in the theory of Lie
groups. Thus, we see that the Eg-lattice has precisely 24003(n) vectors of length v/2n.

2) If r is even but A is not unimodular, then ¥4 turns out to be a modular form of
weight /2 for some suitable subgroup I' < I'(1), as we shall see later. For example, if
Q = Qa(xy,x2) is a positive definite binary quadratic form of determinant N = det(A) >
0, then its theta-series is a modular form of weight 1 = % on the subgroup

T'(N)={(“}) €SLy(Z) :a=d =1 (mod N),c =0 (mod N)}.

3) On the other hand, if r is odd, then ¥, is a modular form of so-called %—integral
weight 7/2; such modular forms are defined and discussed at length in [Ko], ch. IV. For
example, by taking Q(z) = 2% we obtain the ¥-series

@(2) _ Z 627rin2z _ an2
n=-—00 nez
which has weight 1. Note that ©(z) is related to the classical theta-function #(z) =
Y onez e~™% of Riemann by the formula ©(z) = (—2iz).
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1.3 The Space of Modular Forms

1.3.1 Structure theorems

We now turn to study the structure of the spaces A, M and S of modular functions,
forms and cusp forms. The main result is the following.

Theorem 1.1 The ring M of all modular forms is the (graded) polynomial ring generated
by E4 and Eg, and the ideal S of cusp forms is generated by A:

In other words, for every k € 7Z, the set
My, = {ESE; :da+ 66 =k,a> 0,3 >0}

is a C-basis of the space My, and AMy_12 is a C-basis of the space Sy = AMy_1s.
In particular, if k < 0 or k odd, then we have My, = S, = {0} and if k is even and
non-negative, then

(1.32) dim M, = { [15) {fk =2 (mod 12),
[£]+1 if k #2 (mod 12);

(1.33) dimS, — { [55] =1 if k=2 (mod 12), k # 2,
(L] ifk#2 (mod12) or k =2.

Remarks. 1) From the above theorem we thus see that for £ > 0 and k even we have

(1.34) dimM; =1 < k=0,4,6,8,10,14;
(1.35) dimS;, =0 < k<10, or k = 14;

2) Since dim M, < oo, it follows that each f € My is determined by a finite set of
data. This can in fact be expressed more succinctly in terms of the g-expansion of f, as
we shall see in Corollary 1.4 below.

The structure of the field A of modular functions is given by the following result.

Theorem 1.2 If k is an even integer, then Ay is a one-dimensional Ag-vector space
generated by (Eg/Ey)*? (whereas Ay, = {0} if k is odd). Furthermore, every modular
function of weight 0 is a rational function in j, i.e.

(1.36) Ay =C(j)

is the rational function field generated by the j-function. In particular, A = C(E4, Fs)
is the quotient field of M.

16



1.3.2 Proof of the structure theorems

The main ingredient of the proof of the structure theorems is the following Proposition
1.3, for which we first introduce the following notation.

Notation. Let f € M($) be a (non-zero) meromorphic function on the upper half plane
$. Then, by definition, f has for each zy € $ a Laurent expansion

flz) = Z Un,z (2 — 20)"  in a neighbourhood of z.

n=ng

If ng € Z has been chosen such that a,, ., # 0 (as we can always do), then ng is called
the order of the zero or pole of f at zy and we write

Uz (f) = Ordzo (f> = No-
Note that f is holomorphic in a neighbourhood of z, if and only if v, (f) > 0.
Similarly, if f has a Fourier expansion of the form

o0

f(z)= Z an(f)q", where g = e*™*,

n=ng

and if ny € Z has been chosen such that a,,(f) # 0, then we call ng the order of the zero
or pole of f at oo and write

Voo (f) = ordeo (f) = no.

Remark. For any two (non-zero) meromorphic functions f,g € M($) on $ and any
z € $ we have

(1.37) v:(fg) = v:(f) +v.(g9) and v.(f/g9) = v.(f) —v.(9)
Moreover, the same formulae hold for z = oo provided that f and g are meromorphic at
00.

We are now ready to state and prove the following key technical fact about modular
functions on SLy(Z):

Proposition 1.3 If f € Ay is a non-zero modular function of weight k, then

1 1

(1.38) v )+ 5ulf) + 5o+ Y eul) =

k
127

where the sum Tun over any system of representatives of I'\$) which are not I'-equivalent
to i or to p := e*™/3.
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Proof (Sketch). First note that the sum does not depend on the choice of the system of
representatives of I'\$) (i.e. v.(f) = vy(;)(f),Vy € I', 2 € 9); this follows easily from the
transformation law of f. Thus, we can choose I'\$) C D = D U 0D, where

D={z€9:|z] > 1,|Re(z)| < 1}

is the so-called fundamental domain of I' = SLy(Z) (and 0D is its boundary). (Explicitly,
we could take

MO =DU{zeH: Re(z) =—3,[2[ =1} U{z€H:|z]=1,-1 <Re(z) <0}

cf. [Sch], p. 17.)

We next observe that sum in (1.38) is finite, i.e. that f has only finitely many zeros
and poles in D. Indeed, the map z — ¢ = €2 defines an isomorphism of D with
a subregion of U* := {z € C : 0 < |z| < 1}. Now since f(q) = f(z) extends to a
meromorphic function at ¢ = 0 (i.e. at z = 00), f can have only finitely many zeros and
poles in U* and hence the same is true for f in D.

Im(z) =t
Re(z) = —1 D Re(z) = 3
)
p P
] ] ] ]
—1 —.5 5 1

Now fix r < 1 and ¢ > 1 and consider the region
D' =D'(r,t) =D\ (B(p,r) U B(=p,r) U B(i,r) U H(t))
in which B(zp,7) = {2 € C: |z — 2| <r} and H(t) = {z € C: Im(z) > t}. Then by the

residue theorem we have

1 / *
5 7dz = Z v.(f) = Z v2(f),



provided that r is sufficiently small and ¢ is sufficiently large (and that f has no zeros
or poles on 9D'). On the other hand, by calculating the integral along each piece on
the boundary of D’ and using the fact that 7" and S interchange certain pieces of the
boundary, we get (by using the transformation law of f under 7" and S) that

1 /
im — —dz = —Iv(f) = Lv,(f) + &;
=0 270 Joprira) | 2 3Up 12

cf. [Sel], p. 86 or [Ko], p. 116 for the precise details. This proves (1.38) in the case that
f has no zeros or poles on dD’'. For the general case the proof is similar, except that the

region D' is more complicated: one also removes (and adds) small disks around the zeros
and poles of f which lie on 0D.

Corollary 1.4 Two modular forms f1 and fo € My of weight k are identical if and only
if their Fourier coefficients a,(f;) coincide for n < [£]; i.e.

an(f1) = an(fa), for alln < [%] = fi=fo

Proof. Put f = fi — fo € My. Then by hypothesis vs(f) > [£] +1 > &£. Since
v,(f) > 0,Vz € 9, this contradicts (1.38) and so f must be zero, i.e. fi = fo.

Before proving Theorem 1.1, we first prove the following results which are in fact
special cases of Theorem 1.1.

Proposition 1.5 (a) My =C-1.
(b) M, = {0} if k <0, k=2 orif k is odd.
(¢) My = CEy, for k=4, 6,8, 10 or 14.
(d) Sk = {0} for k < 12 and S;3 = CA.
(e) S, = AMy_12, for all k € Z.
(f) My, = Sy @ CEy, for all k > 4.

Proof. First note that if f € My, then f is holomorphic everywhere and so v,(f) > 0,
for all z € HU {oo}.

(a) Fix zg € $. If f € M, then also f; := f — f(z29) -1 € M. But v,,(f1) > 0 by
construction, and this contradicts (1.38) unless f; = 0. Thus f = f(2o) - 1 is constant,
so My =C-1.

(b) If £ < 0, then for any non-zero f € M, the left hand side of (1.38) is non-negative,
whereas the right hand side is negative. Thus M = {0}.

Similarly, if £ = 2, then the right hand side of (1.38) is % whereas the left hand side
is either 0 or > %, and so M, = {0}.

Finally, the fact that My = {0} if k is odd was already mentioned earlier (cf. §1.1).
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(c) If k =4,6,8,10, or 14, then (1.38) has only one possible solution:

k=4: U/)(f):la ’Uz(f)—O,VZ#p
k=6: wv(f)=1, v,(f)=0,Vz #1i
k=8: wv,(f)=2, v.(f)=0,Vz#p
k=10: vi(f)=v,(f) =1, v,(f)=0,Vz#1i,p
k=14 v(f)=1v,(f) =2, v.(f)=0,Vz#1,p

Now let fi, fo € My (f; # 0). Then by the above we know that f; and f; have the same
orders of zeros, and hence f1/f> is holomorphic on $ U {oc}. Thus f;/fs € My, and so
by part (a) we have f; = cfs, for some ¢ € C. Taking fo = Ej, € My, yields the assertion.
(d) If f € S is a cusp form, then vy (f) > 1 (by definition). Since the right hand
side of (1.38) is < 1 for k < 12, it follows that S = {0}.
Moreover, for k = 12 we see from (1.38) that every non-zero f € Sy, satisfies

(1.39) Uo(f) =1 and wv,(f) =0, Vz € 9;

in particular this holds for f = A. Thus, by the same argument as in (c¢) we see that
S, = CA.

(e) If f € Sg is a (non-zero) cusp form, then vy (f/A) > 1—1 =0 and v,(f/A) =
v,(f),Vz € 9, by (1.39), and so f/A € My_12. Thus S C AMy_12, and so we have the
desired equality since the opposite inclusion is obvious.

(f) Clearly cEy ¢ Sg, if ¢ # 0, so Sy N CE, = {0}. Moreover, if f € My, then
f—ao(f)Er € Sk (because ag(E)) = 1), and so the assertion follows.

Remark. For later reference, note that in part (c) of the above proof we had shown:

(1.40) vp(Ey) =1 and v, (Ey) =0, forall z#p
(1.41) vi(Eg) =1 and v,(Eg) =0, for all z # 1.

Proof of Theorem 1.1. By Proposition 1.5(d) we know that Sy = AMy_15,Vk € Z and
so S = AM. It thus remains to show that M = C[E,, Es] or equivalently, that M is a
basis of M;,.

Claim 1. M, generates My, i.e. My = (M), for all k € Z.

This is clear if k is odd, so assume k even. By Proposition 1.5(a)-(c), this is trivial for
k <2 (or for k odd). To prove that it is true in general, induct on k > 4 (and assume
that k is even). For k > 4 it is immediate that My # 0, so let f, € My. If f € My,
then g := f — ao(f)fx € Sk because ao(fr) = 1, and so by Proposition 1.5(e) we have
g = Ah with h € Mj_15. By induction, My_15 = (My_12) so f € (fr, AMj_12). Now
since A = (217;)312(Ef — E2), it follows that AMj_12 C (My), and so f € (My). This
proves the inclusion My C (M), and so we have the desired equality since the opposite
inclusion is trivial.

= =

if k=2 d 12
Claim 2. If £ > 0 is even, then # M, = { % % 11 ?f k#2 Emod 12?7
. 1 mo .
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By definition, #M} is the number of non-negative integer solutions («, 3) of the linear
Diophantine equation 4 4+ 63 = k. Since the general integer solution of this equation is
a = —g +3t, 0= g — 2t, where t € Z, it follows that

(-t 41 ifEkez,

[ﬂ — [%] otherwise.

#Mkz#{tezzggtgg}:{

Thus, if £ = 0,6 (mod 12), the assertion of Claim 2 follows. For the other cases write
k =12k 4 r, with 0 <7 < 12. Then [£] — [£] = k' + [%] — [£]. Now since [§] — [£] =1
(resp. = 0) if r = 4, 8,10 (resp. if r = 2), the assertion follows in the other cases as well.

Claim 3. dim M = #M,, for all k.

Again we induct on k (where k is even). For k < 12 this is clear by Proposition 1.5(c).
For k£ > 12 we have dimM; = 1+ dim Sy = 1 + dim My_1» by Proposition 1.5(e),(f).
On the other hand, by Claim 2 we see that # M = 1 + #Mj._15, for all £ > 12 and so
Claim 3 follows.

By Claims 1 and 3 we thus see that My is a basis of M. Moreover, formula (1.32)
follows from Claim 2 and formula (1.33) follows from this and the fact that dimS; =
dim M, — 1 for k& > 4.

Proof of Theorem 1.2. The first assertion is easily verified. Indeed, let f;, := (Eg/FE,)*/?.
Then 0 # f € Ag, and so we see that for any modular function f € A of weight k, the
quotient f/fr € Ay is a modular function of weight 0, which means that Ay = Agfx, as
claimed. ,

To prove the second assertion, i.e. that Ay = C(j), recall first that j = L5 where

A
Ay = 135 (E} — E}); cf. equation (1.17). Then j — 123 = i—ﬁj and so

E3aE25
(1.42) 3o —12%° = ng , forall a,3>0.
1

Now suppose that f € Ag is holomorphic on $) and that f # 0. Then by (1.38) we
see that —v := v (f) < 0, and so by (1.39) we see that g :== fA” € Mj,,. Thus, by
Theorem 1.1 we know that ¢ is a linear combination of terms of the form h := E$Ej
with 4a + 65 = 12v. Thus o = 30/ and § = 23’, and so h/AY has the form of the right
side of (1.42), which means that h/AYy € C[j]. Thus also f = g/A} € C[j], and so we
have shown:

(1.43) f € Ay, f holomorphicon § = f € C[j]
Now suppose that f € Ay is arbitrary, and let 21, ...,z denote the poles of f on '\$
(i.e. in D), and nq, ..., n, their corresponding multiplicities. Then

fi=F]JGGE) =it e Ag

is holomorphic on $ and so f; € C[j] by (1.43). Thus f € C(j) (which is the quotient
field of C[j]).
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1.3.3 Application 1: Identities between arithmetical functions

As a first application, we shall see that the theory developed so far suffices to prove a
number of interesting identities for the arithmetical functions ox(n). In all cases, these
identities are just a translation of the corresponding identities among products of the
E}’s such as the following.

PI‘OpOSitiOI’l 1.6 We have Ez = Eg, E4E6 = ElO; and E6E8 = E4E10 = E14.

Proof. Clearly E?, Fy € Mg. By (1.34) we have dimMg = 1, so E} = cEjg, for some
c € C. Since the g-expansions of both E? and Fg have constant term 1, we have ¢ = 1,
or E2 = Fg. The other identities are proved similarly.

Corollary 1.7 The following identities hold:

120 i os(k)os(n — k) = o7(n) — o3(n)
k=1

n—1

5040 Z os(k)os(n — k) = 1log(n) — 21os(n) 4+ 1003(n)
k=1

n—1

10080 Z os(k)or(n — k) = o13(n) + 2007(n) — 21o5(n).
k=1

Proof. For any even integers r, s > 2 we have by (1.8) that

0 n—1
(1.44) E,E; =1+ c.cq Z (UT_CI(H) + 05_01(71) + Z or_1(m)os_1(n — m)) q".
n=1 $ T m=1

Thus, the identities given in the corollary are just restatements of the identities £ = FEj,
E E¢ = E\, and EgEg = E4, respectively.

Proposition 1.8 We have Ey, — Ej = 12°30 A, = Z(E} — E7).

Proof. The functions E5 — EZ and A; are both cusp forms of weight 12, so Es — Fz =
cA; for some ¢ € C because dimSjy = 1; cf. (1.33). To determine ¢, we look at the

g-expansions of both functions. Since a;(A;) = 1 # 0, we see that ¢ = a1(Ep —
E2)/ai(Ay) = (—623? — (—1008)) = 766290f8 = 17%%';141, as claimed.

Corollary 1.9 The following identity holds:

n—1
65 691 691
T(n) = ﬁan(n) - ﬁ%(n) + 5 205(k)05(n — k)
k=1

In particular, we have the congruence

7(n) = o11(n) (mod 691).
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Proof. Since A; = Zn21 7(n)q", the first identity is just a restatement of Proposition
1.8, and from this the given congruence follows because 65 = 756 (mod 691) (and 691 is
prime.)

Although FEj5 isn’t a modular form, it still gives rise to interesting identities:

Proposition 1.10 (Ramanujan[Ra]) Let hy = 0E), — 5 (F2Ey — Eyyo), where k > 2
and 0 is the derivative operator; cf. (1.13). If k > 4, then hy € Syy2, whereas hy = —0Fj.
In particular, we have the following identities:

0B, = L(E3 - Ey), 0FE; = 3(FE2Eq— Eg),
0E; = 3(B:Bs—Eg), 0By = 3(E;Es— Eu).

Proof. Since E € My, for k > 4, the first assertion follows immediately by applying
Ramanujan’s observation (1.12) to f = Ej. Moreover, since Sgio = 0 for £ < 8, we
see that hy = hg = hg = 0, and this yields the last three displayed identities. Now
if k& = 2, then by differentiating the functional equation (1.11) of Ey we obtain that
0F, — 55E3 € My = CE,, and so we see that 0E, = 5(E3 — E4) (by looking at the
g-expansions). Thus hy = 0FE, — %(Eg — E4) = 0FEy — 20FE, = —0E,, as claimed.

As before, these identities are equivalent to certain identities involving the sigma
functions oy; the first of these was discovered by Glaisher|Gl] in 1884:

Corollary 1.11 The following identities hold for allmn > 1:

—_

n—

> oklotn—4) = 5 Bos(n) = (61~ (o).

ga(k)ag(n k) = 2710 2105(n) — 10(3n — 1)os(n) — o(n)],
ga(k)ag,(n k) = 5%4 12002(n) — 21(2n — D)os(n) + o(n)].
S o(k)or(n — k) = zT;o [1109(n) — 10(3n — 2)o7(n) — o (n)].

ol

=1

Corollary 1.12 The derivative operator 0 maps the ring M = C|Es, Ey, Eg) of “quasi-
modular forms” into itself.

Proof. By the product rule of derivatives, it is enough to verify that 0 s, 0F,, 0Fg € M,
and this is clear by the identities of Proposition 1.10.

Remark. The basic theory of quasi-modular forms is presented in Kaneko/Zagier[KZ],
and connections of this theory to String Theory and to Murror Symmetry in Physics are
explained in Dijkgraaf’s article[Dij|. See also Lang[La|, p. 161.
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1.3.4 Estimates for the Fourier coefficients of modular forms

We next want to study the growth rate of the Fourier coefficients a,, = a,,(f) of a modular
form

= Z ang”  (where ¢ = ™).
For f = E,, where k > 4 is even, we have the estimate
(1.45) an(f) = O(nF1).

This follows easily from the following more precise assertion which also shows that the
above estimate is best possible.

Proposition 1.13 We have the estimates

n < on) < n(l+log(n)),
n* < opn) < C(k)n*, ifk > 1.

Proof. This is well-known; cf. [Sch], p. 224. Indeed, we have
n<o(n —nZ—<nZ < n(1+log(n)).
0<d|n
which yields the desired bounds on o(n). Similarly, for £ > 1
k k
n* < on(n —nozd| —<n Zyk_
<d|n

Since the space of modular forms is generated by products of E, and Fg, we obtain
Corollary 1.14 The estimate (1.45) holds for any modular form f € M.

On the other hand, if f € Sy is a cusp form, then much better estimates are valid.
Theorem 1.15 (Hecke) If f is a cusp form of weight k, then
(1.46) an(f) = O(n*/?).

Remark. The above estimate (1.46) is by no means the best. Indeed, it follows from
the Petersson-Ramanujan Conjecture which generalizes the Ramanujan Conjecture men-
tioned in subsection 1.2.2 (and which was also proved by Deligne) that one has the
estimate

(1.47) an(f) = O(mM27V24)  for f € S,
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This estimate, however, is in fact best possible. Indeed, Ramanujan[Ra| shows that it
follows from his conjecture(s) that one has

7(n) > n'/?

for infinitely many n of the form n = p” (where p is any prime such that 7(p) # 0), and
the same reasoning extends to prove a similar result for a suitable basis of Sy, for any k.

Proof (of Theorem 1.15). Since ag = 0 we have f = ¢(>_ a,¢" '), and so
[f(2)] = O(g) = O™, as ¢ — 0.

Next, we observe that the transformation law of f under I' shows that the function
$(2) := |f(2)]Im(2)*/? is invariant under I and hence (by the above) is bounded on all
of $. Thus for some constant M we have

1f(2)] < M(Im(z))_k/2, for all z € 9.

Thus, by using the integral representation

1
0
of the Fourier coefficients of a periodic function, we get the estimate
|an| < M(Im(z))—ge%rnlm(z)’

which is true for all z € $. In particular, if we take z such that Im(z) = %, then we
obtain the assertion of the theorem.

Corollary 1.16 For any modular form f € My of even weight k > 4 we have
(1.48) an(f) = cpop_1(n) +O(n™?),  where c; = crao(f).

In particular, if ao(f) # 0, then the order of magnitude of a,(f) is n*~!, i.e. there exist
constants cq, co such that
(1.49) an™™t < an(f)| < con™t

Proof. Put g = f — ao(f)E. Then g € Sy, so a,(g) = O(n*/?) by Hecke’s Theorem. On
the other hand, u(g) = an(f) — ao(F)an(Ex) = an(f) —ao(f)an(Ee) = an(f) — cgoi1(n),
and so (1.48) follows. Furthermore, if a,(f) # 0, then also ¢f # 0 and so (1.49) follows
from (1.48) and Proposition 1.13.
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1.3.5 Application 2: The order of magnitude of arithmetical
functions

In application 1 we used the knowledge of explicit modular forms to derive identities
among certain arithmetical functions involving the functions oy, at least for small values
of k. For larger values of k this method becomes infeasible since the expressions become
too involved to be interesting or useful. However, since the coefficients of cusp forms
have a slower growth rate than the oy’s, (cf. Corollary 1.16 above), we can combine the
uninteresting terms into an error term and thus obtain powerful results on the order of
magnitude of certain arithmetic functions. As an example of this method, let us consider
the arithmetical functions X, ; which were studied by Ramanujan in his monumental
paper [Ra]. Further examples will appear in the next subsection 1.3.6.

