Elliptic Subcovers of a Curve of Genus 2
II. The Refined Humbert Invariant
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1 Introduction

This paper is a continuation of the article [6] whose aim is to study of the set £(C) of
all equivalence classes of elliptic subcovers of a given smooth, projective, geometrically
irreducible curve C'/K of genus 2 over an arbitrary field K. By what was explained
in [6], there is a natural bijection between the set £(C) and the set of primitive
representations of squares by a certain quadratic form q¢ called the refined Humbert
invariant; cf. [6], Theorem 20.

The main objective of this paper is to present a method for computing ¢o. As in
6], this method depends on the knowledge of a presentation (E, E' 1) of degree N of
C/K (which arises from a given elliptic subcover f : C'— FE of degree N). This triple
consists of two elliptic curves £/ K and E'/K and an isomorphism v : E1[N] — E3[N]
which is an anti-isometry with respect to the ey-pairings; cf. [6], Section 2.

As was shown [6], the discriminant of the quadratic form g¢ can be determined
from the N-presentation (E, E’,1); cf. [6], Theorem 3. Moreover, in the case that
rank(Hom(E, E')) = 1, then go has extra structure which is encapsulated in the
following definition.

Definition. Let N, m,d be positive integers. An integral binary quadratic form
q is said to be of type (N, m,d) if it is positive-definite and satisfies the following
properties:

(i) disc(qc) = —16m?d, and m|N with ged(N/m,d) = 1.

(ii) g¢ primitively represents N?;

(iii) qo(X,Y) =0,1(mod 4), for all X,Y € Z.

Such quadratic forms are studied in some detail in Section 2. They are important
in the study of g¢ due to the following result which is Theorem 2 of [6].

Theorem 1 Suppose that C'/K is a curve which has a presentation (E,E' 1) of
degree N with char(K) t+ N. If Hom(E, E') = Zh, where d := deg(h) > 1, then
the refined Humbert invariant qc is a binary quadratic form of type (N, m,d), where
m = my, 15 the isogeny defect of 1 which is defined by

my :=min{m > 1:my = fig, for some f € Hom(E, E')}.

In addition, qc satisfies the condition
(iv) qo(X,Y) # 1, foral X,Y € Z.



Here we make this theorem more precise by giving an explicit formula for m,, and
for go. More precisely, Proposition 28 and Remark 29 imply the following result.

Theorem 2 In the situation of Theorem 1, there exists a primitive matric M of
determinant —d such that M (mod N) is the matriz of ~"hg) € End(E[N]) with
respect to some basis of E[N|(K). For any such matriz M = ( ¥) we have

my = m:=N/N, where N :=gcd(x—w,y,z N),

and the refined Humbert invariant qc is equivalent to the integral binary quadratic
form
qun(X,Y) = N2X? = 2mtr(M)XY + 25 (tr(M)? + 4d)Y?.

Now it turns out that every binary form of type (N, m,d) is equivalent to a form
gum,n, for a suitable primitive matrix M of determinant —d; cf. Theorem 16. By
combining this result with Theorem 2, we obtain as a consequence that every such
form of type (IV, m,d) satisfying property (iv) is (equivalent to) the refined Humbert
invariant go of some curve C'/K.

Theorem 3 If K is an algebraically closed field of characteristic 0, then for each
positive binary quadratic form q of type (N, m,d) which satisfies properties (iv) of
Theorem 1 there exists a curve C/K such that its refined Humbert invariant qc is
equivalent to q.

This theorem is actually a special case of the more general existence results of
Section 5; cf. Theorem 32 and its corollaries.

In the last section we apply the above theory to study curves C'/K of genus 2
which have an elliptic subcover of degree 2. This is equivalent to the condition that
C' has an elliptic involution; cf. Proposition 35. Using the above results, we prove
the following characterization of curves whose automorphism group contains a certain
dihedral group D,, of order 2n.

Theorem 4 Let C/K be a curve of genus 2 where char(K) # 2,3. Then:

(a) Aut(C') contains a subgroup isomorphic to the dihedral group D, (respectively,
to Dg) if and only if the refined Humbert invariant qo primitively represents the
binary quadratic form qu(X,Y) = 4X?% + 4Y? (respectively, the form q5(X,Y) =
AX? 4 AXY +4Y2).

(b) If the conditions of part (a) hold, then C/K has an elliptic subcover of degree N
whenever N = 2Ny, where N1 = 1 or Ny is a product of primes p; with p; = 1 (mod 4)
(respectively, with p; = 1 (mod 3)).