Following Ramanujan, let us put, using the notation of subsection 1.2.1,
def Br 1
10) = ——F=—
Tk 1( ) 2k Ck7
so that we can now write equation (1.8) in the form
(1.50) Ei(z) = cx Y ora(n)q".
k=0
Again following Ramanujan|[Ra], let us consider the function
(1.51) Sra(n) =Y on(k)ou(n — k),
k=0
where r, s are odd positive integers. (By symmetry we may assume that r < s.) From

equation (1.50) we see that the generating function of this function is

> . 1 1
ZEr,s(”)q = ——E1(2)Esa(2) = ZC(—T)C(—S)ETH(Z)Es+1(2),
n—0 Cr+1Cs41
where (in the second equality) we have used the identity ((—r) = ﬁ which follows from
Euler’s formula for {(r + 1) and the functional equation (1.54) below.
Following Ramanujan, the growth rate of ¥, ; can be expressed as follows.

Theorem 1.17 (Ramanujan) Ifr and s are odd positive integers, then we have

iy im0+
2(—r—s—1) r+s

Y, s(n) noys—1(n) + O(n%(”“s)“).

(1.52)
Furthermore, in the 9 cases that r + s < 12 and r + s # 10 there is no error term in
(1.52); i.e. we have in these cases the identities

(153) Zr,s(”) C<_T)C(_S)1)O'r+s+1(n> + C(l _ 7”) - C(l — S)

- 2¢(—r —s— r+s nrss1 ().
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Proof. Suppose first that » > 1 and s > 1. Then f = FE,.1Es,1 — E,1 512 is a cusp form
of weight t = r + s + 2, so by Hecke’s theorem (1.15) we obtain

¥r,5(n)/(C(=7)C(=5)) = 0rsr1(n)/(2((=1 — s = 1)) = O(n%(T+s+2)).

Since in this case ((1 —r) = (1 — s) = 0, this equation is equivalent to equation (1.52).
Furthermore, from (1.35) we know that S; = 0 for ¢t < 14, ¢ # 12, and so the identity
(1.53) holds.

Next, suppose that » = 1. If s > 1, then by Proposition 1.10 we know that hg,y =
OF, 1 — %(EQEsﬂ — Fsi3) € Sgyi3 is a cusp form of weight s + 3. From this, the
estimate (1.52) follows readily from Hecke’s theorem (1.15) since ¢(0) = —1. Finally, if
r = s =1, then (1.53) is just a restatement of Glaisher’s identity (i.e. the first identity
of Corollary 1.11).

Remarks. 1) Note that the identities of (1.53) constitute a succinct way of writing the
7 explicit identities of Corollaries 1.7 and 1.11. In fact, (1.53) also includes two more
identities which were not mentioned earlier:

n—1 1

; o3(k)og(n — k) = 610 [013(n) — 11og(n) + 1003(n)]

n—1 1

; o(k)on(n—k) = 20 [691013(n) — 2730(n — 1)y (n) — 6910 (n)] .

2) Ramanujan[Ra] did not have Hecke’s theorem available, so he could only prove (by
using an “elementary” method) that the above error term is O(n%(”s*l)). However, in
the same paper he conjectured that the error term is in fact O(n2"+5+1%9) and showed
that it cannot be smaller than O(n%(’"““)). It follows again by the Petersson-Ramanujan
Conjecture (proved by Deligne) that this (best) error estimate is indeed correct.

3) In Ramanujan’s paper [Ra] the coefficient of 0,,4:1(n) in formula (1.52) is given

* Cir+D0(s+1)¢(r+1){(s+1)

I'(r+s+2) C(r+s+2)
This is in fact equal to the coefficient given above because from the functional equation
of the (-function,
S

(1.54) C(1—s) = 27 cos (7) T(s)¢(s),

we obtain, if r is an odd integer,

r+1

ir+1)¢(r+1)=(-1)>
and from this (and Euler’s formula) the relations
D+ DO+ D¢+ D¢s+1) _ C=r)¢(=s) _ crpan

LF(r+s+2) Cr4+s5+2)  20(=r—s—1)  cry1Ceq1

2T7TT+1C(—T),

follow readily.
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1.3.6 Application 3: Unimodular lattices

As yet another application, let us consider even integral lattices L C R" of dimension 7.
This means:

e [~ 7" as an abelian group, and L contains a basis of R";

e the usual dot product (-) on R" assumes integral values on L x L and even integral
values on the diagonal of L x L.

A basic question in the theory of lattices is to calculate or to estimate the number
rp(n)=#{xe€L:(x-x)=n}

of lattice vectors of a given squared-length n.

By fixing a basis of L and hence an isomorphism L ~ Z" we can equivalently think
of a lattice as the module Z" endowed with an even integral positive-definite quadratic
form Q(z1, ..., z,). Explicitly, if v := {vy,...,v,} is a basis of L, then Q) = Qp y is given
by

=t

12 = %x A%,  where A = ((v; - Vj))i;-

Qz1,22,...,2,) = 3|lzavi + .. 2V,
In this translation, the number r(2n) of lattice-vectors of squared-length 2n becomes
the number rg(n) of representations of n by @, i.e.,

rp(2n) = rg(n).

Thus, an equivalent formulation of the above problem is to calculate or to estimate the
number of representations of a number n by an even integral positive-definite quadratic
form Q).

Let us now assume in addition that L (or Q) is unimodular, i.e. that its volume
vol(L) := det(A) = 1. Then, by the discussion in subsection (1.2.5), we know that the

associated theta-series
o

Ii(2) = dg(z) = Y re(2n)q"

n=0
defines a modular form of weight r/2; recall that we necessarily have that » = 0 (mod 8).

Since r,(0) = 1, we see that
(155) fL — ﬁL - ET/Q S Sr/g

is a cusp form of weight /2. Thus, by Theorem 1.15 we obtain:

Theorem 1.18 If L is an even unimodular lattice of dimension r, then the number
ri(2n) of lattice-vectors of squared-length 2n satisfies:

(1.56) r.(2n) =

r
B, 0'571(71) -+ O(?”Lr/4)
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Examples 0) For any r = 4m, the set
U, ={(z1,...2,) € 37" : Y w; € 2L, w; — xj € L,Vi, j}

defines an integral lattice of determinant 1, as is easy to see; cf. [Sel], p. 51. Furthermore,
[, is an even integral lattice if (and only if) » = 0 (mod 8). Thus, for any such r, the
number 71, (2n) satisfies the growth rate (1.56).

1) r = 8. If L is an even unimodular lattice of dimension 8, then we have
rr(2n) = 24003(n), for all n € N,

because there are no non-zero cusp forms of weight r/2 = 4 (and so f;, = 0). It is known,
however, that up to isomorphism there is only one such lattice, namely the lattice I'g
arising from the exceptional Lie algebra Es; cf. [CS], p. 423.

2) r = 16. Here again there are no non-zero cusp forms of weight r/2 = 8, and so
rr(2n) = 48007(n), for all n € N,

for every even unimodular lattice L of dimension 16. In this case there are two such
(non-isomorphic) lattices: I's @ I's and I'ig (in the notation of Example 0)).

3) r = 24. If L is an even unimodular lattice of dimension 24, then there is a constant
cr, € Q such that

9, = Erp+ —te A

2m)2=
because S15 = CA is generated by A. This means:
65520
r.(2n) = 5oL o11(n) +cpr(n), forallneN,
and so the constant ¢y, is determined by
@) 65520
cL=r -
Lo 691

By a theorem of Niemeier (1968) it is known that there are exactly 24 non-isomorphic
even unimodular lattices L of dimension 24; cf. Conway /Sloane[CS], ch. 16, 18. (For any
r = 8m, there is a general formula for the weighted number of even unimodular lattices
in terms of Bernoulli numbers; cf. [CS], p. 409.) Four of these are the following:

a) L =T'yy. Here rp(2) =2-24-23, so ¢, = 9534,

b) L =T @'y ®I's. Here rp(2) = 3rp,(2) = 3 - 240, so ¢y, = 23200

691
¢) L =Tg@® 6. Here rp(2) = rrg(2) + r1,6(2) = 720, so again ¢ = 23200,
d) L = Leech lattice. This the even unimodular lattice of dimension 24 which is
characterized by the condition that r.(2) = 0; thus, in this case ¢, = —%520 We

thus see that the shortest non-zero vector in L has squared-length 4, and that there are

rp(4) = %222(011(2) — 7(2)) = 196560 such vectors!
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1.4 Modular Interpretation

The term “modular” comes from the Latin word modulus = measure, standard of mea-
surement. What is being measured here are elliptic curves: (elliptic) modular functions
are functions that measure properties of elliptic curves.

1.4.1 Elliptic curves

By definition, an elliptic curve over C is a curve described by an equation of the form

y*> = f(z), where f(z) € C[z] is a cubic polynomial with distinct roots. By making a

suitable linear change of variables we can assume that the curve has the Weierstrass form
(1.57) E=EFE,.: y* =42® —axr — b, where Ap := a® — 27b* # 0;

here we have used the fact that the polynomial f(z) = 42 — ax — b has distinct roots if
and only if its discriminant disc(f) = 16(a® — 27b%) # 0.

Note that the change of variables 1 = A2z, y; = Ay, where A\ € C*, transforms the
above elliptic curve to the (isomorphic) elliptic curve

. 2 _ 4.3
Ey=FEqup: yy = 47 — a1z — by,

in which a; = a/A* and b; = b/\%; thus Ag, = Ag - A7'2. In particular, the discriminant
Apg is not preserved under isomorphisms of elliptic curves. However, it is immediate that
dof (12a)*  (12a)?
TNy ad -2k

is invariant under such transformations; this number jg is called the j-invariant of E.
It is often useful to “compactify” E by adding a point P, = (00, 00) to E. In fact,

E = EU{P,} has a natural group structure (with identity P.,) where the addition is

given by the so-called chord-tangent method; cf. e.g. [ST], p. 15ff. for more details.

Remark. In many texts (such as [ST]) one finds in place of the (classical) Weierstrass
form (as above) the equivalent form

Eap: Y?= X3+ AX + B, where 443 +27B% £ 0,
which has certain advantages. Note that FE 4, is obtained from FE,, ;, by the transformation
v=Xandy=2Y, and so A = —a/4, B = —b/4 and Ay, = —16(4A° +27B?) =
a® — 27b* = Ap,,. Moreover, its j-invariant is JByp = —XlE_E—A)S = JE,,-
: , P :

The above is an algebraic description of elliptic curves (which in fact can be general-
ized to any field K of characteristic # 2,3 in place of C). However, for complex elliptic
curves we also have an analytic description: there is a (unique) lattice L C C such that
E “equals” C/L. This identification is obtained by the theory of doubly periodic (or
elliptic) functions, which we consider next.
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1.4.2 Elliptic functions

Since the basic theory of such functions is presented in most standard texts on complex
analysis (cf. e.g. Ahlfors[Ah], chapter 7), we shall only briefly recall the main facts.

Let L C C be a lattice in C; thus L = Zw; + Zws, where w;/ws ¢ R. Note that by
interchanging w; and wy if necessary, we can always assume that Im(w; /wy) > 0, i.e. that
wy/wy € $, and we shall do so tacitly in the sequel.

An elliptic or doubly-periodic function with period lattice L is a meromorphic function
f defined on C such that

fz4+w)=f(z), forallwe L.

Since there are no non-constant holomorphic elliptic functions (cf. Ahlfors[Ah], p. 262
or [Ko|, p. 15), we must allow poles. The simplest non-constant elliptic function is the
Weierstrass p-function,

CaRERY =

which has a pole of order 2 at every lattice point w € L. By expanding (lew) as a power
series and rearranging the terms, we obtain the following Laurent series expansion of g,
(in a neighbourhood of 0):

(1.58) pr(z) = 12 + Z (k+1)Grio(L)2",  where Gy(L) = Zlﬁ

z
k=2 weL

Note that this function Gy (L) is closely related to the function Gy (7) which was defined
earlier in subsection 1.2.1; in fact, we have

’ 1
G (L) — S kG ,
k(L) T;Z (mwy + nws)k km;ez wl/wg +n)k =w; Gi(w/wo)

and so in particular, Gi(Z1 + Z) = Gg(7). Thus, we see that the coefficients of the
expansion (1.58) of o, are given by modular forms!
By differentiating (1.58), one deduces easily that g satisfies the differential equation

(1.59) (@IL)2 = 4@% — g2(L)pr — g3(L),

where go(L) = 60G4(L) and g3(L) = 140G¢(L); cf. [Ah], p. 268 or [Ko], p. 23. Thus
we see that the assignment z — ¢ (2) = (p,(2), p.(2)) defines a map from C/L to the
plane cubic curve E = Ef, : y*> = 42® — go(L)x — g3(L), which is in fact an elliptic curve

because Ag = go(L)? —27g3(L)? = A(L) := wy ’A < > # 0 (since A(7) does not vanish
on the upper half plane (cf. (1.39)). Note that the j-invariant of E, is
: o (1295(L)°  fwn
1. L = = = _
( 60) j( ) JEL AEL J Wy )

where j(7) denotes the j-function of subsection 1.2.3. Moreover, we have:
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Proposition 1.19 The map z — (p(2), ¢'(2)) induces a bijection (in fact, an analytic
isomorphism) -
¢r:C/L = EpL = Egy1)g:(0):

In addition, this is an isomorphism of groups.

Proof. The first assertion is easily verified; cf. [Ko], p. 24. The second assertion (about
the group laws) is just a restatement of the addition law of the Weierstrass p-function

(cf. [Ah], p. 269 or [Ko|, p. 34.)

Remarks. 1) The inverse of the map ¢y, is given by the (multi-valued) integral

P

Pso \/ Z

where f(z) = 42% — go(L)z — g3(L), and where the integral is over any path (on E) which
joins P,, to P; such an integral is (essentially) what is called an elliptic integral.
Historically, it was the study of elliptic integrals that gave birth to elliptic functions
and to elliptic curves. In fact, the study of elliptic integrals begins With Fagnano s
discovery (1718) that there is a simple formula for doubling the arc length s(r fo m

¢p'(P) = +L€(C/L

of a lemniscate, i.e. to find u such that s(u) = 2s(r); cf. Siegel[Si], p. 1ff for the precise
details. In 1753 Euler discovered that Fagnano’s observation is a special case of a general
addition law for the lemniscate integral s(r), i.e. that there is a simple formula for the
solution w of s(u) = s(r)+s(r’) in terms of r and 7/, and subsequently he (and Legendre)
noticed that this is true more generally for all elliptic integrals

where f(z) is any cubic or quartic polynomial. Later, Weierstrass discovered his -
function in his (successful) attempt to invert elliptic integrals. In particular, the addition
law for the Weierstrass g-function is just a restatement of Fuler’s addition formula for
elliptic integrals.

2) The Weierstrass function g, actually gives rise to all elliptic functions as follows.
First of all, every even elliptic function with period lattice L is rational functions in gy,
i.e. the set M(L)" of all even L-periodic elliptic functions is the field M(L)" = C(py)
of rational functions in p;. Moreover, the set M(L) of all L-periodic elliptic functions
is the field generated by g and by its derivative @/(z), i.e

M(L) = C(pr, 91),

i.e. every elliptic function is a rational function in p and ¢'; cf. [Kol], p. 18. Note that
the differential equation (1.59) shows that M(L) = C(pr, ¢} ) is a quadratic extension
of M(L)" = C(gpy).
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1.4.3 Lattice functions

In the previous subsection on elliptic functions we saw that certain modular forms miracu-
lously appeared as values attached to lattices, i.e. as lattice functions; in particular, these
modular forms extend to lattice functions. This is in fact no accident, for it turns out
that there is a complete dictionary between lattice functions (of weight k) and functions
on the upper half plane of weight k with respect to I' = SLy(Z), as we shall see presently.
For this, we first introduce the following definitions and notations.

Definition. Let £ = {L C C} denote the set of all lattices in C. A lattice function of
weight k is a function F': £ — C such that

F(cL) = ¢*F(L), VeceC*.

We denote the set of such functions by Fi(L). Moreover, a function f : $ — C is said
to be of weight k with respect to I' if it satisfies the transformation rule (1.2). The set
of all such functions is denoted by Fi(9,I"), i.e

Fr(9,0)={f: 9 — Cwith flpy=f, forall y € I'}.
Example. The lattice function Gy defined in (1.58) has weight k (i.e. Gy € Fi(L))

because 1
GrleL) = ) — = Z— = Ckz = ¢ *Gy(L).

weclL wEL

We now prove:
Proposition 1.20 (a) The map L : $ — L given by L(1) = Z71 + Z induces a bijection
L:T\$ 5= c/C*.
(b) The pull-back map F — L*F = F o L induces for each k a bijection
L*: Fi(L) = Fi($,T)

between the set Fi(L) of lattice functions of weight k and the set Fi(9,T) of functions
on $ which have weight k with respect to I'.

Proof. (a) It is immediate that the rule 7 — L(7) := L(7)C* defines a surjection
L:9H— E/(CX because any lattice A = Zwy+Zws € L can be written as A = L(w; /ws)ws.
Moreover, L is constant on I'-orbits and hence defines a surjection L : F\ﬁ — L/C*
because if g = (C d) €T, then L(g(7)) = (Z(ar +b) + Z(cT +d)) (et +d) ™ = L(7)(cT +

d)~!. Here we have used one direction of the following easy general fact:

Fact. If w = (w1,ws),w’ = (w),wh) € B := {(wy,ws) € C*: w;/wy € H}, then

(1.61) Lwy + Lwy = L) + 2wy, &  Fgel =SLy(Z) : g’ = ().
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[Indeed, by linear algebra we have that Zw; + Zwy = Zw] + Zwh < g € T = GLy(Z) :
gw' = (&')". Moreover, if this is the case, then g(£L) = =} (viewing g as a fractional linear
2

transformation). But since £, :%;1 € 9, this forces that det(g) > 0, i.e. that g € SLy(Z).]
2

It remains to show that L : T\$) — £/C* is injective. Thus, suppose 7,7 € §
are such that L(1)\ = L(7’) for some A € C*. Then by (1.61) 3g € SLy(Z) such that
g(AT,A) = (7',1). But then g(r) = g(¥) = T = 7' (viewing g as a fractional linear
transformation), and so 7/ € I't = orbitp(7). Thus L is injective and hence bijective.

(b) First note that if f € F($)) is any (C-valued) function on ), then the rule

hi(f)(w,w2) = wy " f(wi Jws)

defines a C-valued map hy(f) € F(B) on the set B = {(w,ws) € C? : wi/wy € H}
of (oriented) bases of lattices. Now clearly hx(f)(Aw) = A *hp(w),VA € C* and w =
(w1,wq) € B, ie. hi(f) € Fr has weight k. Thus, the homogenization map hy defines a
map and bijection

hi, - F(9) = Fi(B)

between the set of functions on $ and the set of functions on B of weight k.
We next observe that the linear action of I' = SLy(Z) on C? induces an action on
B C C2, and a short computation shows that

(162) hk(f) cg = hk(f|kg)7 for all g c I.

Thus we see that hy defines a bijection
hi - Fi(9,T) = Fi(B)" = Fi(T\B)

between the set Fy($, ') of functions on $ of weight k& with respect to I" and the set
Fr(B)' of Iinvariant functions of weight k on B; note that the latter can be identified
with the set Fj(I'\B) of functions of weight k£ on the quotient I'\ 5.

On the other hand, we have by (1.61) a natural identification T\B = L given by
(w1,ws) — Zw; + Zw, and so we see that hy defines a bijection hy, : Fi($9,T) = Fr(L)
which is given by the rule

hk(f)(Zwl + ng) = w;kf(wl/wQ).

Clearly, the inverse of this bijection is the map L* : F +— L*F, and so L* is a bijection,
as claimed.

Remark. The notion of a lattice function is (via the above Fact) closely related to
the concept of a homogeneous modular form which is frequently found in the classical
literature; cf. [Sch], p. 38. The above approach via lattices may be found in [Sel], p. 81.
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1.4.4 The moduli space 91,

As we saw in subsection 1.4.2, the theory of elliptic functions shows that every lattice
L c C gives rise to an elliptic curve E, C C x C and that we have an identification
C/L ~ Ey. In fact, every elliptic curve E C C x C (in Weierstrass form) arises in this
way, as we shall see presently. For this, we shall first prove:

Proposition 1.21 The modular function j € Agy induces an isomorphism
j:T\9 —C.
Thus, for every c € C there exists a lattice L, unique up to scaling, such that j(L) = c.

Proof. Since j is a modular function of weight 0 without a pole on £, it induces a
map j : [\ — C. To show that j is bijective, let ¢ € C. Then j — ¢ € Ay and
Voo(J — €) = Voo(j) = —1. Thus, by (1.38) we know that j — ¢ has a unique zero in I'\ 9,
i.e. there is a unique point 7 € I'\$) such that j(7) = ¢. Thus j : '\ — C is bijective.
This proves the first assertion, and the second follows from Proposition 1.20(a) (together
with formula (1.60)).

We can now refine the above result to show that each (Weierstrass) elliptic curve
E C C x C comes from a unique lattice L C C.

Proposition 1.22 For any a,b € C with a® # 27b? there is a unique lattice L such that
g2(L) = a and g3(L) = b. Thus, the map L — Er = E,(1)4,1) defines a bijection

d:L 5 {E,, CCxC}
between the set L ={L C C} of lattices in C and the set of Weierstrass curves in C x C.

Proof. Suppose first that a = 0. By (1.40) we know that go(p) = 0, and g3(p) # 0, so if
we choose A € C such that \° = g3(p)b~!, then L = \(Zp + Z) satisfies go(L) = 0 and
g3(L) = A\ Sg3(Zp + Z) = A\ Sg3(p) = b.

Next, assume that a # 0 and put ¢ = aglfg;; # (0. Then b? = (C;—;fg)a?’. By Proposition
(c—123)

1.21 there exists a lattice Lo such that j(Lo) = ¢; thus g3s(ALo)* = “5—~2g2(ALo)?,
for any A € C*. Choose A such that \* = go(Lg)a™", and put Ly = ALy. Then

g2(L1) = A *ga(Lo) = a. Moreover, gs(L1)* = “G2go(L1)? = 52063 = 12, s0
g3(Ly) = £b. If g3(Ly) = b, then take L = Ly; otherwise, take L = iL;.

It remains to show that L is uniquely determined by a and b. If a = 0, then j(L) = 0,
and so L = \(Zp + Z), for some A € C*. Then g3(L) = b < X% = g3(p)b~!, and so ) is
unique up to a sixth root of unity, i.e. up to a power of (—p). But (—p)*(Zp+7Z) = Zp+7Z,
so L is uniquely determined by this property.

Next, suppose b = 0. Then an analogous argument shows that L = \(Zi + Z), where

M = go(i)a™!, so ) is unique up to a power of i, and hence L is unique.