(c) If the conditions of part (a) hold, and if also End(F) = Z, for some elliptic
subcover f: C — E, then qc is equivalent to qy (respectively, to qs). Then C/K has
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an elliptic subcover of degree N if and only if N = 2Ny, where Ny = 1 or Ny is a
product of primes p; with p; = 1 (mod 4) (respectively, with p; = 1 (mod 3) ).

Moreover, if N is of this form, then C/K has precisely 2°™M*1 (respectively,
2«1 3) such subcovers of degree N, where w(N) denotes the number of distinct
prime factors of N.

Some examples of curves C'/K which satisfy the hypotheses of Theorem 4(c) are
the Legendre curves

v = z(2® —a)(z® —a™ )

with a € Z, a # 0+ 1,43 and K D Q(i), as is explained in Example 46. Thus,
for N < 150, these curves have an elliptic subcover of degree N if and only if N =
2, 10, 26, 34, 50, 58, 74, 82, 106, 122, 130, or 146. We also investigate the case a = 3
in some detail; cf. Proposition 48.

This paper is organized as follows. In Section 2 we study the basic properties of
binary quadratic forms of type (N, m,d). For convenience of the reader, we recall in
Section 3 the basic notation and results of [6], which are then used in Section 4 to
prove Theorem 2 and other results. In Section 5 we prove the existence theorems and
in the last section we apply Theorem 2 to study elliptic involutions and to compute
some explicit examples; cf. Theorem 4 and Example 46.

Acknowledgment. 1 would like to thank the referee for the useful comments. In
addition, I gratefully acknowledge receipt of funding from the Natural Sciences and
Engineering Research Council of Canada (NSERC).

2 Quadratic forms of type (N, m,d)

In this section we analyze the binary quadratic forms which occur in the statement of
Theorem 1, i.e., those binary forms ¢ which are positive-definite and satisfy properties
(i), (ii) and (iii) of the Introduction. Here, as usual, we use the abbreviation ¢ =
[a,b, c] to denote the binary quadratic form ¢(X,Y) = aX? + bXY + cY2 We begin
with the following simple observation.

Proposition 5 Let ¢ = [a,b, c| be an integral binary quadratic form. Then q satisfies
property (iil) if and only there exist a,c € {0,1} such that

(1) ¢(X,Y) = (aX +¢cY)? (mod 4), forall X,Y € Z.

Proof. 1f ¢ satisfies (1), then clearly ¢(X,Y) = 0,1 (mod 4), for all XY € Z, so
condition (iii) holds.

Conversely, suppose that ¢ = [a, b, ¢] satisfies condition (iii). Then a = ¢(1,0) =
a = a*(mod 4) with a € {0,1} and similarly ¢ = ¢(0,1) = ¢ = ¢® with ¢ € {0,1}.
Moreover, a + b+ c=¢q(1,£1) = 0,1 (mod 4).
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If @ = ¢ = 0, then the last two conditions imply that b = 0 (mod 4), so (1) holds
in this case. If @ = ¢ = 1, then we must have b = 2 (mod 4), so again (1) holds.
Finally, if @ = 1 and ¢ = 0 (or vice versa), then b = 0 (mod 4), and so (1) holds in all
cases. O

Corollary 6 If q satisfies property (iii), then 16|disc(q).

Proof. By the proposition, we have 4 cases to consider. If a = ¢ = 0, then ¢ =
0,0,0] (mod 4), so ¢ = [4a, 4b, 4c] with a,b, ¢ € Z and hence disc(q) = 16(b* — 4ac).
Next, if a = 1 and ¢ = 0, then ¢ = [1 + 4a,4b, 4c|] with a,b,c¢ € Z and so disc(q) =
16(b*—a—ac). Similarly, if @ = 0 and ¢ = 1, then q = [4a, 4b, 1+4c] with a, b, c € Z and
so disc(q) = 16(b* —c—ac). Finally, ifa = 1 and ¢ = 1, then ¢ = [1+4a,2+4b, 1 +4c]|
with a, b, ¢ € Z and so disc(q) = (2+4b)*—4(1+4a)(1+4c) = 16(b*+b—a—c—4ac). O

We next observe that property (i) is a consequence of properties (ii) and (iii).
More precisely:

Proposition 7 Let g be a positive binary quadratic form which primitively represents
N? for some N > 1. If q satisfies property (iii) of Theorem 1, then there exist unique
integers m,d > 1 with m|N such that

(2) disc(q) = —16m?*d, and gcd(N/m,d) = 1.