35



Finally, suppose that ab # 0, and that L;, Ly are two lattices such that go(L;) =
92(Le) = a and g¢3(Ly) = g3(Ls) = b. Then also j(L;) = j(Ls), and so Ly = ALy, for
some A € C*. Thus a = go(Ls) = A"*go(L;) = A%a, and so A* = 1, and similarly \b = 1,
and hence A\ = \°/\* = 1. Thus A = 41, and so L; = L.

We thus see that every elliptic curve E is “uniformized” by a unique lattice L. This
fact can be used to prove the following purely algebraic statement about isomorphism
classes of elliptic curves:

Corollary 1.23 Two elliptic curves Ey and Es are isomorphic if and only if they have
the same j-invariant, i.e.

E, ~ E, <~ jEl = ng-

Proof. It Ey ~ FEjy, then clearly jgp, = jg,, as was mentioned earlier in subsection 1.4.1.

Conversely, suppose that jg, = jg,, and write £y = E,, s,, for &k = 1,2. Then by
Proposition 1.22 there exist lattices Ly such that ¢go(Lg) = ax and g3(Lg) = by, for
k =1,2. Now by hypothesis and formula (1.60) we have j(L1) = jg, = jgr, = j(E»), and
so by Proposition 1.21 it follows that Ly = ALy, for some A € C*. Then as = go(AL;) =
A1go(Ly) = A_4ay, and similarly by = A7%b;. Thus, the map (z,y) — (A\%x, A3y) defines
an isomorphism F; = Ej.

We thus see that the j-invariant completely characterizes an elliptic curve up to
isomorphism, i.e. j establishes a bijection between the set C and the set

M, ={E,p:a,beC,a® #27b*}/ ~
of isomorphism classes of elliptic curves. More precisely, we have:
Theorem 1.24 The modular function j factors over 9y to induce isomorphisms
Ny = L£/c* = m = C
which are induced by the maps T — L(1) = ZT + Z, L — Ep, and E — jg, respectively.

Proof. The fact that the composition of these maps is j is the content of formula (1.60).
Now j : I'\$H) — C is an isomorphism by Proposition 1.21, and the first and third maps
are isomorphisms by Proposition 1.20(a) and Corollary 1.23, respectively. Thus, all maps
are isomorphismes.

Remark. The above set 91, is called moduli space of elliptic curves. Thus, the above
results show that this “abstract” set has a natural algebraic/analytic structure because
we can identify it (via j) with the complex plane C. (Note that C is also an algebraic
object because it can be identified with the set of points of the affine line Af.)

More generally, a moduli problem attempts to classify isomorphism classes of algebraic
objects by identifying them with the points of an algebraic/analytic object. We will
encounter further moduli problems when we discuss modular forms of higher level (cf.
chapter 77?).
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1.5 Hecke Operators

In section 1.2 we encountered the (normalized) discriminant function

1

_ 3 2 — n
Ai(2) = 1o (B — E¢) ;T(n)q,

where 7(n) is the Ramanujan 7-function. As was mentioned, Ramanujan conjectured in
1916 that

1) 7(n) is multiplicative;
2) 7(p") can be expressed in terms of 7(p" 1), 7(p"72) and 7(p) for r > 2.

This conjecture was then subsequently proved by Mordell in (1917). Later in 1937, Hecke
addressed the following questions in his fundamental paper[He]:

Questions: 1) Are there any other modular forms whose Fourier coefficients are multi-
plicative? How many such modular forms are there?

2) Is there an analogue of property 2) above?

In his paper, Hecke made the following remarkable discoveries:

1) There are at most dim My, (non-zero) modular forms f of weight & whose Fourier
coefficients are multiplicative.

2)If f is as in 1), then its Fourier coefficients a,(f) for prime powers satisfy a
recursion relation which is similar to that of the 7(p")’s; cf. Corollary 1.37 below.

Two year later, Hecke’s student H. Petersson|[Pe] was able to extend and complete
Hecke’s work by proving (cf. Corollary 1.40 below):

1)* There are precisely dim My, (non-zero) modular forms f of weight k& whose Fourier
coefficients are multiplicative, and these form a basis of M.

Hecke’s idea was to make use of certain operators 7,, (now called Hecke Operators)
which act on modular forms. Although these and other operators had been studied earlier
by Kronecker, Klein, Gierster and Hurwitz in their study of modular correspondences,
it was Hecke who first realized their importance in connection with modular forms. In
addition, he discovered that these operators satisfy some basic relations which then force
relations on the Fourier coefficients of forms.

These Hecke Operators will be defined and studied in the next subsection. Then in
subsection 1.5.2 we shall prove the key result of Hecke that a modular form f € My is
a simulataneous eigenfunction of all the Hecke operators if and only if its (normalized)
Fourier coefficients are multiplicative. Finally, in subsection 1.5.3 we shall show, using
the so-called Petersson inner product, that such eigenfunctions form a basis of M.
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1.5.1 The Hecke Algebra

Let f € My be a modular form of weight k. For each integer n > 1, put

(1.63) (L)) = (Tf)(z) = n= > df (mb)

a>1
ad=n
0<b<d

This can also be written more intrinsically in terms of lattice functions as follows. Given
a lattice function F' € Fi(L) of weight k (cf. section 1.4.3), define for each integer n > 1
the map 7,, : Fx(L) — Fi(L) be the formula

(1.64) T.(F)(L) =n*" Y~ F(L),
e

where the sum extends over all sublattices L' of L of index n. Then one easily shows (cf.
Serre[Sel], p. 100) that we have:

(1.65) To(L'F) = LY(1,(F)),

where L* : F1,(£) = Fi($,T) is the map which identifies the set F; (L) of lattice functions
of weight k& with the set Fi(9,I) of functions on § of weight k& with respect to I'; cf.
Proposition 1.20.

Proposition 1.25 FEach Hecke operator T,, maps modular forms to modular forms and
cusp forms to cusp forms of the same weight. Moreover, if f = > a,(f)q" € My, then
the Fourier coefficients of f|iT, are given by

(1.66) m (fleTh) Z drk1 Apnya2(f),  for all m > 0;

d|(m,n)

i particular,
ao(f1xTn) = or—1(n)ao(f), ai(flxTn) = an(f),

and, if n = p is prime,

_ | amp(f) ipm
n(F1iTy) = { () + g (f) if 0 |

Proof. (Sketch) Let f € My. Then by (1.63) we see that f|,T, is holomorphic on $,
and by (1.64) (and (1.65)) we see (using Proposition 1.20) that f|;7}, is weakly modular
of weight & for I'. Finally, a short computation (cf. [Sel], p. 100) shows that f|;T}, has
Fourier expansion f|;T,(2) = >, <0 tmng" where the a,,,’s are given by (1.66). Thus
f|xT is holomorphic at infinity, and so f|,T,, € M. Note that (1.66) also shows that if
f € Sk (16 G,Q(f) = 0), then f|an S Sk

The Hecke operators T,, satisfy the following fundamental relations which therefore
induce relations on the Fourier coefficients of modular forms, as we shall see below.

38



Theorem 1.26 As linear operators on My, the Hecke operators satisfy the relations

(1.67) TwTn = Tnn for all integers m,n > 1 with (m,n) = 1.
(1.68) LT, = Tyn +pk_1Tpr71, if p is a prime and r > 1.

Proof. (Sketch) By (1.65), it is enough to verify the corresponding properties for the 7,,’s,
and these follow easily from the definition (1.64) and properties of lattices. For example,
if (m,n) = 1, then each sublattice L’ of a lattice L of index [L : L'] = mn is uniquely the
intersection of two intermediate lattices L},L} of index [L : Lj] = m and [L : L] = n,
from which (1.67) follows readily. See [Sel], Chapter VII, Proposition 10 and 11 (p. 98)
for more details.

Definition. The Hecke algebra T = T} C Endc(My) is the C-algebra generated by all
the operators T,,. Thus, by Theorem (1.26) we see that T is a commutative algebra which
coincides with the C-algebra generated by T = id and all the T},’s, where p is prime.

A modular form f € My is called a T-eigenfunction with eigenvalues {\,}n>1 if f
satisfies the relations

(1.69) fleTn = A\f, Yn>1.

If this the case, then there exists a unique C-linear ring homomorphism x; : T — C with
X7(Tn) = A, for all n > 1, such that we have

(1.70) fIiT = xs(T)f, VT E€T.

This map xy is called the character of T associated to the T-eigenfunction f.

Example 1.27 (a) If dim¢ My, = 1, then each modular form f € My of weight k is a
T-eigenfunction for some set of eigenvalues {\,}. Similarly, if dim¢ S, = 1, then each
cusp form f € S of weight k is a T-eigenfunction. In particular, by Theorem 1.1 (and
the Remark following it) we see that the following are T-eigenfunctions:

E47 Eﬁ? E87 E107 A? E147 AE47 AE67 AES) AEIOa AE114-

[Indeed, since f|.T,, € My, by Proposition 1.25, we see that f|;T,, = A, f, for some A € C
(because dim My, = 1), and so f is a T-eigenfunction.]

(b) Each Eisenstein series Ej is a T-eigenfunction with eigenvalues {oy_1(n)}n>1; cf.
Example 1.34(a) below or Serre[Sel], p. 104.

The Fourier coefficients of a T-eigenfunction f are closely related to its eigenvalues,
as we shall now see. This implies that relations among the operators 7;, induce relations
among the Fourier coefficients of f.

Theorem 1.28 If f = > a,(f)q" € My, is a T-eigenfunction with eigenvalues {\,}n>1,
then its Fourier coefficients satisfy the relations

(1.71) an(f) =a1(f)Mn, foralln > 1.
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In particular, we have ay(f) # 0 unless f =0 (or k = 0). Moreover, if f # 0, then the
Fourier coefficients a,, = a,(f) of f = f/ai1(f) satisfy:

(1.72) U = Ay, for all (m,n) =1,

(1.73) Aprit = ApQypr —pk_laprfl, if pis a prime and r > 1.

Proof. By (1.66) and (1.69) we have

(1.66 (1.69)

an() "2 ay(F16T) "2 i (0nf) = Mear (1),

which proves (1.71). From this we see that if a;(f) = 0, then all a,(f)’s are zero for
n > 1 and so f(z) = ao(f) is constant. Thus either f =0 or k = 0.
Now suppose f # 0, so a1(f) # 0. Then for (m,n) = 1 we have by (1.67) that

< (1.69) = (1.67) , = . .

Thus, A\ = ApA,. Since a, = an(f) = A\,, for all n > 1, we see that the a,’s are
multiplicative, i.e. equation (1.72) holds.
The proof of equation (1.73) is analogous, using relation (1.68) in place of relation

(1.67).

Remark. Let f € M; be a T-eigenfunction which is normalized in the sense that
a;(f) =1. Then f = f,and so (1.72) shows that its Fourier coefficients are multiplicative.
Moreover, by (1.71) we see that they are the eigenvalues of T, i.e. that we have A\, =
an(f), for all n > 1.

Example 1.29 By Example 1.27 we know that the discriminant function A is a T-eigen-
function of weight 12. Since A(z) = (27)'? > 7(n)¢" with 7(1) = 1, it follows from (1.71)
that its eigenvalues are {7(n)},>;. Thus, by Theorem 1.28 we see that we have

T(mn) = 71(m)7(n), forall (m,n)=1,

-
= 7(p)t(p") —p'r(p""), ifr > 1 and p is prime.

This, therefore, proves the first two of the three conjectures of Ramanujan mentioned in
subsection 1.2.2.

Corollary 1.30 (Multiplicity 1) If f,g € My, k > 0, are two non-zero T-eigenfunctions
with the same eigenvalues {\, }n>1, then g = cf, for some c € C.

Proof. By Theorem 1.28 we know that a;(f) # 0. Thus, putting ¢ = a1(g)/a1(f), we see
that a,(g) = a1(g) \n = car(f)\n = ca,(f), for all n > 1. Thus g — c¢f = ao(g) — cao(g)
is a constant modular form of weight k£, and hence is 0. This means that g = cf, as
claimed.
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1.5.2 [L-functions

The relations satisfied by the Fourier coefficients of a T-eigenfunction f are best under-
stood in terms of the Dirichlet series or L-function associated to f.

Definition. If f € My, then its associated L-function is the Dirichlet series

L(f,s) =Y an(f)n™®, where f = au(f)q"

n>1 n>0

Observe that the constant term ag(f) of f is ignored in the definition of L(f,s). Since
by Corollary 1.14 we have |a,(f)] < en®7!, for some ¢ > 0, we see that |L(f,s)| <
> o178 = ((s — k + 1), and so the sum defining L(f, s) converges absolutely for

Re(s) > k.

Remark. The L-function L(f, s) is closely related to its Mellin-transform M(f, s) which

is defined by o ;
M(f.s) = / (Ftin) ~ foo)

The precise relation is given by Mellin’s formula
(1.74) M(f,s) = (2m)"°L(s)L(f,s),

which is easily derived (cf. Lang[Lal, p. 20). From this one concludes easily that L(f,s)
has an analytic continuation to C with at most a simple pole at s = 1. (In fact, L(f, s)
is holomorphic everywhere if f € S is a cusp form.)

Moreover, since f satisfies the transformation law f(—1/2) = 2* f(2), its Mellin trans-
form satisfies the functional equation

M(f,s) = (=) M(f,k—s),

which therefore also gives the functional equation of L(f,s).

Now Hecke showed in 1935/36 that the converse also holds: every L-function which
has a functional equation and satisfies certain growth conditions comes from a modular
form. More precisely:

Theorem 1.31 (Hecke) Suppose f is a holomorphic function on $ which has a Fourier
expansion f(z) = Y . _,anq" that converges absolutely and uniformly on each compact
subset of . Then f € My, if and only if the following conditions hold:

(i) There is a v > 0 such that for Im(z) — 0 we have f(z) = O(Im(z)~*) (uniformly
in Re(s)).

(ii) The Mellin transform M(f,s) = (2m)~*I'(s)L(f,s) has an analytic continuation
to the whole complex plane and satisfies the functional equation

(1.75) M(f,s)=M(f k—s)
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and the function
Qo

k—s
1s holomorphic on the whole complex plane and is bounded in any vertical strip.

M(f,s)+%+

Proof. This is a special case of Theorem 7.2 of Iwaniec|Iw], p. 122, or of Theorem 4.3.5
of Miyake[Mi], p. 119.

Thus, the Dirichlet series L(f,s) associated to a modular form f € M always has
an analytic continuation and a functional equation. However, in general it will not have
an Euler product unless f is a T-eigenfunction, as we shall see below in Theorem 1.35.
A first step towards this is given by the following result:

Proposition 1.32 Let f € My be a modular form of weight k. If f is a T-eigenfunction
with eigenvalues {\, }n>1, i.e. if f satisfies (1.69), then

1
1 — /\pp—s +pk—1—25 :

(1.76) L(f.s)=ai() ]|

p

Conversely, if L(f,s) has an Euler product as above, then f is a T-eigenfunction with
eigenvalues {\, }n>1 given by (1.71). Thus

L(f,s) =ai(f) Y _ An™".

n>1
Proof. 'This follows from Theorem 1.28 by using the following elementary lemma about

Dirichlet series.

Lemma 1.33 Let {a,}n,>1 be a sequence of complex numbers with a, = O(n*~1), for
some k. Then

> a, 1
Z E - H 1—a pfs +pk7172s’ fOT RG(S) > k.
P.

n=1 p
if and only if the a,’s are multiplicative and satisfy the condition

Appr = Apri +pk_1apr71, for every prime p and integer r > 1.

Proof. Exercise.

Example 1.34 (a) The L-function associated to the Eisenstein series Ej for £ > 4 is
given by

L(Ey, s) = ¢, Z Uk_n—ls(n) =((s)C(s — k+1).

n>1
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Here the first equality is just the definition of the L-function (using (1.8)), and the second
is a well-known identity of Dirichlet series. Indeed, any a > 0 we have

00100 a o a
CEECEIIN TSI S

Thus, since ((s) has an Euler product, so does L(Ey, s); more precisely:

HEBes) = adt)l—k+1) = all o

= C
kHl—O'kl s+pk125

Thus, by Proposition 1.32 we see that Ej, is a T-eigenfunction with eigenvalues {oy_1(n) }n>1.

(b) The discriminant function A is a T-eigenfunction with eigenvalues {7(n)},>1; cf.
Example 1.29. The associated L-function is

L) = n) 2 ] 7= L

p)p—s + p11—25 :

The above theorem shows that if f € My is a (normalized) T-eigenfunction, then
its Fourier coefficients {a,(f)}n>1 are multiplicative. As Hecke showed, this property
characterizes T-eigenfunctions:

Theorem 1.35 (Hecke) Let f € My be a non-zero modular form of weight k > 0.
Then its Fourier coefficients {a,(f)}n>1 are multiplicative if and only if f is a normalized
T-eigenfunction with eigenvalues {a,(f)}n>1-

The proof of this theorem depends on the following lemma which is also of independent
interest.

Lemma 1.36 Let f € My, where k > 0 and let p be a prime. If a,(f) = 0, for all
m > 1 with ptm, then f =0.

Proof. Put fo(z) = f(z/p). We now prove:
Claim 1. We have fo|.g = fo, for all g € T%(p) := {(‘Z Z) e I'(1) : p|b}.
First note that fo = p* f|ra,, where a, = (é 2). Now if g = (‘Z bcif) € I'(p), then
9 =a, gy, with g; = (Cp d) € I'(1).Thus
P folrg = fleapg = flrgron = flray = p* fo,

which proves claim 1.
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Claim 2. f, € M,.

Clearly fy is holomorphic on $). Moreover, since

fO(Z) — Z an(f)627rinz/p hypoéhesis Z an(f)627rinz/p — Z anp(f)e%rinz,

n>0 n>0 n>0
pln

we see that fy is holomorphic at oo and that fo|T' = fo, where T' = ((1) }) Thus, by

claim 1, folrg = fo,Vg € (T, T%(p)). But (T, T%(p)) = SLy(Z) (exercise), so fo € Mj,.
Claim 3. Put f;(z) := fo(p’z). Then f; € My, for all j > 0.

We prove this by induction on j. Since f, € My by claim 2 and f; = f € My by
hypothesis, we may assume j > 2. Now we note that

filkTy = fi- +pk71fj+17 if 7 > 1,

because if p t m, then a,,(f) = 0 = a,,(fj_1 +p" ' fj+1) whereas if p|m then a,,(f;[xT,) =
Amp(f5) +pk*1am/p(fj) = an(fj—1 + "' fj4+1) by (1.66). Thus, since f;, fj—1 € My by
the induction hypothesis, we see that also fj41 = (f;|T, — fi-1)/p" " € M.

Claim 4. If f # 0, then fy, f1, f2, ..., are linearly independent.

If f+# 0, then m; = min{m > 0: a,,(f;) # 0} < co. Then m; = p’my, for all j > 0, and
so we see easily that the f;’s are linearly independent.

Now since dimyg, < 0o, we see that claims 3 and 4 yield that f = 0, as desired.

Proof of Theorem 1.35. Since the Fourier coefficients of every normalized T-eigenfunction
are multiplicative by Theorem 1.28 (and the remark following it), it is enough to prove
the converse.

Thus, suppose the Fourier coefficients of f are multiplicative. For a prime p, consider
the function f, = f|xT, — a,(f)f € M. Then for every m > 1 with p t+ m we have
am(fp) = Wmp(f) — ap(f)am(f) = 0 because the a,,’s are multiplicative. Thus, f, satisfies
the hypotheses of Lemma 1.36 and so f, = 0. This means f|;7, = a,(f)f, and so f is a
T-eigenfunction. Moreover, by Theorem 1.28 we know that a,(f) # 0. Thus, a;(f) =1
because by multiplicativity we have a;(f) = a;(f)ai(f). Thus f is normalized.

Corollary 1.37 Let f € M, be a non-zero modular form whose Fourier coefficients
a, = a,(f) are multiplicative. Then its associated L-function has an Euler product of the
form (1.76), and hence its Fourier coefficients satisfy the relation

Apr+1 = ApQpr — pk_laprfl, for every prime p and integer r > 1.

Proof. By Theorem 1.35 we know that f is a normalized T-eigenfunction, and so the
assertion follows from Theorem 1.28 and Lemma 1.33.
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1.5.3 The Petersson Scalar Product

We now turn to study the existence of T-eigenfunctions. Although we had already con-
structed some explicit examples, the previous theory does not allow us to prove the
existence of sufficiently many T-eigenfunctions, and so a new idea (due to H. Petersson)
is necessary. This is based on the following concept.

Notation. For any two cusp forms f,g € S, put

(f,g9) = /Df(z)myk_2dxdy, where z = x + iy.

It is easy to see that this integral converges and that it thus defines a (non-degenerate)
hermitian pairing on Sg, called the Petersson scalar product.

Proposition 1.38 Fach Hecke operator T,, is self-adjoint (or hermitian) with respect to
the Petersson scalar product, i.e. we have T =T, or equivalently,

<f|anvg> = <fvg|k’Tn>7 fO?" all f?g S Sk

Proof. See [Ko|, Proposition 48 (p. 171) or Miyake[Mi], Theorem 4.5.4 (p. 136).

We can use the Petersson product to prove the following fundamental result due to
Petersson[Pe]:

Theorem 1.39 (Petersson) The normalized T-eigenfunctions of My form a basis of
M,..

Before proving this, let us review some basic linear algebra facts concerning (simul-
taneous) eigenvectors and eigenvalues of linear operators.

Review of Linear Algebra: Let V' be a finite-dimensional C-vector space and T C
Endc(V) a commutative algebra of linear operators.

Recall: A non-zero vector v € V is called a (simultaneous) T-eigenvector if for each
T € T there is a number x(7") € C such that

Clearly, the map T+ x(7T') defines a C-linear ring homomorphism y : T — C, ie. a
character of T. (In particular, x(idy) = 1.) Conversely, given a character x, there exists
at least one non-zero eigenvector v € V (), i.e. the associated x-eigenspace

Vix) ={veV:T(v)=x(T)v, forall T € T}.

is non-zero: V(x) # 0. (This follows easily from the existence theorem of eigenvectors,
using the fact that T is commutative.)
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Facts: 1) If x4, ..., x, are distinct characters of T, then the associated eigenspaces are

linearly independent, i.e.

Z Vi) =P Vi)

i=1
Thus, the set T = {x} of all characters y : T — C is finite.

2) Ingeneral, > ¢ V(x) # Vi ie. V does not have a basis consisting of T-eigenvectors.
(For example, if T = (T'), then such a basis exists if and only if T" is diagonalizable.) If
such a basis exists, then T is called a semi-simple algebra.

3) However, if T is x-closed with respect to a hermitian pairing (, ) on V, then T is
semi-simple. In other words, if T has the property that for every operator 7' € T, its
adjoint 7™ is also in T, then

V=PV

x€T

Here the adjoint 7" € End¢ (V') of an operator T' is defined by

(T*(v),w) = (v, T(w)) forall v,we V.

Proof of Theorem 1.39: We first show that S; has a basis consisting of T-eigenfunctions.
By Proposition 1.38 we know that T = T,,, for all n > 1, and hence T is *-closed (as
an algebra acting on Sy). Thus, by the above Fact 3) it follows that V' = Sy has a basis
consisting of T-eigenfunctions, and hence the same is true for M = CE} & S;. because
Ej is a T-eigenfunction by Example 1.34(a). Now if f; = FE, fo,... f, is such a basis
of My, then a;(f;) # 0 by Theorem 1.28, and so we can replace f; by fi = fi/ai(f;) to
obtain a basis consisting of normalized T-eigenfunctions.

It remains to show that every normalized T-eigenfunction f is one of the ﬂ-’s. Let
xs : T — C denote the associated character of f. Then xy = xj for some i, and so by

the multiplicity 1 result (Corollary 1.30) we have f = ¢ f;, for some ¢ € C. But since f
and f; are both normalized, it follows that f = f;.

We can now prove the result of Hecke and Petersson which was mentioned at the
beginning of this section.

Corollary 1.40 There are precisely dim My non-zero modular forms f € M, whose
Fourier coefficients are multiplicative, and these form a basis of M.

Proof. Let 0 # f € M. By Theorem 1.35, the a,(f)’s are multiplicative if and only if
f is a normalized T-eigenfunction. Thus, the assertion follows from Theorem 1.39.
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Chapter 2

Modular Forms for Higher Levels

2.1 Introduction

The study of modular forms and functions of higher level was initiated by F. Klein in
1879. His first main motivation for this was to try to understand the Galois group Gy
of the so-called modular equation

(I)N(jvjl) =0

which is the minimal polynomial of the function j'(7) := j(IN7) over C(j), where j is
usual j-function on $ and N > 2 is an integer. Klein had discovered a year earlier that if
N = pis prime (and p < 13), then G, ~ PSLy(Z/pZ). He then realized that the functions
in the splitting field Fiy of @y (over C(j)) are invariant under the action of a (normal)
subgroup I'(N') < SLy(Z), and this led him to study such functions from the point of view
of their transformation properties. Klein himself considered this viewpoint as a natural
manifestation of his Erlanger Programm (of 1872) which proposes that mathematical
objects should be classified by their transformation groups.

Later in 1885 Klein showed how similar ideas can be used to study the division
values p(%) of the Weierstrass p-function, and this led him to study modular forms of
higher level. As he explained in some detail, many of the earlier constructions of Jacobi,
Legendre, Hermite and many others in the theory of elliptic functions fit into this point
of view and have a much more natural interpretation here.

In the meanwhile Klein and his co-workers and students Fricke, Gierster and Hurwitz
had undertaken a systematic study of the geometric properties of the Riemann surface
[(N)\$. Gierster and Hurwitz were particularly interested in applications to number
theory such as class number relations of imaginary quadratic fields, a topic that had been
first investigated by Kronecker in 1857 via the theory of complex multiplication of elliptic
curves. To generalize this, Klein, Gierster and Hurwitz developed a theory of modular
correspondences of higher level which generalized the modular equation (and which were
the basis of Hecke’s operators). It is interesting to note in his (successful) attempts to
derive these class-number relations, Hurwitz established a general trace formula which
eventually became the Leftschetz—Eichler-Selberg (etc.) trace formula.
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2.2 Basic Definitions and Properties

2.2.1 Congruence subgroups

As before, the group of all integral 2 x 2 matrices with determinant 1 is called the modular
group and is denoted by

['(1) =SLy(Z) = {A = (*") € My(Z) : det A = 1}.

For any integer N > 1, the principal congruence subgroup of level N is

D(N) = Ker (SLg(Z) mod ¥ SLQ(Z/NZ)> —{Aer(1): A= (19 (mod N)}.

Definition. A subgroup I' < I'(1) is called a congruence subgroup if it contains I'( V)
for some N, i.e. if '(N) <T <T(1). (The smallest such N is called the level of T'.)

Remark 2.1 (a) Clearly, each congruence subgroup I' < I'(1) has finite index in I'(1)
(since I'(IV) does). Its index, or rather, that of the related group +I" = U T is denoted
by

u(l) = [I(1) - £I7.

Note, however, that not every subgroup of finite index is a congruence subgroup. For
example, for each odd number n > 1, there is a normal subgroup of index 6n? which is
not a congruence subgroup (cf. Newman [Ne], p. 150).

(b) If T'y and T’y are congruence subgroups, then so is I'y N 'y because
L(N)NT(M) =T (lem(N, M)).

(c) If T is a congruence subgroup and a € GL3 (Q) := {g € GL2(Q) : det(g) > 0},
then a 'TaNT(1) is also a congruence subgroup. In fact, by multiplying a by a suitable
scalar matrix we may assume without loss of generality that o € GL3 (Q) N My(Z), and
then

a”'T(N)a N T(1) D I'(ND), where D = det(a).

In particular, I and I'y = o~ 'T'a are commensurable subgroups, i.e. I' N T'; has finite
index in both I' and I';.

Example 2.2 The following congruence subgroups are of fundamental importance for
much of what follows:

Lo(N) = {A e (1)

A= (57) (mod N)},
I'(N) = {Ael(1): A

(57) (mod N)}.
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Note that we have the inclusions I'(IV) C T'1 (V) C T'o(IV) € I'(1), and that I'(N) < I'(1)
and I'1 (V) < T'o(N) are normal subgroups with quotients

[(1)/T(N) ~ SLy(Z/NZ), Ty(N)/T(N)~Z/NZ and To(N)/T\(N) =~ (Z/NZ)*.

In particular, the respective indices are

[C(1) : T(N)] = #SLy(Z/NZ) = N°[] (1— ! )

2
p
p|N

and

ro) 1)) = o) = NI (1-1).

p|N

From this and the fact that [I';(N) : I'(N)] = N, we see that

[C(1) : To(N)] = (N) == N[ (1 + }9) .

p|N

Thus, since —1 € I'y(N) and —1 ¢ I';(N) for N > 3, we obtain

1(To(N)) = (N)
u(T1(N)) = $6(N)p(N), if N >3,
w(D(N)) = 3NG(N)p(N), if N >3.

Note that we can also write I'((N) in the form
(2.1) [o(N) = axl'(Day' NT(1) = By'T(1)3x NIT(1),

where ay = (, v) and By == Nay' = (]g ) € GL3 (Q), for we have

a b 9 a %
(2.2) aN(cd>aN_<cN d)'
For later purposes we observe that (2.2) also shows that we have the inclusion
(2.3) [y(N) < 83Ty (M)Ba, if M.

Remark. Other natural examples of congruence subgroups are the transposes of the
above groups:

I°(N)={g": g €Ty(N)} and THN)={g":g9e€Ti(N)}.

Note that S7!To(N)S =T%(N) and S7'T'{(N)S = I''(N) where, as before, S = (0 )

1 0
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2.2.2 Modular Functions

Although we will be mainly interested in modular functions on congruence subgroups, it
is useful to define them for an arbitrary subgroup I' < GL3 (Q). As before, each matrix
g € GL3(Q) acts on the upper half-plane § as a fractional linear transformation.

Definition. A modular function (of weight 0) on a subgroup I' < GL*(Q) is function
on $ such that

1) f is meromorphic on $;

2) foy=f, forall yin I}

3) for every g € I'(1), there is an integer N = N, > 1 such that f o g has a Puiseaux
series expansion in ¢y = e2™#/N:

(2.4) (fog)z) = Zamgq% with a, 4, = 0 for n << 0.

In other words, a modular function on I' is a weakly modular function of weight 0 which
satisfies condition 3).

Remark 2.3 (a) The set M(I") of all modular functions on I is a field containing the field
C of constant functions, as is immediate from the definition. Note that M(+I") = M(T)
because —1 acts trivially on .

(b) If Ty, Ty < GL3 (Q) are any two subgroups, then it is immediate from the definition
that
M(T1) N M(T2) = M((T'1,T3)),

where (I'1,Ty) < GLJ (Q) denotes the subgroup generated by I'; and T'y. In particular,
if I'y <T'y is a subgroup, then M(I';) D M(I'y) and we have more precisely that

M(T2) = M) :={f e M(T1): foy=f,Vy e}

(¢) For any a € GLF(Q) and T' < GL™(Q) the map f — a*f := f o a induces an
isomorphism

o M(T) = M(a 'Ta).

[Indeed, if f € M(T') and v = a 'y € a T, then (a*f) oy = (foa)o (a 'ma) =
(foyi)oa = foa=a*f, so fis weakly modular on o 'T'a. Moreover, o* f also satisfies
property 3) by Lemma 2 of [Kol, p. 127, and so o*f € M(a 'T'a). By replacing I by
a 'Ta and a by a™!, we see that the map o* is an isomorphism. |

Thus, if I' < I'; is a normal subgroup of a subgroup I'y, then gif € M(g;'Tg1) =
M@M@),Vf € M(T'),g; € I'1, and hence the quotient group I'y/T" acts as a group of
automorphisms of M(I")/M(I';). In particular, if [I'y : I'] < oo, then it follows from
Galois theory that M(I") is a finite Galois extension of M(I'y).

(d) If I' is commensurable with I'(1), then the N = N, appearing in (2.4) can made
more precise. For this, let Ny(T') := min{n : £7" € ¢g"'T'g} < [['(1) : TNT(1)]. Now if f
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is a weakly modular function on I, then (fog)o TV = fog, where N = N, ('), i.e. fog
is a periodic function with period N, and hence has a Fourier expansion in gy. Thus, we
see that (2.4) holds for f o g for some N if and only if holds for N = Ny(T').

Note that since the number N, (I') and the expansion (2.4) of f only depend on the
image g(o0) of g(co) in the set cusps(I') = I'\(Q U {oc}) (as is easy see), it follows that
condition 3) has be checked for only finitely many g € I'(1) because the set cusps(I),
called the set of cusps of I, is a finite set. Accordingly we call (2.4) the Laurent expansion
of f at the cusp g(oc0). Moreover, the number N, (I') is called the fan-width of I' at the

cusp g(00).

Example 2.4 (a) By Remark 2.3(d) we see that M(I'(1)) = Ay (because Ny(I'(1)) =
1,Vg € I'(1)); i.e. a modular function on I'(1) is the same a modular function of weight
0 in the sense of §1.1. Thus M(I'(1)) = C(j) by Theorem 1.2. Moreover, in this case
' =T'(1) acts transitively on QU {oo}, so #cusps(I'(1)) = 1, i.e. there is only one cusp.

(b) For any a € GL;(Q) and f € M(T') we have by Remark 2.3(c) that f o« €
M(a™'Ta) € M(T Na'Ta). In particular, since jy = j o By, we see that

C(j.jx) € M(T(1) N By'T(1)By) = M(Io(N)),

where the latter equality follows from (2.1). Thus, jy is a modular function of higher
level, for jy ¢ M(I'(1)), as can seen either directly form the results of chapter 1 or from
the facts that M(I'o(N)) = C(j,jn) and that M(I'o(N)) # M(I'(1)), which will be
established below.

(c) The “division values” of the Weierstrass p-function give rise to modular functions
as follows. For z € C and a lattice L C C, define the Weber function fy by

592(L)gs(L)

fQ(Z, L) = —273 A(L) pL(Z),

where @ is the Weierstrass @-function with respect to the lattice L; cf. subsection 1.4.2.
Moreover, for a = (a1, as) € Q*\ Z?% and 7 € § put

fa(7) = folal7], L(7)) = folarT + az, Z7 + Z).

where [7] denotes the column vector [r] = (7,1)" and where a is viewed as a row vector.
The functions f, are called Fricke functions and satisfy the transformation law

(2.5) Jag(T) = falg(7)), Vg €T(1).
To see this, note first that the Weber function f, satisfies the homogeneity property
folez,el) = fo(z,L), Vz,ce C,ec#0,

which follows immediately from the fact that h(L) := g¢2(L)gs(L)/A(L) is a lattice
function of weight —2 = (4 + 6 — 12) (so h(cL) = c*h(L)) and from the fact that
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oer(cz) = ¢ 2pr(2) (which is clear from the definition of @;). Thus, since (ag)[r] =

alg(1)]7(g,7) and j(g,7)L(g(7)) = L(7), we obtain fu(g(7)) = folalg(7)], L(g(7 ))2) =

folalg(m)]j(g,7),5(g,7)L(g(T)) = fo((ag)[T], L(T)) fag(T), which proves the relation (2.5).
Next we note that

fo=fs & a=+d (mod Z*)
because g1 (21) = 9r(22) < 21 = £23 (mod L) by Proposition 1.19. Thus, if we write
frs,n = fonsny when r, s, N € Z, N > 1 and (r,s) #Z (0,0) (mod N), then we have

(2.6) frsN = frwgn & (r,s) ==£(r,s) (mod N).

In particular, since (r, s)g = (r,s) (mod N) when g € I'(NV), we see that f,.snog = frsn,
for all g € T'(N).

To see that f, s n is holomorphic on § and is meromorphic at the cusps, we will use
the following expansion of the Weierstrass function p-function p(z,7) = pr)(2) in terms

of ¢ = €*™ and w = €?™* which is valid for |q| < |w]| < |¢|7":
12 12w -
1t 412 Y g (" w2
i)’ o(z,7) + A wy? + ng™" (w" +w )

m,n=1

(This formula is easily established by considering a suitable expansion of the Weierstrass
p-function; cf. Lang[La0], p. 46 for details.)

Substituting z = ”“ yields w = ¢\ (3, where ¢, = e?™/N ¢ C, and so it is clear that
orsN(T) == p (’””5 ) has a power series expansion in ¢y which converges everywhere
on $). (Here we assume that 0 < r < N, which is no restriction by (2.6).) Thus,
since h(T) = h(L(7)) € A_y, it follows that f, s n(T) = ch(T)prsn(T) (Where ¢ € C) is
holomorphic on §) and has a Laurent expansion in gy. Moreover, since the f, s n’s are
permuted by the action of I'(1) (when N is fixed), it follows that f, y is meromorphic
at the cusps, and so f., y € M(I'(N)).

We now prove the following fundamental result.

Theorem 2.5 For each N > 1, the field Fy := M(I'(N)) of modular functions of level
N is generated by j and the two Fricke functions fion and fo1n. Thus

FN = C(]? fl,O,N> fO,l,N) = C(ja {fr,s,N}r,s)'
Moreover, Fy is a Galois extension of Fy = C(j) with Galois group
Gal(Fy/Fy) ~T(1)/ £ T'(N) ~ SLy(Z/NZ)/(+1).

Proof. By Example 2.4(c) we know that f,sn € Fy, and so F := C(j, fion, fo1n) C

C(j,{frsn}) C Fyn. Thus, the first assertion follows once we have shown that F' = Fly.
Now by Remark 2.3(c) we know that Fyy/F; = C(j) is a Galois extension with group

I'(1)/K, where K = {g € T'(1) : fog = f,Vf € Fy}. Let g = (ZS) € I'(1). Since
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(1,0)g = (a,b) we have by (2.5) that fion 09 = fapn and similarly fo1 vy 09 = fean.
Thus, if g € K then fion = fapn and fo1n = fean, and so by (2.6) we have (a,b) =
+(1,0) (mod N) and (c¢,d) = £(1,0) (mod N), ie., g € £I'(N). Thus Gal(Fy/F)) =
I'(1)/(£I'(N)). In addition, we see that Gal(Fn/F) = £I'(N)/(£(I'(N)) = 1, and so
F=Fy.

Corollary 2.6 IfI' <T'(1) is a congruence subgroup of level N, then
Gal(Fy/M(T)) = (£1)/(£T'(N))

In particular, M(T") is a finite extension of Fy = C(j) of degree u(I'), i.e. we have
M(T) : C(j)] = n(I'). Moreover, every intermediate field Iy C F C Fy is of the form
F = M(T) for some congruence subgroup I".

Proof. Since (£I')/(£I'(N)) < I'(1)/(£I(N)) = Gal(Fy/F}) and since M(T') = Fy by
Remark 2.3(b), the first assertion is clear by Galois theory. Thus [Fy : M(T')] =[£I :
+I'(N)], and hence [M(T') : Fy] = [G(1) : £1'] = p(T).

Finally, since Fy/F) is Galois with group G = I'(1)/(£I[(N)), we have by Galois
theory that F' = (Fy)¥, for some subgroup H =T'/(£I'(N)) < G, and so F = M(T') by
Remark 2.3(b).

Corollary 2.7 For any N > 2 we have
M(T1(N)) =C(j, forn) and M(T'(N))=C(j, fron)-

Proof. 1If g = (‘Z 2) € I'(1), then foi1n o9 = fean (cf. the proof of Theorem 2.5) and

so by (2.6) we have that fo1n 09 = fo1n if and only if (¢,d) = £(0,1) (mod N),
i.e. if and only if ¢ € £I'1(N) (because det(g) = 1 (mod N)). This means that
Gal(Fy/C(j, foan)) = £I'1(N)/(£I'(N)), and so by Galois theory and Corollary 2.6
it follows that it M(I'1(N)) = C(4, fo.1.n), as asserted. The proof of the second equation
is analogous.

In order to understand other fields of modular functions, it is useful to have informa-
tion about the following group G(M(T)).

Notation. For any set M of meromorphic functions on §, let
GM)={aeGL;(Q): foa=f, Vfe M}

Clearly, G(M) is a subgroup of GL3(Q) and if M; C Ms,, then G(M;) > G(My).
Moreover, for any a € GL3 (Q) we have

(2.7) G(a*M) = a 'G(M)a,

for 3 € GL}(Q), then 8 € G(a*M) < (foa)of = foa,Vf € M & fo(afa"t) =
fVfeMe aBa™? e GIM) & € atG(M)a.

We now prove the following refinement of Corollary 2.6:
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Theorem 2.8 IfI' < T'(1) is any congruence subgroup, then
(2.8) GM(T)) =Q*TI.

To prove this, we shall use the following simple lemma which is in fact a special case
of the so-called Smith normal form for integral matrices; cf. Newman[Ne], p. 26.

Lemma 2.9 If g € GL$ (Q) N My(Z), then there exist g1,go € SLao(Z) and m,n € Z*
such that g = mgi6,9s.

Proof. Write g = (¢ b), and put m = ged(a, b, ¢, d) Then ¢ = g € GL$ (Q) N Mx(Z)
is a primitive matrix of determinant n = det(g)/m?, and so by [Sch], p. 135 (or [Ne], p
26) there exist g1, go € I'(1) such that ¢’ = ¢15,9».

Proof of Theorem 2.8. First note that it follows from the definitions that we have
I' < GIM(T")). Moreover, since scalar matrices act as the identity on ), it is clear
that Q% < G(M(T)). Thus, since G(M(T)) is a subgroup of GL{(Q), we see that
QT < GM(T).

To prove the opposite inclusion, we first consider the case I' = I'(1). Suppose there
exists a € G(M(I'(1))) \ Q*I'(1). Then by replacing « by ca, we may assume that
a € GL3 (Q) N My(Z). Thus, by the above Lemma 2.9 we have that 3, € G(M(T'(1))),
for some n > 1, and so j o 3, = j because j € M(I'(1)). This implies that j(2ni) =
J(Bn(2i)) = j(2i). But since both 2ni and 2i lie in the fundamental domain D of SLy(Z))
(cf. the proof of Proposition 1.3), this contradicts Proposition 1.21. Thus, no such «
exists, and so G(M(I'(1))) = Q*I'(1).

Now suppose that I' is any congruence subgroup. Then I'(1) > T" > I'(N) for some

N. Let a € GIM(T)). Since G(M(I')) < GIM(I'(1))) = Q*I'(1) (by what was just
proved), we see that o = cg with ¢ € Q* and g € I'(1). Then g € G(M(I")) NT'(1), and
so the image of g in Gal(Fy/F}) actually lies in Gal(Fy/M(T")) = +I'/(+T'(N)), the
latter by Corollary 2.6. Thus g € £, i.e. « € Q*T". This proves G(M(T")) < Q*T', and
so the theorem follows.

It is useful to generalize this result to generalized congruence subgroups which are
defined as follows.

Definition. A subgroup I' < GLj(Q) is called a generalized congruence subgroup if
ala™! is a congruence subgroup for some a € GL3 (Q).

Remark 2.10 Let C = {I": I'(1) > I" > I'(V), for some N} denote the set of congruence
subgroups, and G = Uya~!Ca the set of all generalized congruence subgroups. Then:

()T eG=a'TaegG,Vae GL] (Q);

(2) T'e G = SLy(Q) >T' > I'(N), for some N;
B)T1ellegG=T Nl e

4 I, Ieg=InNlyeg.
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[Indeed, (1) is clear. For (2) we note that if ' = o~ 'T';a with T'; € C, then det(a™tg;a) =
det(g1) =1, Vg; € 'y, and so I' < SLy(Q). Moreover, since I'y > I'(N;) for some Ny, we
have I' = o 'Tya > o 'T(Ny)a > T'(N, D), for some D by Remark 2.1(c), which proves
(2). To prove (3), we use the fact that I, > I'(N;) by (2). Thus, I'(1) > Ty > 'y NIy >
['(Ny) NT'(Ng) > I'(N1N2) by Remark 2.1(b), and so I'y N T’y € C. Finally (4) follows
from (3) because if a 'Tya € C, then o ('} NTy)a = (™ 'T1a) N (o 'Tea) € C by (3),
sol'y1NIy € Q]

Corollary 2.11 IfT' < GL3(Q) is any generalized congruence subgroup, then (2.8) holds
for T, i.e. GIM(T)) = Q*T.

Proof. Put I'y = al’'a™!. Then G(M(T1)) = Q*I'; by Theorem 2.8. Thus by Remark
2.3(c) and (2.7) we have G(M(T)) = G(M(a 'T1a)) = C(a* M(T)) = a 'G(M(Gy))a =
a1 (Q*Ty)a = Q*T.