Proof. We first observe that m and d are uniquely determined by the condition (2)
(and by N) because (2) implies that ged((N/m)?, disc(q)/(16m?)) = 1 and that hence
ged(N?, disc(q)/16) = m?>.

To prove that there exist m and d satisfying (2), it suffices to verify that M :=
ged(N?, disc(q)/16) is a square, for then m = /M and d = —disc(q)/16m? satisfy
(2). (Note that disc(q)/16 € Z by Corollary 6 and that disc(q) < 0 because ¢ is
positive-definite.)

For this, we observe that the first hypothesis implies that ¢ is equivalent to the
form ¢ = [N?, B, ¢], where b, ¢ € Z. Since 16|disc(q’) = disc(q) by Corollary 6, we see
that B = 2b is even. Thus, M = ged(N?, (b* — N3c)/4).

If N is odd, then M = gcd(N?,0? — N%¢c) = ged(N, b)? is a square. Thus, assume
that N is even. Since ¢ satisfies property (iii), we must have that B = 4b; by
Proposition 5. If 2|c, then ¢ = 4¢; by Proposition 5 and so M = ged(N?, 02 — N%¢y) =
ged (N, by)?. Thus, assume that ¢ is odd, so ¢ = 1 (mod 4) by (iii).

Write N = 2"Ny and b = 2°by, where Nyby is odd. If r = s, then 272 (b —
N2%¢) =2 — Ngc=1-1-1=0(mod 4). Thus b* — N?c = 2?7 "2¢,, where ¢, € Z,
and so M = 2% ged(NF, co) = 2% ged(No, b — Ngc) = ged(N,b)?. If r < s, then
b> — N%c = 22"d;, where d; = 2%72h2 — NZc is odd, and so M = 22772 gcd(4NZ, d;) =
2772 0cd(NEZ, b3) = + gcd(N, b)2. Finally, if r > s, then b? — N2c = 22%d,, where dy =

i
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b2 — 227725 Ngc is odd, and so M = 2%72gcd(22772572NZ, dy) = 2% 2 ged(NZ, b2)
Z—llgcd(N ,b)2. Thus, M is a square in all cases, as claimed.

oo

We next study the existence of binary forms of type (NN, m,d). For this, let
Q(N,m,d) :={[a,b,c] € Z® : ¢ = [a, b, c] is a form of type (N, m,d)}.
Proposition 8 If N,m,d are positive integers with m|N and gcd(N/m,d) = 1, then

(3) Q(N,m,d) #0 < —d=2*(mod N/m), for somez € Z.
As we shall see below, this result follows from the following more precise assertions.

Lemma 9 If q € Q(N, m,d) is a quadratic form of type (N, m,d), then q is SLo(Z)-
equivalent to ¢ = [N?,2mb, c], for some b,c € Z where ¢ = ﬁ—z(lf +4d). Moreover, if
by = b (mod %2), and ¢; = ﬁ—;(b? +4d), then [N?,2mby, ¢1] is SLo(Z)-equivalent to q .

Proof. Tt follows from condition (ii) that ¢ is SLg(Z)-equivalent to ¢ = [N?, B, ],
where B,c € Z. Put N = & Since B? — 4m*N?c = disc(¢') = —16dm? by condition
(i), we see that 4m? B?, so B = 2mb, for some b € Z, and hence ¢ = [N?,2mb, c].
Moreover, from above we have that ¢ = % = }%(62 + 4d), as claimed. Finally,
if o =b+ 8%2, then the matrix M = ((1) i) € SLy(Z) transforms ¢’ into [N?, 2mby, ¢1].

0

Lemma 10 In the situation of Proposition 8, suppose that k € Z satisfies k2d =
—1(mod N), where N = . Then n := (k*d+1)/N € Z, and for any r € Z the form

ANmdkr = [N?2m(k(t — d) + rN?),n’t + 2k(t — d)r + r*N?], where t = d(Nn + 3),
is a binary form of type (N, m,d), i.e., qNmarr € Q(N,m,d).

Proof. It is clear from the hypothesis on k that n € Z. Put gy, := [N?, 2k(t—d), n*t].
Since nN — k*d = 1, we have that (N,n,k) € P(d) in the notation of [4], §5, so
Theorem 13 of [4] shows that gy, is a binary quadratic form of type d in the
sense of [4]. This means in particular that property (iii) holds for gy, and that
disc(qy 1) = —16d. Now since

(4) QN,m,d,k;/‘(X) Y) - QN,n,k(mX + TY7 Y)7

we thus see that property (iii) also holds for gy .4k, Moreover, property (ii) clearly
holds because qn.m.ax-(1,0) = N?.  Finally, since disc(qy nx) = —16d and since
q = qNmdnr is the transform of gy, by the matrix M = (7' [), it follows that
disc(q) = disc(qy ) det(M)? = —16m2d. Thus, property (i) holds for ¢, and so ¢

has type (N, m,d). d



Proof of Proposition 8. If —d = % (mod N), where N = %, then Jk € Z such
that kz = 1(mod N) because ged(d, N) = 1, and so k?d = —1(mod N). Thus
Q(N,m,d) # () by Lemma 10.