Corollary 2.12 IfI';,I'y < GL3 (Q) are two generalized congruence subgroups, then
(2.9) M) C M) & QT >Q Ty & £I'y > £y,

and so M(I'y) = M(T'y) & +I'y = £y, Thus

(2.10) My NTy) = M(T)M(Ly).

Proof. If Q*T"y > Q*I'y, then clearly M(I'y) C M(I'g) (cf. Remark 2.3(b)). Conversely, if
M(Ty) € M(T'9), then GIM(T'y)) > G(M(I'3)), and so Q*I'y > Q*T'y by Corollary 2.11.
This proves the first equivalence of (2.9). To prove the second, suppose g, € I'ys < Q*I';.
Then g, = cg; with ¢ € Q%, g, € T'y, so 1 = det(gs) = det(cg;) = ¢*. Thus ¢ = £1, and
hence g, € £I';. This proves the second equivalence of (2.9).

To prove (2.10), we first show that F' := M(I'1)M(T's) = M(I'3) for some general-
ized congruence subgroup I's. Now since o'« is a congruence subgroup, then so is
a ' (T'; NTy)a (cf. Remark 2.10), and hence F} C a*M(Ty) = M(a™'Ta) C o*F =
a*(M(T1)M(Ty)) C a*M(T'1NTy) C Fy for some N. (Note that since I'; > T'y N Ty, for
i = 1,2, we have M(T';) C M(I'1NT;) and so o*F = a*(M(T'1)M(T3)) C a* M(T'1NTs).)
Thus, by Corollary 2.6 we have o*F = M(T") for some congruence subgroup I', and hence
F=M(ala™t) = M(T3).

Now since G(M(I';)) = Q*I'; by Corollary 2.11, and since it is clear that G(F) =
GM(T1)M(Ts)) = GIM(T1)) NG(M(T'2)), we see that G(M(T'3)) = G(F) = Q*(I'1 N
Iy) = GIM(T; NTy)), and so by (2.9) we have FF = M(T'3) = M(T'; N Ty), which is
(2.10).

Remark 2.13 The above results can be viewed as giving a (generalized) Galois corre-
spondence between certain subfields of the field F.,, = UFy of all modular functions, and
the set G* C G consisting of all generalized congruence subgroups I' € G with +1 € T'.
More precisely, if we let F denote the set of all generalized congruence subfields, i.e. the

55



set of all subfields F' C Fi, with the property that FF D C(jo«) and [F : C(j o a)] < o0,
for some o € GL3(Q), then the above results show that the maps I' — M(T") and
F — G(F) N SLy(Q) are inverses of each other and hence induce a bijection (Galois
correspondence)

~

Gt % F
between the set G* of generalized congruence subgroups and the set F of generalized
congruence subfields of F.

Example 2.14 If T is a congruence subgroup and o € GLj (Q), then it follows from
(2.10) that
MTNa 'Ta) = M(T)a* M(T).

In particular, since Xo(N) = T'(1) N B5'T(1)By (cf. (2.1)), we see that
(2.11) M(Xo(N)) = C(j, jn)-

Note: In [Sh] it is asserted that this follows immediately from Galois theory (i.e. from
Corollary 2.6), but there seems to be a gap in the argument.

By elementary field theory, we thus see from (2.11) (together with Corollary 2.6 and
Example 2.2) that jy satisfies a unique monic irreducible polynomial ®y(z) of

deg @y = [M(Xo(N) : C(j)] = ¥(N).

with coefficients in Q(7); this polynomial called the modular polynomial of order N. To
find an explicit expression for ®y, we first introduce the following notation.

Notation. For N > 1, let Py C M(Z) denote the set of primitive integral matrices of
determinant n, i.e.

Px = {(*!) € My(Z) : ad — be = N and ged(a, b, ¢, d) = 1}.

Proposition 2.15 The modular polynomial ®y can be written in the form

. . ab
ey@)= JI @—jegy= JI (e—io(2)-
geT(M\Pn ad=N
0<b<d
ged(a,b,d) =1
To prove this, we shall use the following result which is a refinement of Lemma 2.9
and which is a special case of a general result due to Hermite (cf. [Ne], p. 15) about
integral matrices:

Lemma 2.16 For any N > 1 we have

(212) Py =TO)BT(1) =TMaxt() = |J 1) ( . ) .
0% <
ged(a,b,d) =1
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Proof. Clearly, if a € Py, then giage € Py, for all g1,g2 € ['(1), i.e. ['(al'(1) C Py.
Thus, Py contains both double cosets. On the other hand, by Lemma 2.9 we see that
Py C I'(1)BnT'(1), and so we have equality. This proves the first two equalities. For the
third (which is Hermite’s result), see [Sch], p. 133 or [Ne|, p. 15.

Proof of Proposition 2.15. It immediate that the product ngr(l)\PN(x — jog) does not
depend on the choice of the system of representatives {g} of the coset space I'(1)\Py.
Thus, the second identity follows directly from Lemma 2.16.

To prove the first, we observe that by Galois theory and Corollary 2.6 we have

On(z) = [[(e—ivog) =[]z —jobnag),

where {g;} is a system of representatives of T'o(N)\I'(1), i.e. I'(1) = UTo(N)g;. Since
[o(N) = (1) N By'T(1)By (cf. equation (2.1)), it follows that {Byg;} is a system of
representatives of I'(1)\I'(1)ByI'(1), and so the first identity follows.

Remark 2.17 (a) As we shall see in more detail below, there is a close connection
between modular polynomials and Hecke operators. For example, if N is squarefree, then
the trace of jy (with respect to the field extension M(Xy(N))/C(j)) is essentially the
Hecke operator applied to j; explicitly, we have

traxov)) /ey (in) = NTn (7)),

for by Proposition 2.15 and equation (1.63) we have tr(jx) = > jo (§ ") = NTw(j), the

latter because the condition ged(a, b, d) = 1 holds automatically when N is squarefree.

(b) Tt is easy to see that the coefficients of ®y(z) are polynomials in j; i.e. Dy (z) €
Cly][z] = C[j, z]. Thus we can write

Oy (z) = Py(z,j) with Py € Clz, y].

In fact, it turns out that the coefficients of Py are integers (so Py € Z[z,y|) which grow
very rapidly with N. Furthermore, Py is symmetric in x and y, i.e. Py(y,x) = Py(z,y);
cf. [Sch], p. 143-144. Further properties are discussed in Weber[We| 111, p. 239-245.

(¢) The Galois group of (the splitting field of) @y is:
Gal(®y) ~ PSLy(Z/NZ) = SLy(Z/NZ)/Z(SLy(Z/NZ));

cf. [Sch], p. 148. Since Z(SLy(Z/NZ)) = {cI : ¢* =1 (mod N)}, we see that Fy is the
splitting field of ®x if N = p" or N = 2p” (where p is an odd prime), but in general the
splitting field of @ is a proper subfield of Fly.

(d) The roots of the polynomial ® (X, X) are called the singular values of the j-
function; in the context of elliptic curves these correspond to CM-elliptic curves (i.e.

elliptic curves with complex multiplication). See Lang[La0], p. 143-147, Weber[We], p.
419-423 or Shimura[Sh], p. 109 for more details.
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Remark 2.18 Recall that a Riemann surface is a connected topological space which is
covered by a family of open sets isomorphic to C with the property that the transition
functions are holomorphic functions; cf. Springer[Sp] or Forster[Fo|. For example, the
complex plane C, the Riemann sphere C,, = C U {0} and an elliptic curve E, = C/L
are all examples of Riemann surfaces.

If T" is congruence subgroup, then it is easy to see that the quotient space X} :=
I'\$ can be made into Riemann surface such that the quotient map pr : § — T'\$ is
a holomorphic map; cf. [Sh], p. 17 or [Mi], p. 24. Now since each modular function
f € M(T") defines a unique function

f[‘ : F\f_) — CU{OO},

such that f = pjfr := fr o pr, it follows from conditions 1) and 2) in the definition of a
modular function that we have an inclusion M(I") C pfM(I'\$), where M(X7.) denotes
the field of meromorphic functions on the Riemann surface X = I'\ 9.

In order to be able to translate condition 3) into a condition in complex analysis, we
first compactify $ by adding its “cusps”:

H =HUQU{oc} =HUP(Q).
Note that the action of GLJ (Q) (and hence of I'(1)) on $ extends naturally to one on

9" if we set y(o0) = ¢ for v = (* b).

c cd
Now the quotient Xr := I'\$)* can be given the structure of a compact Riemann

surface which contains X|. := I'\$) as an open subsurface with a finite complement
cusps(I') = cusps(Xr) := Xr \ X = '\P'(Q)

(cf. [Mi], p. 24ff or [Sh], p. 17ff), and then we have

(2.13) M(T) = pp M(Xr).

For example, if I' = I'(1), then cusps(I") = {Px} consists of one point Py, = pr(1)(00),
and j defines a isomorphism j : X (1) := Xp) — Co := C U oo such that j(Ps) = oo;
cf. Proposition 1.21. In particular, M(I'(1)) ~ C(j).

If I'y <T'y are two congruence subgroups, then the inclusion map induces a quotient
map

Py, X, = 11\9" — Xp, =12\H"
which is a holomorphic map (of compact Riemann surfaces) of degree

deg(pr,,r,) = [£2 : £11] = p(l1)/p(L2).

Note that since pr, r, o pr, = pr,, the map pf. of (2.13) naturally identifies the subfield
pr, 1, M(Xr,) € M(Xt,) with the subfield M(I'y) € M(T';). Thus we have

deg(pr, r,) = [M(Xr,) : pp, p, M(Xr,)] = [M(['1) : M(T2)] = pu(T1)/pa(T2).

More generally, if & € GL3(Q) is such that al';a™! < T'5, then there is a unique
holomorphic map pr, r,« : Xr, — Xr, such that

(2-14) Pry, © X = Pryry,a ©Pry-
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2.2.3 Modular Forms

We now define modular forms for an arbitrary subgroup I' < SLy(Q).

Definition. A modular form of weight k on I is a map f : $§ — C such that
1) f is holomorphic on $;
2) fley=f, forall vy €T.

3) For each g € I'(1), there is an integer N = N, such that f og has a Puiseaux series
expansion in ¢y = €™*/V with non-negative terms:

(fog)(2) = ) anydi-

Furthermore, a modular form f is called a cusp form if we have ag, = 0 for all g € I'(1).
Note that the set M (I") of all modular forms of weight k on I' is a C-vector space
which contains the set Si(I") of all cusp forms as a subspace.

Remark 2.19 (a) More generally, we can also define automorphic functions (or modular
functions) f € Ag(T) of weight k on I": these are weakly meromorphic functions of weight
k on IT' (cf. §1.1) which have a Laurent expansion (2.4) in gy at each cusp z = g(o0) €
Q U {oo}. Thus, we have

fe M) & feA) and v.(f) >0,Vz € H,

where the order v,(f) of f at a cusp z = g(o0) (with g € I'(1)) is defined via the Laurent
expansion (2.4) of f o g in terms of ¢y, where N = N, (cf. Remark 2.3(d)).

(b) In order to be able to study the transformation properties of modular forms with
respect to the action of GLj (Q) , it is useful to extend the notation f|pa to matrices
a=(*") € GL(Q) as follows:

flea = folalr = (det a)*? f(a(2))(cz + d) k.
Then for any a € GLJ (Q) and ¢ € QT, we have
(2.15) fle(ca) = flra

(Note, however, that if ¢ < 0 then we have f o [c], = (—1)*f.) Moreover, the associative
law (1.4) also holds for this extended symbol, i.e. for any oy, as € GL3 (Q), we have

(2.16) flr(anag) = (flkan)lk(02).

The following properties of modular forms are easily verified (cf. [Ko], p. 127ff):

59



Proposition 2.20 (a) My(I") = C and My(T') = {0} if k <0 orif k is odd and —1 € T.
(b) M(I') := @rezMi(T) is a graded ring and S(I') := @Sk(') is a graded M(I")-ideal.

(c) If f,g € M(T') and g # 0, then f/g € M(T).

(d) If Ty < Ty are subgroups, then My(Ty) D My(Ts); in fact, My(T1)"2 = My(Ty)
and similarly, Sy(T'1)'2 = Sp,(T3).

(e) If « € GL3 (Q), then the map f +— flra = f o [a]y defines isomorphisms

(i : Mp(ala™) & Mu(T), [a] : Sp(ala™) = Si(T),

for any (generalized) congruence subgroup I'. In particular, if o € NGL;(Q)(F) 15 1n the
normalizer of T in GL3 (Q), then [y is an element of Aute(My(T)).

Corollary 2.21 [fT is a congruence subgroup and k € Z, then dim¢ M (") < oc.

Proof. This is trivial if M(I") = {0}, so assume that there is a non-zero modular form
fo € Mg(I"). Then by Proposition 2.20(c), V := %Mk(f‘) C M. Let S ={z €
$* 1 v,(fo) > 0} denote the set of zeros of fy. Then S is I'-stable and by an argument
similar to that of the proof of Proposition 1.3 we see that I'\S is a finite set. Now if
f €V, then ffy € Mp(T), so v.(ffo) > 0,Vz € $H*. Thus v,(f) > —v.(fy),Vz € S
and v,(f) > 0,Vz ¢ S, and so the following Lemma 2.22 shows that dim V' < co. Since

dim M (') = dim V, the assertion follows.

Lemma 2.22 Let S C $* be a I'-stable subset such that I'\S is finite, and let v : T\ S —
Z be a function. Then the set

L(S,v) ={f e M) :v.(f) > —v(2),Vz € S and v,(f) > 0,Vz € H*\ S}
is a finite-dimensional C-vector space.

Proof. Clearly, L(S,v) is a C-vector space. Without loss of generality we may assume
that v(z) > 0,Vz € S, for if 8" = {z € S : v(2) > 0}, then L(S,v) C L(S',vs), and
hence it is enough to verify the assertion for S” in place of S.

Let z1,..., 2. be a system of representatives of I'\\S, and put n; = v(z;), n = n; +
...+ n,.. At each z; fix a local parameter t; (i.e. t; = z — z;, if z; € §, and t; = qn., if
z; € QU{oo}), and write the Laurent expansion of f € M(I") at z; as f =Y ami(f)t]"
Consider the C-linear map

T:L(S,v)—C"
defined by the rule f — (a_11(f),. ., a_n 1(f),az12(f),. .., a—n,(f)) € C*. Now if
f € Ker(T) then v,,(f) >0, fori = 1,...,r, and hence v,(f) > 0, for all z € S, since f
is T-invariant. Moreover, since also v,(f) > 0, for all z € $* \ S by hypothesis, we see
that f € My(I') = C, the latter by Proposition 2.20(a). Thus dim Ker(7") < 1, and so
dim L(S,v) <n+ 1.
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Example 2.23 (a) If f € M, = M(I'(1)), and N > 1 is an integer, then the form

(foBn)(z) = f(N2) = N"*2flifin(2) € My(To(N),

for by Proposition 2.20(e), (b) we have foBy € M (B5'T(1)By) € Mp(D(1)NB'T(1)By) =
M. (To(N)), where the latter identity follows from (2.1). Similarly, if f € Sy = Si(I'(1)),
then fo By € Sk(I'o(N)). In particular, Ay = Ao Gy € S12(I'o(V)) \ S12(I'(1)).

(b) g-division values. As in Example 2.4(c), let o, n(T) = p(":=,7) be the N-
division value of the Weierstrass p-function associated to the pair (r, s) € Z? with (r,s) #

(0,0) (mod N). Then the discussion of Example 2.4(c) shows that o, x is a modular
form of weight 2 of level N, i.e. that p, s v € Ma(I'(N)).

(c) Eisenstein series. Let k > 3 and fix an integer N > 1. For each a = (a1, as) € Z*
consider the Fisenstein series

1
Ga<2) — GamodN(Z) —
F F mgﬁ (myz + mg)*
m = a(mod N)
m # (0,0)

which only depends on the image of a in Z/NZ x Z/NZ. 1t is immediate that this series
converges absolutely on $) and hence defines a holomorphic function there. Furthermore
we have:

0) If a = (0,0), then G¢™4N(2) = N=*G(z) € M.

1) For any g € T'(1) we have GZm?N|, g = G\*9 ot N,

2) Each G¢™°?¥ is holomorphic at 0o, i.e. G}, has an expansion in ¢y with non-negative
terms; cf. [Ko], p. 132 or [Sch], p. 156.

Thus, by the same argument as in Example 2.4(c) it follows from 1) and 2) that
Gty € My(T(N)).

In fact, the G¢’s are closely related to the division values of the derivatives p™(z, 1) =
420 (2,7) of the Weierstrass p-function, for we have the formula:

—1)* o (a1 T + as
GamodN _ ( (k—2) Ve .
k Nk(lf—]_)'p N T Teﬁu

cf. [Ko], p. 134 or [Sch], p. 157.

(d) Although the Eisenstein series Fy =1 —24%" ., 01(n)¢" is not a modular form
(of weight 2) for any congruence subgroup I' (as the transformation law (1.11) shows),
we can modify it slightly so that it becomes a modular form. More precisely, if N > 1 is
any integer, then it follows from (1.11) that the function

Byn(2) = NEy(Nz) = Ey(2) = (N = 1)+ 24> () d)g"
n>1 din
d Z 0(N)

is a modular form of weight 2 on I'g(NV), i.e. Eo ny € Ma(I'o(N)); cf. [Schl, p. 177.
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Remark 2.24 (a) Fix integers N and k > 3 and let Ex(['(N)) = (G¢™N 2 q € Z2) C
M (I'(N)) denote the C-vector space generated by the Eisenstein series. Then we have

(2.17) Mi(T'(N)) = Ex(I'(N)) @ Se((N)),

which follows easily from Theorem 2 of Schoeneberg[Sch], p. 158. (Note that if N < 2,
then (—1) € I'(N) and so My (I'(N)) = Ex(I'(N)) = Sk(I'(N)) = {0} when k is odd.) In
addition, it follows from that theorem that

(2.18)  dim Ep(I'(N)) = 06(I(N)) := gteusps(I'(N)) = #(L(N)\(Q U {o0}),

except in the case that N < 2 and k = 1(2) in which case dim E(I'(N)) = 0. Note that
we have

(2.19) 0o(I'(N)) = —,

which follows easily from the fact that I'(1)/ £ (V) acts transitively on the set of cusps
of T'(N).

(b) Similarly, if we put Ey(T'(N)) = {(prsn : (r,5) € Z*,(r,s) # (0,0) (mod N)),
then by Theorem 9 of Schoeneberg[Sch], p. 172, we see that the decomposition (2.17)
also holds for k = 2. However, formula (2.18) is no longer true for k = 2; instead we have

dim Ey(D(N)) = 0o (D(N)) — 1.

(c) For any congruence subgroup I' of level N, let us put Ey(I') = E,(I'(N))!, if
k > 2. It is then clear (by taking invariants of both sides of (2.17)) that the analogue of
the decomposition (2.17) holds for T', i.e. that we have My(I") = Ey(T") & Si(I).

(d) As in the case of I' = I'(1), it turns out that the “Eisenstein space” Ej(I') is in
general only a small part of M (I"). For example, in the case of I' = I'(/V) we have the
following general dimension formulae which hold for all £ > 3 and N > 3:

. k-1 1 _ k—1 1
where = p(T'(NV)). (These and other dimension formulae will be discussed in more
detail below.) Clearly, these spaces are much larger than dim Ej(I'(N)) = £. A similar
statement is true for k = 2, except that in this case we have

N +6

(2:21)  dim My(I'(N)) = p (W

) and  dim Sy(D(N)) = p (%) +1.

Note that all these spaces grow quite rapidly with N because u(I'(N)) ~ N3; more
precisely, we have the bounds
1 3 . 1
= _—

5N3 > u(D(N)) > =N

- 2((2)

62



Since these spaces grow so rapidly with N, it is useful to subdivide them further.
In his works, Hecke made several suggestions to this end. Particularly useful is his
decomposition of My (I'y(/V)) into the subspaces My (N, x) of Nebentypus x which are
defined as follows.

Proposition 2.25 IfI' =T'1(N), then we have the direct sum decompositions
My(I(N)) = & Mp(N,x) and ST (N)) = ©,Sk(N, X),
in which the sums run over all characters x : (Z/NZ)* — C* and

Mi(N,x) = {f € Mu(T1(N)) = fley = x(d)f, ¥y = (2 ;) € To(N)},
and Sk(N, x) := Mg(N, x) N Sp(I1(N)).

Proof. Recall from §2.2.1 that I';(IV) < I'o(N) and that the map a — o, = (a) =
(ao_laO) (mod N) induces an isomorphism Zy = (Z/NZ)* = To(N)/T1(N). Thus the
group Zy acts on Mi(I';(N)) (and on Sg(I'1(N))), and hence we have a decomposition

of My(I'1(N)) into its x-eigenspaces My(I'1(N))y, = {f € Mp(I'1(N)) : fleoa = x(a)f},
where x runs over all characters of Zy. However, since M (I'1(N)), = Mi(N,x), we
obtain the above decomposition of My (I'y1(N)). The proof for Si(I'y(N)) is similar.

Remark 2.26 (a) Since T' = (é 1) € T1(N), each f € My(I'1(N)) has an expansion in

q=e¥" ie.

()= Y an(f)g",  where g = e

n>0
Conversely, if f € M(I'(N)) is a modular form of level N which has such an expansion,
then f € My (I'1(N)) because I'\(N) = (I'(N), T).
(b) Since —1 € T'y(N), we see from the definition that My (N, x) = 0if xy(—1) # (=1)*.

(c) If x = 1 is the trivial character, then My (N, 1) = My (Io(N)) by definition. Hecke
called these forms the Haupttypus (main type) and the modular forms with x # 1 forms
of Nebentypus (auxiliary type) x.

We now consider some examples of modular forms of type (N, x) which occur naturally
in number theory.

Example 2.27 (a) Theta-series. As in §1.2.5, let Q(¥) = %_%Al_" be an even, integral,
positive definite quadratic form in r = 2k variables (k € Z), and let

79@(2) _ Z qQ(T?L) _ Z ewizﬁ”ﬁAFn

meL” meL"

be the associated theta-series. Let N be the smallest integer M > 0 such that M A1 is
an even integral matrix; in other words,

D
N = — where D = |det(A)| and ¢ = gcd ({aij, %aii}1<i<j<r) ;
p <i<j<
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cf. [Sch], p. 207. Moreover, define the quadratic character x : (Z/NZ)* — {1} by

)

) = sign(at

where (-) denotes the Jacobi-Kronecker symbol; cf. [Hual, p. 304. Then it turns out (cf.
[Sch], p. 217-218 or [Iw], p. 175) that

(2.22) Yo € Mi(N,x), where N and y are as above.

For example, if Q(xy,73) = ax? + bxywy + cx? is a primitive positive definite binary
quadratic form, i.e. if a > 0, b*> — dac < 0, a,b,c € Z and ged(a,b,¢) = 1, then N = D =
4ac — b? and hence Jg € M;(N, x), where xy = x_p = (=2).

It is perhaps interesting to sketch some of the ideas involved in the proof of (2.22).
For this it seems necessary to consider more generally the congruent theta-series

Voz(2) = Z QR — Z eI AT N here T € 7
mELr e "
m = Z (mod N)

Then by using the Poisson summation formula one obtains the inversion formula

D7) = — ()Z(—mAm+m)
QT == \z o
VD \T =, 27

in which e(z) = €*™%; cf. [Iw], p. 167. (This generalizes the transformation formula (1.28)
of §1.2.5.)

We now restrict attention to vectors ¥ € G(Q) := {& (mod N) : A¥ =0 (mod N)},
which is a finite group of order D; cf. [Iw], p. 168. (Note that since Jgz = gz if
7 =y (mod N), the function ¢ z is well-defined for any & € Z"/NZ".) For such an 7 it
follows from the inversion formula that we have:

-\ k
— —1 Jr—
(2.23) VqzlT = Yo(T)Vqz and VgzkS = (\/% > (@ §)log
7EG(Q)

in which o (%) = e>™QEN) and Yo (T, 7) = Yo(Z+ 7)1bo(Z) 1ho(i) " = 2miFANNT. of,
[Iw], p. 169-170 or [Sch], p. 210. From this we see that the C-vector space Vg := (Vg z :
7 € G(Q)) is stable under the action of I'(1). In particular, since each ¢ z has a power
series expansion in gy, it follows that each ¥¢ z is holomorphic at all the cusps.

With more work it is possible to deduce from the above transformation laws (2.23)
the rule

(2.24) Voalkg = x()vo(T)Vgaz, if () € To(N);
cf. [Sch], p. 218. Since (%) is an N-th root of unity, we see from (2.24) that gz €
Mi(L(N)),VZ € G(Q), and that Jg = 9,5 € Mi(N, X).
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(b) Dirichlet L-functions. Let x be a primitive Dirichlet character mod N, i.e. x :
(Z/NZ)* — C* is a homomorphism with x(1 4+ MZ/NZ) # {1} for any proper divisor
M|N. If we lift x to a multiplicative map y : Z — C by setting x(a) = 0 if (a,N) > 1,
then the associated Dirichlet L-function is defined by

L) =X (- xp)

n
n>1 pIN

For example, if x = 1 is the trivial character, then N =1 and L(s, x) = ((s) is just the
Riemann zeta-function.

Now let x; and y» be two primitive Dirichlet characters mod N; and N,, respectively,
and put N = N; N, and x = x1X2. Fix an integer k > 1 satisfying x(—1) = (—1)¥, and
put

an = an(x1, x2, k) = le(’n/d))(g(d)dk_l for n > 1.
dN

Then there is a unique constant ao (which is given explicitly on p. 177 of [Mi]) such that

f = Fanek =Y ang" € My(N, x);
n=0

cf. [Mi], p. 177. Thus, f is the unique modular form such that its associated L-function
L(f,s) (cf. §1.5.2) is given by the formula

L(f7 8) = L<S7X1)L(S —k+ 17X2)'

For example, in the case that x; = x2 = 1 (and hence Ny = Ny = N = 1), f(z) = Ex(z)
as we already saw in Example 1.34. In fact, it turns out that any such f is always a
generalized Eisenstein series, i.e. f € Ep(I'1(V)); cf. [Mi], p. 179.

(c) Hecke L-functions. In 1918 Hecke gave a vast generalization of Dirichlet characters
and Dirichlet L-functions to arbitrary number fields K by introducing Grdssencharacters
(often called Hecke characters); cf. [Mi], p. 91. In the case that K = Q(v/—d) is an
imaginary quadratic field, such Grossencharacters are defined as follows.

Fix an integer r > 0 and an ideal m of the ring O of integers of K, and let I(m)
denote the group of fractional ideals of g which are prime to m. A homomorphism

Y:I(m) - Cp:={ze€C:|z|=1}

is called a Grdssencharacter mod m of type r if 1) satisfies the condition:

b((a)) = ( “ ) Va=1 (mod m).

lal

The associated Hecke L-function is defined by

Haw)= Y (‘fv(j)l:g[(l—wp)uw)—ﬂ‘l

(a,m) =1
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in which Na = #(ODg/a) denotes the norm of an Og-ideal a. Clearly, L(s,v) is a
Dirichlet series:

L(s, ) =) “"Tfﬁm with a,(¢) = > ¥(a).

n>1 Na=n
For example, if 1) = 1 (and m = (1), r = 0), then L(s,v) = (k(s) is just the Dedekind
(-function of K. Note also that a Grossencharacter mod m = (1) of type r = 0 is the
same as a character on the ideal class group Cl(Ok).
Hecke showed that such L-functions come from modular forms. More precisely, if we

put
fw = Z an(X)qna

n>1

then by [Mi], p. 183, we have that
fo € My (N,x), where N = |dg|(Nm)

and dg is the discriminant of K and where x is the Dirichlet character mod N defined
by the formula

x(n) =xx(n)¥((n)), ifneZ, (n,N)=1
in which yx = (d—K) denotes the quadratic character associated to K (given by the

Jacobi-Kronecker symbol). In fact, fy is a always a cusp form (i.e. f, € S,41(NV, X))
except when r = 0 and ) = x’ o Ng/q for some Dirichlet character x'; cf. [Mi], p. 183.

(d) Twists of cusp forms. Let f € Sp(N, x) be a cusp form of weight % of type (N, x)
and let ¢ be a (primitive) Dirichlet character mod M. Put

fo= Zw(n)an(f)q”, where f = Z a,(f)q" is the g-expansion of f.
n=1 n=1

Then f, is again a cusp form, but of a different type. More precisely, we have that
(2.25) fo € Se(N,x¥?), where N = lem(N, M? NM).
To see this, observe first that we have the identity

M M
Zﬂ(a)f’kgmM = g@)fw in which g(@) = ZE(G)FJ%M/M
a=1 por

denotes the Gauss sum associated to 1 and &,y = (10%) € SLy(Q). Since the left hand
side of this identity is easily seen to be in Si(N, x¥?) (cf. [Sh], p. 92) and since g(¢)) # 0

(cf. [Sh], p. 91), if follows that also f; € Sp(N, x¥?).
Note that it follows from (2.25) that if f € Si(I'1(N)) is any cusp form and M > 1 is

any integer, then its “prime to M projection”

fon= Y alf)d"

n>1

(n,M)=1
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is also a cusp form of some level. Indeed, choose a primitive Dirichlet character v mod
M’ where M' = M, if M # 2, and M’ =4 if M = 2. Then by the above we have

fan = (fs)y € Se(T1(N))  with N = lem(N, (M')*, NM').

(e) L-functions of elliptic curves. Let E/Q be an elliptic curve, i.e. E is defined by
an equation of the form

v =2+ ax+b witha,beQ and 4a® + 270% # 0.

By replacing E by an isomorphic curve (i.e. by replacing a by ac* and b by bc® with
¢ € Q) we can assume that a,b € Z and that the absolute value of the discriminant
Ap = —16(4a® + 27b?) € Z is minimal (among all such choices). For each prime p { Ag
put

Ny(E) = #{(z,y) mod p:y* =2° 4+ ax +b} and a,(E)=p— N,(E),

and consider the function

Li(s) = [] (1 = ap(E)p~* +p" )
ptAE

which is called the Hasse-Weil L-function of E/Q. Note that this product converges for
Re(s) > 3 because by a theorem of Hasse we have |a,(E)| < 2,/p.

Hasse conjectured that Li,(s) has a functional equation and an analytic continuation
to all of C, and this was verified by Weil [Wel]) in 1952 in a few cases. For these cases, Weil
was able to identify L7 (s) with a Hecke L-function associated to the Grossencharacter
defined by certain Jacobi sums. This was then generalized by Deuring in 1953 to all
elliptic curves E/Q with complex multiplication. The latter are elliptic curves which have
an analytic description of the form E ~ C/Og, where K is an imaginary quadratic
number field (such that Ok has unique factorization). For example, the curves of the
form

v =234ar and yP=23+0b

are such curves of complex multiplication. (The first family (with b = 0) is analyti-
cally isomorphic to C/Z[i] and the second (with a = 0) is isomorphic to C/Z[e*"/3].)
For these curves, the associated Grossencharacters and L-functions are described in
Ireland/Rosen[IR], chapter 18. (See also [Ko], chapter 2). The general case is treated in
Silverman|[Si2], chapter 2.

In 1955 Taniyama formulated the following remarkable conjecture:

Conjecture (Taniyama). For every elliptic curve E/Q, its Hasse-Weil L-function
L3, (s) comes from a modular form of weight 2 on some congruence subgroup T'.

More precisely, he stated his conjecture as follows: “If Hasse’s Conjecture is correct,
then L7}, has to come from an automorphic form.” This statement was made more precise
by Weil[We2] who proved in 1967 the following generalization of Hecke’s result:
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If f = an(f)q" is a holomorphic function on $ such that L(f,s) is bounded in
vertical strips and such that L(f,,s) has a functional equation (of the right type)
for every primitive Dirichlet character x, then f is a cusp form (of some level).

Actually, this result cannot be applied directly to L3 (s) since it doesn’t satisfy the
right functional equation. However, by introducing certain Euler factors for the primes
p|Ag as well, Weil defined the (refined) Hasse-Weil L-function Lg(s) which satisfies (at
least in special cases) the right functional equation.

In his book, Shimura[Sh] gave a general construction of all the examples which satisfy
Taniyama’s Conjecture. More precisely, if we start with f € So(T'g(N)) such that its L-
function has an Euler product (of the right type), then Shimura’s construction finds
an elliptic curve E/Q such that Lg(s) = L(f,s). In particular, Lg(s) satisfies Hasse’s
Conjecture.

In 1995 Wiles|Wi] proved a substantial part of Taniyama’s Conjecture, and his method
was refined by Breuil, Conrad, Diamond and Taylor[BCDT] to yield a complete proof of
Taniyama’s Conjecture:

For every F/Q there exists fg € So(I'o(]Ag|)) such that L(fg,s) = Lg(s).

Actually, it turns out that fz has much smaller level than |Ag|, for the proof shows that
fe € S2(T'o(Ng)), where Ng|Apg is the conductor of the elliptic curve (in which the prime
divisors p # 2,3 of Ag appear with multiplicity at most 2).

A very important property of the spaces My (I") and Sy (I") is that their dimension can
be computed explicitly in terms of basic group-theoretical data. To this end we introduce
the following notation.

Notation. If I' is a congruence subgroup, and n > 1 is an integer, then we put

en(l) = #{z € T\$ : #(Staby(2)/(£1)) = n},

where (as usual) Stabir(z) := {g € " : g(z) = z} denotes the stabilizer of z € $ with
respect to +I". Thus, since a point z € § is called an elliptic point on $ with respect to I'
if Stabyr(z) # {£1}, the number &, (I") represents the number of I'-inequivalent elliptic
points on $ of order n.

Proposition 2.28 IfI' is a congruence subgroup, then the dimension of S3(I") is given
by the formula

: pd) e () ooo(l)
(2.26) dim So(I) =gr =1+ 3 T4 3 "9

where, as before, pu(T') = [T'(1) : £ and 05 (T) = #cusps(T).
Proof (Sketch). The map f +— w; = f(z)dz defines an isomorphism
wr . SQ(P) = Ql(XF)
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from the space of weight 2 cusp forms on I' to the space of holomorphic differential forms
on the compact Riemann surface Xr; cf. [Sh], p. 39. Now by the Riemann-Roch Theorem
we have dim¢ Q'(Xt) = gr, where gr denotes the genus of the compact Riemann surface
Xr; cf. [Sh], p. 36. By using the Riemann-Hurwitz formula, one finds that the genus of
Xr is given by formula of (2.26); cf. [Sh], p. 23 or [Mi], p. 113.

Remark 2.29 (a) For any k£ > 2, one can express dim M (I") and dim Sg(I") in terms of
the genus of X1 and the invariants eq, 3 and o; cf. [Sh], p. 46, or [Mi], p. 60. However,
no formula is known for £ = 1.

(b) For I' = I'(N) and N > 2 there are no elliptic points on I', i.e. e5(I'(N)) =
e3(I'(N)) = 0. Thus, by (2.26) and (2.19) the formula for the genus of Xp(yy becomes

aron =) (37) +1

From this, together the results in [Sh], pp. 46-47, the explicit formulae of Remark 2.24(d)
follow immediately.

(c) Similarly, the group I' = I'1 () has no elliptic elements for N > 4, but the number
of cusps is given by a more complicated formula; cf. [Mi], p. 111. If N = p > 5 is a prime
then oo =p — 1 and p = 3(p* — 1), and so we obtain

grip) = 1P = 1)(p—11) + 1.

(d) On the other hand, the group I' = I'y (V) usually does have elliptic elements. The
numbers £5(I"), e3(I") and 0 (") are known explicitly (cf. [Mi], p. 108), but they more
complicated than those of I'(V) since they depend on the Legendre symbol of the primes
dividing N.

For example, if N = p is an odd prime, then e, = 1 + (%), g3 =1+ (%3) and
000 = 2 (cf. [Mi], p. 108) and so (since u = p + 1) we obtain

2] if p# 1 (mod 12)
o= B 21 i p=1 (mod 12)

In particular, we see that gr,e) ~ & as p — oo.

Example 2.30 (a) For I' = I'y(11) we see from the genus formula of Remark 2.29(c)
that gr = 1, and hence dimc Sy(I'9(11)) = 1 by Proposition 2.28. Now the function
g9(z) =n(z)n(11z) € S5(To(11)) (cf. [Kol, p. 130), and so Se(I'g(11)) = Cn(z)n(11z2).
More generally, for any N|12, N > 1 we have Si(I'o(N — 1)) = C(n(2)n((N — 1)2))*,
if k= 23; cf. [Sh], p. 49.
(b) For any N|12, we have Sy (T'(N)) = Cn(z)%, if k = 2; cf. [Sh], p. 50. In particular,
S1(T'(12)) = Cn(z)?, so n(z)? is a cusp form of weight 1 (and of level 12).
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2.3 Hecke Operators

As we saw in Chapter 1, the Hecke operators T;, and the resulting Hecke algebra T played
a fundamental role in the theory of modular forms of level 1. The same is true of higher
level, except that the theory is somewhat more complicated.

The Hecke operators T, are special cases of a slightly more general class of operators
T(c). To define these, let T'; and 'y be two congruence subgroups and let o € GL3 (Q).
We then define the linear map

Tr,ry (@) « My(T'1) — M(T'2)

by the rule
FIeTr, r (@) = (det ) e, r, (fra),

where I', = I'; N a T and where the trace map tr = trr, r, : Mg(Ly) — My(Ds) is
defined by the formula

(2.27) e, (f) = Y flvi € Mp(T2), for f € My(Ts).

’inFa\FQ

(Note that the right hand side of (2.27) is independent of the choice of the coset repre-
sentatives {~;} of I',\I's.) In other words, the map T'(«) = Tt, r2(«v) is defined by means
of the following commutative diagram (in which d = det(a)*/?~1):

My(alaa™t) 2% a1,

T ld~tr
M) T ()

Remark 2.31 (a) The operator 1, r,(a) only depends on the double coset I';al’y de-
fined by a. More precisely, if I'yal'y = Ul is any decomposition of I'jal's into I'i-
cosets, then we have the formula

(2.28) [ileTr, (@) = (det @)**71 Y ™ filya,  for all fi € My(Ty).

[Indeed, we see easily that the right hand side of (2.28) does not depend on the choice
of coset representatives {c;}, and hence (2.28) follows because I'ial'y = UTyay; if Ty =
Uls; cf. [Sh], p. 51.] Thus, Tt, r,(«) coincides with the operator [I';al's]; defined by
[Sh], p. 73. (Note that Koblitz[Ko] (p. 166) does not include the factor det(c)*/?~! in his
definition of [['yal's]g.)

(b) The following properties of T'(«t) = Tr, r, () are easily verified; cf. [Sh], p. 73ff or
[Kol, p. 165ff:

1) If c€ Q and ¢ > 0, then T'(ca) = * 2T ().
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2) If f e Sp(I'1), then f|xTr, r,(a) € Sp(T's).

3) If @ € Ny, (I), then f|pTrr(a) = flro.

3) If &« € Ngp,(q)(T), then for all 3 € GL; (Q) we have f|,Trr(afB) = (flxa)|xTr.r(3)
and f’kTF,F(ﬁa) = (f’kTF,F(ﬁMkOé-

4) The composition T, r, () o It r, () of two such operators is computed as follows.

Write .
([1al)(I50Ts) = JTils,

and let n; = #{[20; : T20; C TyB8T3 N Tea'T7;} denote the number of left cosets in
5603 N Tya'T'yy;. Then we have (cf. [Sh], p. 74 and pp. 51-52):

(f1eTr, r (@) |eTr, 05 (8) = Y i f 1Ty 1y (7:)

We now specialize to the case I'y = 'y = I'1(N) and write ' = T';(N). lf n=pisa
prime, then the Hecke operator T, (or T'(p)) is defined by

T,=T(p) = Trr(a,), where (as before) o, = (1 0).

0p

More generally, for an arbitrary positive integer n define as in [Sh], p. 70,

Tiw=T(,n)=Trr(am) and T,=T(n)= Y  Trr(a),

Tal'CA/,

where A/ = {a = (¢ Z) € My(Z) : deta=n,a=1(mod N),c =0 (mod N)}. Note that
this definition agrees with the previous one when n = p is a prime because A} = I, I';
cf. Proposition 2.32(f) below.

In addition to the T},’s, it is also useful define the operators 7T,,,, = T'(n,n) by

Thn=T(n,n)="Trr(no,), if ged(n,N)=1;

cf. [Sh], p. 72. Here o, € I'o(N) is as in the proof of Proposition 2.25, i.e.

o = ( "01 2 ) (mod N).

The Hecke operators T,, satisfy the following fundamental properties:

Proposition 2.32 (a) If m and n are coprime, then T, =T, 0 Tp,.
(b) If p|N, then T, = (T,,)".
(c) If pt N and r > 2, then Ty = Tyyr—1T), — pTyr—2T), .
(d) If ged(a, N) = 1, then the operators T,, and T, , commute.
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(e) For any positive integers m and n the operators T,, and T,, commute, and we have

T.oTw= > dTsiTpne

d|(m,n)
(d,N)=1

(f) If n is squarefree, then T,, = Ty ,,. More generally, for any n > 1 we have

T, = E TadTnyae-
d?n
(d,N) =1

Proof. (a) — (d): [Ko], p. 156; (e): [Sh], equation (3.3.6), p. 71.
(f) Let A; = {(¢ 3) € Al ged(a, b, c,d) = 1}. Then one easily sees (cf. [Ko|, Lemma,
p. 167) that A* = I'a,,I', and so we obtain the double coset decomposition

ANy= | doude= |J Tdosagel,
d?n d?n
(d,N) =1 (d,N) =1
from which the assertion follows.

Remark 2.33 (a) The above properties (b) — (d) may be summarized by following
formal identity:

> T == Tp ) [ = Top™ + Tppp' )7
n=1 p|N PN

(b) Since 0, € Ngp,@)(I'1(V)), it follows from the definition and the properties of
Remark 2.31(b) that

(2.29) fl6Tnn = n"2f|ron, forall f € Mu(Ty(N));

in particular,
f|an,n = nk72X<n)f> for f € Mk(N7 X)

Thus, since Hecke operator T, commutes with T, ,, (cf. Proposition 2.29(d)), it follows
that T, maps My(N, x) into itself. Indeed, if f € My(N, x), then

(f|kTm)|0n = n2_k(f|kTm)|an7n = n2_k(f|an7n)|k’Tm = X(n)f|kTm7 v(”? N) = 17
and so f|xT,, € Mi(N, x).

We now examine the effect of the Hecke operators on the g-expansion of modular
forms f € My(I'y(N)). For this, we first introduce the following operators U,, and V,, on
formal power series:
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Notation. If f = > a,q" € C|[q]], then put

me = Zanqmn and Umf = anqn/m’

where the second summation is only over those n which are divisible by m. Thus

Uf=Vvif=U,V,.f =f, whereas V,U,f = Z anq".
mln
Note that if f(z) = > a,g", where ¢ = ¢*™, then we have (for any integer k)

m—1

(230)  Viuf(2) = flmz) =m 2 lefn and Unf(z) =53 f (57).

J]=

To determine the effect of 7}, on modular forms f € M (I'1(NNV)), it enough to find an
expression for f|,T}, with f € My(N, x) since by Proposition 2.25 every f € My(I'1(N))
is the sum of f;’s with f; € My(N, x;).

Proposition 2.34 If f = > a,(f)q" € Mi(N,x), then the n-th Fourier coefficient of
flkT, for a prime p is given by

Cln(f|kTp) = apn(f) + X(p)pk_lan/p(f>a
where x(p) = 0 if p|N and a,), =0 if ptn. Thus
I, =Up + X(p)pk_lv;a on My(N, Xx).

More generally, for any positive integer m we have

(231) an(f‘kTm) = Z X(d)dkilamn/ﬁ(f)a an Z 07
d|(m,n)
and hence
(2.32) T =Y x(d)d" Vo Una on My(N,x).
dlm

Proof. [Ko|, p. 161-163, or [Sh], equation (3.5.12), p. 80.

Remark 2.35 By comparing the above formula with that of Proposition 1.25, we thus
see that in the case of level N = 1 the Hecke Operator T,, defined here coincides with
the one defined in §1.5.

Hecke observed that many of the interesting modular forms are eigenforms for all the
Hecke operators T,, and that these enjoy some remarkable properties.
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Proposition 2.36 Suppose that f € My(T'1(N)) is an eigenform with respect to all the
operators T,,, i.e. T,f = M\, f, for some \, € C, for alln > 1. Then f € My(N,x) for
some character x : (Z/NZ)* — C* and we have

an(f) = Mar(f), for allm > 1.

Thus, a1(f) # 0 unless f = c is a constant function.

Proof. By hypothesis, f is an eigenform under 7, and under Tg, and hence by Proposition
2.32(c) f is also an eigenform under T, if p { N is a prime. Thus, by (2.29), f is a
eigenform under the o,’s, for all primes p f N. By Dirichlet’s theorem on primes in
arithmetic progressions, the o,’s generate I'o(IV)/I'1(INV), and so f is an eigenform with
respect to I'o(N)/T'1(N). But this means that f € My(N, x), for some character y. This

proves the first assertion, and the other follows easily because A\,ai(f) = a1(A\.f) =
(2.31)

al(.ﬂan) = an(f)

Remark 2.37 If f is a T,-eigenfunction with ao(f) # 0, then the eigenvalue )\, is
completely determined by the character x (and by n), for we have A, = -, x(d)d*1;
cf. [Ko], p. 163.

Example 2.38 (a) Recall from Example 1.27 that the Eisenstein series Fj and the
discriminant form A are eigenforms of level 1.

(b) By the same argument as in Example 1.27, we see from Example 2.30(a) that
g(z) =n(z)n(11z) € S5(T'o(11)) is a T),-eigenform for all n because dime S5(I'9(11)) = 1.
More generally, for any k|24, k = 0(2), we have that Si(T'o(N —1)) = Cgy, where N = 2
and gi(2) = (n(z)n((N — 1)2))*2, and hence g, is a T)-eigenform for all n > 1.

As in the case of level 1, the Fourier coefficients of the g-expansion f(z) = >_ a,(f)q"
of an eigenform f € My(T'1(NN)) satisfy some rather remarkable identities, which are best
understood in terms of its associated Dirichlet series (or L-function):

L(f,s) := Zan(f)n_s, if f(2) = Zan(f)q”’ where g = 2Tz

n>1 n>0

Corollary 2.39 Suppose that f € M(N,x) is an eigenform with respect to all the Hecke
operators T,,. If f is normalized, i.e. if a1(f) = 1, then its associated L-function L(f,s)
has an Euler product of the form

L(f.s) = an(fin " =[Q = ap(Hp + x(p)p" 7).

Conversely, if f € My(N,x) is such that its Dirichlet series L(f,s) has an Euler product
of this form (for some a, € C), then f is a (normalized) eigenform with respect to all
T, ’s, and for each prime p we have a, = a,(f).
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Proof. Similar to Proposition 1.32; cf. [Ko], p. 163 or [Mi], p. 149.

Remark 2.40 In Theorem 1.35 we learned that the L-function L(f,s) of a modular
form f of level N = 1 has an Euler product if and only if it has an Euler product of
the above type. This, however, is no longer true for higher level N because the Euler
factors at the primes p|N may be quite complicated. Nevertheless, an analogous result
does hold for the Euler factors at the primes p t N; cf. Hecke[He], Satz 42.

For level 1 we found that the normalized T),-eigenfunctions form a basis of M (I'(1));
cf. Theorem 1.39. This is no longer true for higher level, as can be seen by examples.
However, we do have the following (partial) generalization:

Theorem 2.41 Let T C End(Sk(I'1(N))) denote the C-algebra generated by all Hecke
operators T,, with (n, N) = 1. Then Si(I'\(N)) has a basis consisting of T’-eigenforms.

The proof of this result is very similar to that of Theorem 1.39: we observe that if
(n, N) = 1, then the Hecke operator T;, commutes with its adjoint 7)F which defined via
the Petersson scalar product on Si(I'):

Notation. If f,g € Sg(T"), then

(2.33) (foor= | f(2)g(z)y" 2 dzdy
o

is a (positive definite) hermitian pairing on Si(I") called the Petersson pairing.

Remark 2.42 (a) If £ = 2, then via the identification wr of (the proof of) Proposition
2.28, this pairing coincides (up to a constant) with the usual hermitian pairing (wy,ws) =
fX w1 * Wy on Q(X) of the compact Riemann surface X = Xt; cf. Springer [Sp], p. 181.

(b) The above integral (2.33) still converges if we allow f € My (I") (but still require
g € Si(T)), and so the orthogonal complement Sy, (T')* = {f € M(T) : (f,g) = 0,Vg €
Si(I')} can be defined; cf. [Mi], p. 44. It can be shown that this space is generated by
Eisenstein series when k& > 3; cf. [Mi], p. 69.

Proposition 2.43 (a) If Ty = o 'T1a where a € GLy(Q) and f; € Si(T;), then

(2.34) (f1, falka™ D, = (filwer, fo)r,.
(b) If T'y < Ty and f; € Sk(I;), then
(2'35) <f17 f2>F1 = <tTF1/F2(f1), f2>F2'

Proof. See [Sh], p. 75 or [Kol, p. 171. (Note that [Ko| defines the Petersson scalar product
slightly differently.)
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Corollary 2.44 Let o € GL3(Q) and put o* = det(a)a™. IfT'; and Ty are two con-
gruence subgroups, then

<f1|kTF1,F2 (a)a f2>F2 = <f17 f2|kTF2,F1 (a*»l—‘u vfz S Sk(rl)v i=1,2.
Thus, Tr, r, (a*) is the adjoint of T, r,(a) with respect to the Petersson product.

Proof. Put I'y = 'y Na 'T'a and T'yr = allb,a™! = Ty Nalya™. Moreover, put
¢ = det(a)*?~1. Then by (2.35) and (2.34) we obtain

Cil<f1|kTF1,F2(a)7f2>F2 = <tTFa/F2f1’k047f2>F2 = <f1‘k057f2>ra = <f17f2’a71>ra—1
= <f1,t?“[‘ail/rl(fQIkOé_l»rl = c_1<f17f?‘kTFQ,IH(a*))FU

which proves the assertion.

We are now ready to prove Theorem 2.41. For this, we shall prove the following
slightly more precise result.

Proposition 2.45 If (n,N) = 1, then the adjoint T of T,, on Si(T'1(N)) is 0, T, i.e.
we have

<f|anag> = <fag|o-7:1Tn>7 f07“ all f7g € Sk(rl(N))

Thus, the algebra T’ is x-closed (i.e. T € T' = T* € T') and hence Sk(I'1(N)) has a basis
consisting of T'-eigenforms.
Proof. Since o, = na;' = (7)) = 0, e, (mod N), we see that o = o}, ‘a7, for some

v € I'(N), and so by Corollary 2.44 we have T}, = T(a};) = T(0, 'ay) = T(0, )11, the
latter by Remark 2.31(b), property 3’). Thus, by Proposition 2.32(f) we obtain

Ti=) Tyelia= ) Tdog \T(0,) ) Tine =T(0,") Y T(doa)Tine =0, ' T,
a2|n d2|N d2|N

where we used the obvious facts that T ; = T'((doq)*) = T'(do; ') and that T(da;l)T(ag/ldQ)
=T(do; oq) = T(c; )T (doy).

This proves the first assertion. Furthermore, since o, € T' for all (n, N) = 1 (cf. proof
of Proposition 2.36), and since o,,' = 7,,+, where n*n = 1 (mod N), we see that T € T’,
V(n,N) = 1. Thus, T’ is a commutative, *-closed algebra, and hence by linear algebra

Sk(T'1(NV)) has a basis of T’-eigenforms; cf. §1.5.3.

Remark 2.46 (a) If we specialize the above result to N = 1, then we obtain Theorem
1.39. Note, however, that while the Hecke operators T,, for level 1 are self-adjoint (cf.
Proposition 1.38), this is no longer true for higher level.

(b) As we shall see in the next section, Si(V,x) does not have in general a basis
consisting of T-eigenforms; i.e. the algebra T C Endc(Sk(I'1(N))) generated by all the
Hecke operators T;,, n > 1 is not semi-simple.
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(c) For any n > 1, the adjoint of T}, on Si(I'1(N)) is given by
(2.36) TF = wyTywy', where wy = (j(\)[ _01> :

Indeed, since wy (3 S)w]}l = (_ZN ’CQ/N), we see that wNocnwg,l = «a and that wy nor-

malizes 'y (V). Thus, the same argument as in the proof of Proposition 2.45 shows that
(2.36) holds.

Remark 2.47 For simplicity, we had restricted the above discussion of Hecke operators
to the case that I' = I';(/N); note that this also includes the case I' = I'g(N) because
M (To(N)) = Mg(N,1) (trivial Nebentypus character). In Shimura’s book [Sh], however,
one finds a more general treatment of Hecke operators which applies to all congruence
subgroups I' > T'(IN) which can be conjugated by (3, = (é (1)) to a group containing
[’y (Nt), for some t|N. For these groups, the study of Hecke operators can be reduced to
the corresponding study on I'y(Nt); cf. [Sh], p. 87.

For example, in the case of I' = I'(IV), we see that
BND(N)B =Tn :={(“}) e D1(N) : c = 0(N?)} > Ty(N?)

because By (¢ Z)ﬁ;,l = (“ b/N), and so the map B% : f +— f|xfn identifies My(T'(N))

cN d
with the subspace My(T'y) of My(T'1(N?)). This latter subspace can be decomposed as
a sum of certain Nebentypus spaces of level N?; in fact, we have that

(2.37) (Mi(N)[kBy = Mi(T'n) = @) Mi(N?, %) € Mp(T1(N?)),

where the sum runs over all Dirichlet characters ¥ mod N and x denotes the lift of x to
a character mod N2. (This decomposition is easily verified by observing that the map
By induces for each Dirichlet character y mod N a bijection

51*\7 : Mk(F(N)aX) = Mk(N27>~<)a

where My(T'(N),x) = {f € Sk(T'(N)) : flyou = x(a)f,Va € Zy} denotes the x-
eigenspace of M(I'(N)) under the natural action of Zy := (Z/NZ)* as a group of
automorphisms of Sg(I'(NV)) via a +— 0,.)

Therefore, by the above identification (2.37) we can then transport the theory of Hecke
operators to (V). For example, we define the Hecke operator Ty ™ on M (T(N)) by

FIRTR ™ = ((fleBn) W Ta) k8" i f € Mi(D(N)).

It then immediate that all the corresponding properties hold for the T (W),
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2.4 Atkin-Lehner Theory

In the previous section we saw that the T-eigenfunctions f € Si(I';(/V)) have many
interesting properties and raised the question of the existence of such functions. In the
case of level N = 1 we had already obtained a complete answer to this: the normalized
T-eigenfunction of Si(I'(1)) form a basis of the space; cf. Theorem 1.39 or Proposition
2.34. For higher level, however, this existence question is much more subtle, as we shall
see. Let us briefly review what we know so far:

1) If f € V= Sp(['1(N)) is a T-eigenfunction, then the associated T-eigenspace V,,
is 1-dimensional and contains a unique normalized T-eigenfunction; cf. Propo-

sition 2.36. (Here, as in (1.70), x5y : T — C is the character defined by
flkT = xs(T)f, VT € T.) Thus

#{f € Sp(T1(N)) : f is a normalized T-eigenfunction} = #T.

But in general V does not have a basis consisting of T-eigenfunctions, i.e. #’]T <
dimV, as as Example 2.51 below shows.

2) By Proposition 2.36 we know that V := Si(I';(/N)) does have a basis consisting
of T’-eigenfunctions, where T = (T,, : n > 1,(n,N) = 1) C End¢(V) is the
C-algebra generated by the Hecke operators T;, prime to the level. Thus we have

V=D V.

X/G'f[v
However, in general the eigenspaces V,y = {f € V: f|;,T = x'(T) f,VT € T'} are
not 1-dimensional.
This, therefore, raises the following problems and questions.

Problem 1. Describe the set of characters or, equivalently, describe the set of T-eigen-
functions of V = Si(I';(N)).

Problem 2. Describe explicitly the above decomposition of V into its T’-eigenspaces.
More precisely:

(a) Describe the set T’ of characters of T’;
(b) For each character x' € T, determine a basis for the T’-eigenspace V.

In 1970 A.O.L. Atkin and J. Lehner [AL] made the following remarkable discovery.
While it is not possible to find a basis of eigenforms for the whole of Si(I';(V)), one can
define a certain subspace SV (I'1(N)) C Sk(I'1(NN)) which does have such a basis, and
which has a natural complement S4(I';(N)) which consists of the forms “coming from
lower level”. (Actually, Atkin-Lehner only considered the subspace Si(I'o(NN)), and the
extension to Sg(I'1(/NV)) was later worked out by Miyake[Mil] and Li[Li].) As a result,
one obtains: (i) a complete answer to Problem 2; (ii) a satisfactory answer to Problem 1;
and (iii) a “canonical basis” of S(I'1(V)), of which only a part consists of T-eigenforms.

78



2.4.1 The Definition of Newforms

We begin by defining oldforms on I'y(N); these are modular forms which come from
lower level by “twisting” by the operator ;. For this, we first note that for any positive
divisors M|N and d|& we have I't(N) < 8;'T'1(M)3, (cf. (2.3)), and hence the rule

(2.38) fo= fTran ey (Ba) = 7 fleBa = d¥ ) an(f)g™

defines an injective linear map

B = Tr, s (v (Ba) = Sp(T1 (M) — Si(T1(N)).

Definition. The space of oldforms or old subspace is the space spanned by all forms
flkBa for dM|N, M # N and f in S(I'y(M)):

ST (N)) = Z Se(T1(M))x J(\J4V¢)1

dM|N,M#N

The space of newforms or new subspace is the orthogonal complement of the old subspace
with respect to the Petersson inner product,

SE(Di(N) = SPUTL(N)

Thus
Se(T1(N)) = ST (N)) @ Spe¥(T1(N))

As we shall see, this direct sum is a decomposition of T-modules, where T = Ty C
End(Sk(I';(N))) is the Hecke algebra of level N i.e. the C-algebra generated by the Hecke

operators T, = T\ € End(Sk(I';(N))), for all n > 1. Note that one has to be careful
about the level N, for the actions of the algebras Ty and Tj; are not completely com-
patible (cf. (2.44) below). Nevertheless, we do have the following (partial) compatibility
relation:

Proposition 2.48 IfdM|N andn is an integer which is coprime to N, then the following
diagram commutes:
(M)

Se(Ti(N)) == Se(I'i(N))
(2.39) Bara T T Bara

(M)
Se(T1(M)) == Sp('1 (M)
Proof. Let f € Si(M,x). Then f|x84 € Sk(N, X), where x is the lift of x : Z/M7Z — C*
to Z/NZ, and so, by (2.32) (and (2.30)) we have
ST Ba = ZX(t)tk_ldgvthUn/t(f) and fl,Bals T = Zi(t)tk_ldgthn/tVd(f)-
t|n t|n

Now since (d,t) = 1 for all t\n we have that UtVd VaUy (and also ViV = V,V,, as well
as x(t) = x(t)), and so f|kT |kﬁd f\kﬁd\kT( from which the assertion follows.
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Remark 2.49 (a) It follows from (2.39) that S¢4(T;(N)) is stable under the Hecke
algebra T = T’y generated by Hecke operators Tn(N), for (n, N) = 1, and hence the same
is true for SV (I'1(IV)) because T’ is *-closed (cf. Proposition 2.45). In fact, as we shall
see later (cf. Remark 2.57(c)), both S¢!4 and SP° are stable under the full Hecke algebra,
T, but this fact is more subtle.

(b) If we take d = 1 in the above proposition, then (2.39) shows that M s the
restriction of T3™ to S(T1(M)) C Sp(T1(N)), provided that (n, N) = 1. (If (n, &) >1,
then this assertion is often false, as equation (2.44) below shows by taking n = p|N.)

Note that the above is an analytic definition of the space of newforms (since it uses
the Petersson product). However, this space can also be defined algebraically, either in
terms of the algebra T’ as in Corollary 2.55 or, more directly, by using the degeneracy
operators Dy g and Dy, ; € Ende(Sk(T'1 (V) which are defined as follows.

Notation. Let M, d > 1 be integers such that dM|N, and let f € Sp(I'1(NV)). Put

fleDara = dk/2_1(tTF1(N)/F1(M)(f))’kﬁdu f|kD}k\/[,d = dk/2_1(tTF1(%,d)/F1(M)(f))lkad7
where T (¥, d) = a7'T1(N)ag = {(g) €SLy(Z) :x =w=1(N),dly, ¥|2}.
Proposition 2.50 We have

(240) Sp(Ti(N) = Y Im(Dyra) and Si(Ty(N)™™ = () Ker(Dj ).

dM|N dM|N
M #N M#N

Proof. We first observe that
(2.41) Dyra = Buao (Bara)* and Dy g = Bari o (Bara)”

where ((u,4)" denotes the adjoint of Gy q = 6](\]42 with respect to the Petersson product.
Indeed, since B @ Sk(I'1(M)) — Sk(I'1(V)) is just the canonical injection, we have by
(2.35) that B3, = trr,(vyr, ), and so the first formula of (2.41) is clear. Moreover,
since 33 4 = T(8*) = T, (wv),r, () (va) by Corollary 2.44 and since I'y (M) Ny 'T1(N)ag =
Iy (M)NT(5,d) =T1(%, d) because M|Z, the second formula of (2.41) follows.
Since Im((Bar1)*) = Sp(T1(M)) (because tr(g) = [['1(M) : T'1(N)]g, for g € Sk(G1(M))),

the first formula of (2.41) shows that Im(Dys4) = Im(5a,4), and so the first equation of
(2.40) is clear. Moreover, since (2.41) shows that Dy, ; is the adjoint of Dy 4, we obtain:

f€Su(Ti(N)™ < (f,glkDma) =0, Vg€ Se(I't(N)), VAM|N, M # N,
& (flkDiag) =0, Vg€ Su(T1(N)), YdM|N, M # N,
& f|kD7\/[’d:0, VdM|N, M # N,

which proves the second formula of (2.40).
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Before stating the main theorems of Atkin-Lehner theory, it is perhaps useful to work
out the following example which illustrates the basic difficulty with the action of Hecke
operators on oldforms.

Example 2.51 Let f € Sp(I'o(M)) = Si(M,1) be a normalized Tp-eigenform and
suppose that p{ M is a prime. Fix r > 3 and put N = p"M. Then the space

Sy ={f(2), f(p2), f(p°2),..., (P 2)) C Sp(To(N))

is stable under the Hecke algebra Ty C End(Skx(I'o(N))) but Sy does not have a basis of
eigenforms under Ty.

To see this, write f;(2) = f(p’z) = Vi f = p %2 f|4B,, for 0 < j <r. If (n,N) = 1,
then by (2.39) we have

(2.42) £k TN = p ¥ 2 T By = p 7" 2 a0 () By = an(f)fj, for 0<j <.

Furthermore, by (2.32) we have TZSN) =U,, so

(2.43) TN f = fioq, for1<j<r.

On the other hand, since f is an eigenfunction of TZSM), we have f |kTI§M) = a,f, where
a, = a,(f). Now by (2.32) we have f|kTZSM) = U,f +p" WV, f = fi T™) + p*=1f,. Thus
we obtain

(2.44) FITN) = fR T = fr = ap f — P s
in particular, f| kTISN) #+ f |kTZSM) and f is no longer an eigenfunction with respect to
™.

From equations (2.42)—(2.44) we see that Sy is a T y-submodule, and that the matrix
of Tp(N) with respect to the basis fo = f, fi,... f, is

ay 1 O ... ... 0
—pF=t 0 1 0 ... 0
0 0O 0 1 ... 0
0 R (N |
0 0 0

Thus, the characteristic polynomial of T\ on S; is ch(z) = 2" (22 — a,z + pF~t) =

2"z — a)(z — 3) and so the T\ eigenfunctions are precisely the scalar multiples of

the functions fy — a,f1 + p* ' fa, fo — Bf1 and fo — afy (with eigenvalues 0, a and J3,

respectively). We thus see that if » > 3, then ngN) is not diagonalizable on Sy, i.e. Sy
. (N)__. :

does not have a basis of T, ’-eigenfunctions.
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2.4.2 Basic Results

In this section we shall present the main results of Atkin-Lehner Theory which give a
satisfactory answer to the basic questions raised at the beginning of this section. As we
shall see in the next subsection, most of these results are direct consequences of the Main
Theorem 2.58 of Atkin-Lehner Theory which will presented later.

Since in the sequel we shall frequently deal with modular forms of (fixed) weight &
with varying level N, it is convenient to introduce the abbreviation

Vi = Sk(T'1(N)).

Definition. If f € V3"V is a T'-eigenform with a;(f) = 1, then we call f a normalized
newform of level N. The set of all normalized newforms in Vy is denoted by N (Vy).

Theorem 2.52 Fach f € N(Vy) is a T-eigenfunction, and hence N (Vy) is a basis of
VY consisting of T-eigenfunctions. Thus VY is a T-module and #N (Vy) = dim VeV,

Thus, we see that we have a rich supply of T-eigenfunctions. While this result doesn’t
classify all the T-eigenfunctions, it gives a satisfactory answer to Problem 1 above in the
sense that it classifies all the eigenfunctions which do not come from lower level.

We now turn to Problem 2, i.e. the classification of the T’-eigenfunctions. For this,
let us introduce the following notation.

Notation. For any M|N and f € N(Vy), let
Sy(N) = S¢(Vw) Z CfleBa = @ CflwBa;
d|N/M dIN/M
clearly dim Sy(N) = 0o(2%) = number of divisors of . Furthermore, we let
N (Vy) = [ N(Vu)
M|N
denote the set of normalized newforms of all levels M|N.

It is clear from the definition and Proposition 2.48 that every f € N*(Vy) is a T'-
eigenfunction. If X/f € T’y denotes the associated character, then is clear from Proposition
2.48 that every g € Sy(N) is a x/j-eigenfunction, i.e. that Sy(N) C (Vi ),,. We now have:

Theorem 2.53 (Atkin-Lehner Decomposition) For each f € N*(Vy), the space
S¢(N) is the X';-eigenspace of Vy, i.e.

Sy(N) = (V)

and hence S¢(N) is also a T-module. Furthermore, the map f +— X} induces a bijection

N*(Vy) = ']Aﬁv, and hence we have the T-module decomposition

(2.45) =P P sV = p s

M|N feN (Var) FEN*(Vy)
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Remark 2.54 (a) The decomposition (2.45) shows that the set
B(Vw) = {flsfa: f € N(Va), MIN, d|57}

is a basis of V. Thus, V has a “canonical basis” consisting of normalized newforms of
all levels, together with certain “twists” of these with respect to the operators (34, d|N.

(b) Note that in general not every function in B(Vy) is a Ty-eigenfunction. For
example, f|B; can never be a Ty-eigenfunction if d # 1 because we have a,(f|54) = 0
if d # 1. Moreover, even if d = 1 but f € N(Vy), M # N, then f need not be a
T n-eigenfunction, as is evident in the situation of Example 2.51. On the other hand, if
M # N has the same prime divisors as N, then f € N (V) is a T y-eigenfunction.

(c) For every f € N*(Vy), the space S¢(N) contains at least one T y-eigenfunction;
in other words, the restriction map x — x|T’ defines a surjection

i ™/

[To see this, note that first we have a canonical bijection between the set of characters T
and the set max(T) of maximal ideals of T (via x — Ker(y)), and the same is true for T
Since every maximal ideal of T’ is contained in a maximal ideal of T (by the Going-up
Theorem of Commutative Algebra), every character of T’ lifts to a character of T.]

(d) In general, the above map T — T’ is not injective, for there may be several T y-

eigenfunctions contained in a single T’y -eigenspace S¢(INV), as we already saw in Example
2.51.

As an application of the above result, we also obtain the following algebraic charac-
terization of the newspace V.

Corollary 2.55 The space V3V is the sum of the eigenspaces of Ty whose eigenchar-
acters occur with multiplicity one, whereas the space V9 is the sum of the eigenspaces
whose eigencharacters appear with multiplicity greater than one.

Proof. By Theorem 2.53 we know that every T’-eigenspace is of the form Sy(N), for
some f € N(Vy), M|N. Since dim S¢(N) = oo(N/M), we see that dim S¢(N) =1 <
N=M<% feN{Vy) < SiN)C V", On the other hand, if dim S¢(N) > 1, then
SH(N) C V4, and so the assertion follows from the decomposition (2.45).

Corollary 2.56 Fach f € N(Vy) is a (Ty U Ty)-eigenform, where Ty, = {T* €
End(Vy) : T € Ty} is the subalgebra consisting of all adjoints of Ty. Thus we have

(2.46) fleTr = an(f)f, foralln > 1.
Moreover, if f*:= 3" o1 an(f)q", then f* € N(Vy) and we have
(2.47) flxwn =cf*,  for some c € C*.

In particular, wy maps Vi (and V2 ) into itself.
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Proof. Since Tn(N) is *-closed, we see that Ty(N) C Ty N Ty. Now since Ty is
commutative, so is T%;, and hence T commutes with Ty (N), if T € Ty. Thus, f|T™ is in
the T n(V)-eigenspace of f, and so by the Multiplicity-One Theorem we have f|T* = crf,
for some ¢p € C. This proves the first statement.

Thus, f|T;} = ¢, f, for some ¢, € C. Since also f|T,, = a,(f)f, we obtain ¢,(f, f) =

1T, £y = {1 Ta) = (fran(£)f) = an(f)(S, f), and so ¢, = an(f). Thus, (2.46) holds.
To prove (2.47), we first recall that wy normalizes I'1(IV); cf. Remark 2.46¢). Fur-

thermore, since By wnBy = wir, YM|N, we see that wy maps Vyoud into itself, and
hence also V2%V = (Vo)L because wi = —wy. Thus g := flrwy € V3. Furthermore,
since T* = wyT,wy' by (2.36), we obtain g|,T, = flawnTyp = fITFwn = an(f)flrwy =
an(f)g. This means that ¢ is a T-eigenform with T),-eigenvalue a,(f), and so (2.47)
holds with ¢ = ay(g); cf. Proposition 2.36. Thus f* € V3" is a T-eigenform, and hence
f*eN(Vy).

Remark 2.57 (a) Note that while the algebra (Ty, T%) generated by Ty and T, is *-
closed, it is not commutative in general, for otherwise Vy would have a basis consisting
of T-eigenforms.

(b) Tt is immediate from Corollaries 1 and 4 that V3" and V¢ are Ty-modules as
well as T -modules.

2.4.3 The Main Theorem

The key for the proof of the Atkin-Lehner theorem is the following Structure Theorem
2.58 which, for a given integer D, analyzes the space

Vn(D)={f= Zanqn € Vy:a, =0 forall n with ged(n, D) =1}.

Clearly, Vy(D) = Vy(rad(D)), i.e. V(D) only depends on the radical rad(D) =[], p
of D, and we have V(D) C Vy(D'), if D|D’. Also, we observe that by equations (2.30)
and (2.38) we have for any D > 1

(2.48) 3V (D) € Vy(dD),  if dMI|N.

Furthermore, if, as above, Tn(D) C Ty C End(Vy) denotes the subalgebra generated

by all the Hecke operators Ty, for (n, D) = 1, then it follows from (2.32) that V(D)
is a Tn(D)-module if D'|D; i.e.

(2.49) VN (DT C Vn(D'), if T € Ty(D) and D'|D.
The following theorem is the “Main Theorem” of Atkin-Lehner theory.

Theorem 2.58 (Structure Theorem) We have Vy(ND) = Vy(N) C V4, for any
D > 1. More precisely,

VN(ND) = B Vnp(N).

p|N
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Before sketching the proof of this theorem in the next subsection, let us deduce its
most important consequences. An immediate corollary is the following.

Corollary 2.59 If f € Vi is a Tn(ND)-eigenform for some D > 1 and ay(f) = 0, then
f €VN(ND) C V. Thus, if 0 # f € V3V is a T(ND)-eigenform, then ay(f) # 0.

Proof. 1If (n, ND) = 1, then by (2.31) we have a,(f) = A\a1(f) =0,s0 f € Vy(ND) C
V{4 by the Structure Theorem 2.58.

Definition. If f € V3¢V is a T(N)-eigenform with a;(f) = 1, then we call f a normalized
newform of level N. The set of all normalized newforms in Vy is denoted by N (Vy).

Corollary 2.60 V'V has a basis consisting of normalized newforms.

Proof. By Remark 2.49a) we know that V"V is a Tn(/N)-module, and so Proposition
2.45 shows that V3" has a basis fi, ..., f. consisting of T(N)-eigenforms. By Corollary
1 we have a;(f;) # 0, and so if we put f; = f;/a1(fi), then fi,..., f, is a basis consisting
of normalized newforms.

In fact, it turns out that N (Vy) itself is the unique basis consisting of normalized
newforms. This and much more follows from the following fundamental result.

Theorem 2.61 (Multiplicity-One Theorem) Let f,g € Vy be T(ND)-eigenforms,
for some D > 1. If f # 0 and g have the same eigenvalues, i.e., if

fl«T =arf, g|sT =arg forall T € T(ND),
and if f € V¥V, then g = cf, for some c € C.

Proof. Since ay(f) # 0 by Corollary 1, we may assume without loss of generality that
aq (f) =1.

Write g = ¢g°4 + g™V, Since T(N D) preserves the old and new subspaces (cf. Remark
2.49), the equation g|;T = ag, with T' € T(N D), implies that

gOld|kT — agold and gnew‘kT — agneW’

and hence both ¢g°'¢ and ¢g"°" have the same T(N D)-eigenvalues as f.

Now the form h = ay(g)f — g™V € V¥V is a T(N D)-eigenform with a,(h) = 0, and
so by Corollary 1 (of Theorem 2.58) we have a;(g)f — g™ € V4, which implies that
g = cf with ¢ = a4(g).

It remains to show that ¢°'¢ = 0, so that c¢f = g, as claimed. For this, note first that
it follows (by induction) from the definition of the old and new spaces that we can write

(2.50) Vy= > BVi¥ and Vy'= > Vi
M|N M|N
d| & M#N
d| 37
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Thus, we have ¢° = Y g; with ¢; € B3 Vi’ Now the space Vi has a basis of
T s, (M;)-eigenforms (cf. Corollary 2). Since these are also T (N D)-eigenforms, we can
express ¢° in the form ¢4 = " k| ka;, where each h; € V¥ is a T(ND)-eigenform
with the same eigenvalues as ¢4 and therefore, as f. Then k; := ay(h;)f — h; is a
T(N D)-eigenform with a;(k;) = 0, and so k; € V3¢ by the above Corollary 1. Thus
ay(h;)f € V2 Vol = {0}, so ay(h;) = 0. But then Corollary 1, applied to h; € Vi’
shows that h; = 0, and so ¢°'4 = 0, as claimed.

Corollary 2.62 If f € ViV = Sp™(I'1(N)) is a T(ND)-eigenform, then it is an eigen-
form under the full Hecke algebra T, and f = cg, for some g € N (Vy). In particular,
N(Vy) is a basis of ViV consisting of T-eigenforms, and hence VY is a T-module.

Proof. By the Multiplicity-One Theorem 2.61, the T(N D)-eigenspace of f has dimension
one. Now for any 7' € T, f|T is a T(N D)-eigenfunction in the same eigenspace as f, since
T is a commutative algebra. Thus, f|T" must be a constant multiple of f, i.e. f|T = cf,
so f is a T y-eigenform. Moreover, a;(f) # 0 by the above Corollary 1 (of Theorem 2.58),
and so g = f/a1(f) € N(Vy).

Now by Theorem 2.61 again, any two elements of N'(Vy) belong to different T(N)-
eigencharacters, and so N (Vy) is a linearly independent set. Thus, N (Vy) is a basis of
V™ since we already know by Corollary 2 above that N (Vy) generates VAT™.

Corollary 2.63 If 0 # f € Vy is a Ty(ND)-eigenform, then there exists a divisor
M|N and a normalized newform g € N (V) which has the same Ty (N D)-character as

f.

Proof. Let x : T(ND) — C* denote the character defined by f, i.e. f|T = x(f)f VT €
T(ND). Now since each term in the formula (2.50) for V4 is a T(N D)-module, we
see that x has to appear in some F3Vi¢" for some dM|N, M # N, and hence also in
WY ~ BrVReY. Thus, there is a non-zero T (N D)-eigenform g € V3% with ¢|T = x(T')g,
for all T € T(ND). By Corollary 1, g = ch is a scalar multiple of some h € V37", and so
the assertion follows.

Corollary 2.64 The space V™ is the sum of the eigenspaces of Ty(N D) whose eigen-
characters occur with multiplicity one, whereas the space V< is the sum of the eigenspaces

whose eigencharacters appear with multiplicity greater than one.

Proof. By Theorem 2.61, each T(N D)-eigenspace of Vi?" is one-dimensional. On the
other hand, if y : T(ND) — C is a character which appears in V34, i.e. there is an
f € V4 such that f|T = x(T)f, VT € T(ND), then by Corollary 2 thereisa g € N'(Vy,),
M|N, M # N, with character x, and then g|By/n and g are two linearly independent
forms in V{4 with the same character x.
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Corollary 2.65 FEach f € N(Vy) is a (Ty U Ty)-eigenform, where Ty = {T* €
End(Vy): T € Ty} is the subalgebra consisting of all adjoints of Ty. Thus we have

(2.51) fleTr = an(f)f, foralln > 1.

Moreover, if f* =3 -, an(f)q", then f* € N(Vy) and we have
(2.52) flvwn =cf*,  for some ¢ € C*.
In particular, wy maps Vi (and V2 ) into itself.

Proof. Since Ty (N) is -closed, we see that Ty(N) € Txy N TY. Now since Ty is
commutative, so is T%;, and hence T commutes with Ty (N), if T € Ty. Thus, f|T™ is in
the T n (N )-eigenspace of f, and so by the Multiplicity-One Theorem we have f|T* = cr f,
for some ¢p € C. This proves the first statement.

Thus, f|T; = ¢, f, for some ¢, € C. Since also f|T,, = a,(f)f, we obtain ¢,(f, f) =

NNy, 1) = A Ta) = (f an(f)f) = an(f){f, f), and so ¢, = a,(f). Thus, (2.46) holds.
To prove (2.47), we first recall that wy normalizes I'1(IV); cf. Remark 2.46¢). Fur-

thermore, since BywnBy = war, YM|N, we see that wy maps Vyoud into itself, and
hence also V2%V = (Vo)L because wi = —wy. Thus g := flrwy € V3. Furthermore,
since T = wyT,wy' by (2.36), we obtain g, 15, = flrwnT), = fIT wn = an(f) flrwy =
an(f)g. This means that ¢ is a T-eigenform with T),-eigenvalue a,(f), and so (2.52)
holds with ¢ = ay(g); cf. Proposition 2.36. Thus f* € V3" is a T-eigenform, and hence
f* e N(Vy).

Remark. a) Note that while the algebra (Ty,T%) generated by Ty and T% is *-
closed, it is not commutative in general, for otherwise Vy would have a basis consisting
of T-eigenforms.

b) It is immediate from Corollaries 1 and 4 that V¥ and V9 are Ty-modules as
well as T -modules.

Notation. For any M|N and f € N(Vy), let

Si(N) = Sp(Vy) = > CflkBa = EP CrlkBa;
dIN/M dIN/M

clearly dim Sy(N) = 0o(47) = number of divisors of 2. Furthermore, we let N*(Vy) :=

Unrw NV (Var) denote the set of normalized newforms of all levels M|N.

It is immediate from equation (2.39) that every g € S;(NN) has the same T(N)-
eigenvalues as f, and hence is a subspace of the T(/N)-eigenspace defined by f. However,
the fact that S¢(N) is actually the full T(NV)-eigenspace seems to lie deeper, and requires
a further result, whose proof will be sketched in the next section.

Theorem 2.66 Suppose f € V¥V a Ty-eigenform and g € Vy is a (Ty U Th,)-
eigenform such that a,(f) = a,(g), for all (n,D) =1 (for some D > 1), then f = g and
N =M.
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Corollary 2.67 Let D > 1. For any f € N*(Vy), the space S¢(N) is the Ty(ND)-
eigenspace defined by f and hence

(2.53) =P P sV = g SN

MIN feN (V) FEN*(VN)

is the decomposition of Vy into distinct T(N D)-eigenspaces. Furthermore, each S¢(N)
is a Tn-module and a Ty -module.

Proof. First note that the decomposition (2.50), together with Corollary 1 of Theorem
2.61 (applied to all levels M|N), shows that Viy =3 \r () Sr(IV).

Next we observe that by (a slight generalization of) Proposition 2.45, V := V has a
basis consisting of T (N D)-eigenforms, or, equivalently, V has a (unique) decomposition
into T(N D)-eigenspaces V, := {g € V: g|T = x(T)g,YT € T(ND)}, ie. V=P V,,
where x : T(ND) — C runs over all characters of T(ND).

In addition, we note that for each f € N*(Vy) we have by (2.39) that Sy C V,,
where x; : T(ND) — C denotes the character defined by f ie. by f|T' = x;(T)f,
VT € T(ND). Thus we have

V= > Si(N)c ), foc@v

JEN* (V) JEN* (V)

and so all inclusions have to be equalities. In particular, for each character xy we have
Vi =321 ,=x S¢(N), where the sum is over all f € N*(Vy) such that x; = x.

However, the characters x; are all pairwise distinct because if x = x4, where f, g €
N*(Vy), then by Corollary 4 of Theorem 2.61, the hypotheses of Theorem 2.66 are
satisfied, and so f = g, as claimed. Thus, every character x is of the form x = xy,
for a unique f € N*(Vy), and each Sy(N) = V,, is a complete T(N D)-eigenspace.
Furthermore, the decomposition (2.53) holds.

Finally, to see that S;(N) is a T-module, let 7' € T. Since T' commutes with T(N D),
we have that f|T € V, = S;(N), and so Sy(N) is a T-module. Similarly, Sy(N) is also
a T*-module, as a variant of the proof of Corollary 4 above shows.

Corollary 2.68 Suppose that g € Vy is a T(ND)-eigenform for some D > 1. Then
there exists a unique divisor M|N and a unique normalized newform f € N (V) of level
M such that f and g have the same T(N D)-eigenvalues.

Proof.  Since (2.53) is the decomposition of Vy into distinct T(NN D)-eigenspaces, we
have that g € S;(N), for a unique M|N and a unique f € N (V).

Corollary 2.69 Let f € V. Then f is a normalized newform (of level N ) if and only
if fis a Ty UTy-eigenform.
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Proof. If N(Vy), then f is a (Ty U T4 )-eigenform by Corollary 4 of Theorem 2.61.
Conversely, if f is a (Ty U Ty )-eigenform, then by Corollary 2 we have f € Sy(N), for
some g € N(Vy), with M|N. By Theorem 2.66 it then follows that f = g and M = N,
so f € N(Vy).

Corollary 2.70 Let f € V. Then f is a normalized newform (of level N) if and only
if f and flwx are both T n-eigenforms.

Proof.  Since f is a T*-eigenform if and only if f|lwy is a T-eigenform (cf. proof of
Corollary 4 of Theorem 2.61), Corollary 4 is just a restatement of Corollary 3.

Remark. Note that the decomposition (2.53) shows that the set

Bvy) = U {flrBatg

M|N feN (Var)

is a basis of Vy. Thus, Vy has a “canonical basis” consisting of normalized newforms of
all levels, together with certain “twists” of these with respect to the operators B4, d|N.

2.4.4 Sketch of Proofs

We now sketch the main ideas of the proofs of Theorems 2.58 and 2.66, following (in
part) the presentation given in Lang[La], pp. 126-137 and Miyake[Mi], pp. 153-175.

Step 1. V(DN) = V(N), for all D > 1.
The proof of this step uses the following results.

Lemma 2.71 (Hecke) If (d,N) =1, then M(T'\(N)) N My(T'y(N))|xBs = {0}.

Proof. This is a special case of Miyake[Mi], Lemma 4.6.3; cf. also Lang[La|, proof of
Theorem 4.1.

Lemma 2.72 If f is a homomorphic function on $) such that f(z+1) = f(2) and such
that flxBs € Mp(T'1(N)), for some d > 1, then f € Mg(T'1(N))

Proof. [Mi], first part of proof of Theorem 4.6.4.

Lemma 2.73 If f = 3> an,q" € My(N,X), then fip) := 3, py=1 @nq" € Mx(ND?, x),
for any D > 1.

Proof. [Mi], Lemma 4.6.5.

Remark. a) If f €V, then by definition f € V(D) & fv) = 0.

b) For any prime p we have f — fi) = Zp‘n an(f)g" = h|xB,, where h is a suitable
power series in q.
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Proof of Step 1. By definition, V(N) C V(N D). Suppose that the inclusion is proper, i.e.
that there exists f € V(ND)\V(V). Then fnvpy = 0 but fn) # 0, so there exists a divi-
sor D1|D and a prime p { N D; such that g := fvp,) # 0 but g = f(vp,p) = 0. Thus g =
9—9(p) = h|Bp, for some power series hin . Now g € Si(I'1(ND3)) by Lemma 2.73, so also
h € M(T1(ND3?)) by Lemma 2.72. But then g € My (I'y(ND3?))capMy(T'1(ND?))|3, =
{0} by by Lemma 2.71 (since p { ND3?), contradiction. Thus, no such f exists, i.e.
V(ND) = V(N).

Step 2. For all primes p|D with p?| N we have Vy (D) C Vn(D/p) + Vil Bp.

For this, we shall use:

Lemma 2.74 a) If p|N and f € My(T1(N))), then fo) = f—p *2fiT,3,. Thus
fip) € My(I't(Np)).
b) If p*IN and f € My(T'1(N))), then f|T, € Mx(I'1(N/p)) and hence fi,) € My(N).

Proof. a) Recall that f|.3,(2) = p*/2f(dz). Moreover, since p|N, we have T, = U, (cf.
Proposition 2.34). Thus, a,(fxT,8,) = 0, if p { n and a,(fi T,5,) = p*?a.(f), if pln,
and so the assertions follow.

b) [La], Lemma 6 (p. 133).

Proof of step 2. Let f € V(D). Then g := f) € Vy by Lemma 2.74b). Moreover, since
9o = fipy = 0, we see that g € Vy(D/p). On the other hand, by Lemma 2.74 we
have f = g + h|B3, with h = p'~*/2f|T,, € M, (T'1(N/p)), and so step 2 follows.

Step 3. For all squarefree D|N and primes p|D we have V(D) C Vn(D/p) + V| 5p.

Lemma 2.75 Let p|N and f € My(N,x), where x is not a character mod N/p. If
f = 9|8y, for some g, then f =0.

Proof. [La], Lemma 4 (p. 131).

Lemma 2.76 Suppose p|N, and x is a character mod N/p. Then the operator TN =

P
TFO(N),FO(N/p)(Ozp) defines a linear map
TN - My(N, x) = Mi(N/p, x)

with the following properties:

(2.54) FWINP = TN, if f € My(N,x), pt D.
(2.55) BN = fIKTNB,, ifq#0p
(2.56) FIBTN = p*c,f, if f € My(N/p,x)

with ¢, =1 if p*|N and ¢, = 1 + ]lj otherwise.
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Proof. The properties (2.54) and (2.55) are proved in [Mi], Lemma 4.6.6, and property
(2.56) is proved on the top of p. 161 of [Mi].

Lemma 2.77 For any D > 1 we have

Vu(D) = @D Van(D),

where the sum is over all Dirichlet characters mod N and Vy (D) = Vn(D)N M (N, x).

Proof. By step 1, we may assume that D|N. Then fpy|x0, = (f|04)p) (cf. [La], Lemma
3, p. 131), and so V(D) is stable under the action of the o,’s and so the assertion follows.

Proof of step 3. Let f € V(D); by Lemma 2.77 we may assume that f € Vy, (D), for
some Dirichlet character x. Put D; = % and g = f(p,), h = f—g. Then g,h € My(Ny, x),
where Ny = ND3. Since gy = fipy = 0, we see that g = g,|3,, where g, is some power
series in ¢. If x is not a character modulo N;/p, then g, = 0 and then f(p,) = g =0, i.e.
f € V(D,), and we are done.

Thus, assume that y is defined mod N;/p (and hence also modulo N/p). Then by ?

9p € Mip(N1/p, X)-
Put f, := flxT; we claim that f — f,|3, € Vy(D1).

2.4.5 Exercises

1. Prove that the Hecke algebra T C End¢(Sk(I'))) is semi-simple if and only if Sk(T")
has a basis consisting of T-eigenforms.

2. (a) Let p be a prime and let T® C Endc(S(I'g(p?))) be the Hecke algebra (over
C) generated by the Hecke operators T,, with p fn. Show that

dim T® = g(Xo(p?)) — g(Xo(p)).

(b) Generalize part (a) to Sa(Io(p")).
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