Conversely, suppose that ¢ € Q(N, m,d). Since properties (i), (ii) and (iii) are
stable under GLy(Z)-equivalence of forms, so is the set Q(N,m,d). Thus, by Lemma
9 we may assume that ¢ = [N?,2mb, c] € Q(N,m,d), for some b, c € Z with b* +4d =
¢cN? = 0(mod N?), where N = & If N is odd, then there exists y € Z such that
2y = 1(mod N), and so (by)? = —d (mod N). Thus, the right hand side of (3) holds
with @ = by. Next, suppose that N is even, so also b = 2b; is even. If ¢ is even, then
b +d =N =0(mod N), so we can take z = b;. On the other hand, if ¢ is odd,
then (c+1)N = 0 (mod 4) and then (by + §)*+d = b N + WN =0 (mod N), so
we can takex:bl—l—%. O

The above Lemma 10 constitutes the first construction principle for forms of type
(N,m,d). We now give another construction of such forms by using integral 2 x 2
matrices.

Proposition 11 Let N and d be positive integers and let M = (¥ ¥) € Ma(Z) be an

zZ w

integral matriz such that det(M) = —d (mod N). Assume that M is N-primitive,
i.e., that ged(z,y, z,w, N) = 1. Put

(5) g = gun =gcd(z —w,y,z, N) and m:= N/qg.

Then there is an integer k such that kx = 1 (mod g). Fiz such a k and consider
(6) qunax:=[N?2mT,(T* +4d)/g*], where T := —tr(M) — dk*(det(M) + d).
Then qun.ax s a form of type (N, m,d); in fact, we have that

(7) dM,N,dk = 4N,mdk,rs

where r is determined as follows. Put © = (kx —1)/g and I = ((1) %), so

(8) kM = I+ gM,, where My := zI+kMy and My = (M —z1)/g,

are integral matrices. Then n = (k*d +1)/g and b := (x + kd)/g are integers, and
(7) holds with

9) r = —kddet(M;) — n(2b + tr(My)).
Proof. Since ged(x,g) = ged(x,y, z,w, N) = 1, there is a k € Z such that kx =

1(mod g). Thus z = (kx — 1)/g € Z, and kM = kxl + gkMy = I + g(&I + kM),
which proves (8). Note that My € My(Z) by the definition of g.
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To show that gy nvar € Q(N,m,d), it suffices in view of Lemma 10 to verify that
k*d = —1 (mod g) and that (7) holds.

For this, put 6 = det(M), so a := (6 + d)/N € Z by our hypothesis on d.
Moreover, put n; := ak?*m —7, —gd; € Z, where 7y = tr(M;) and 6; = det(M;). Since
k%6 = det(kM) = det(I+gM;) = 1+711g+0619%, we have gn; = k*(0+d) —719—019* =
k2d+1 = gn, and so n = n; € Z. Moreover, b € Z because by the definition of Z and
n we have that g(zn — zkd) = xng — (kx — 1)kd = x(ng — k*d) = kd = x + kd = bg,
so b=azn —Zkd € Z.

To prove (7), note first that qn,ax, is defined because k?d = —1 + gn =
—1(mod g). Thus, qnmara = [N?2mTy,Ty], where Ty = k(t — d) + rg* and
Ty = n?t + 2k(t — d)r + ¢*r* and t = d(ng + 3). Note that since gy m.ax, has
type (N, m,d) by Lemma 10, we see that Ty = (T? + 4d)/g?; cf. Lemma 9. Thus, (7)
follows once we have shown that 7" = Tj.

For this, put 7y := tr(Mp). Then with r as in (9) we have

(10) rg*> = —g(—k*dam + kd(2z — n) — 2nz — 79)
—k3daN — kd(gn + 2) — tr(M).

Indeed, the first equality can be derived from (9) by using the fact that gd; = ak*m —
71 —n = —(—ak*m + n + 2T + k7y), which is a variant of the definition of n; = n,
together with the fact that gn — k*d = 1, and the second follows from the first by
using that g7 = kx — 1 and tr(M) = 2z + g7 and by using the identity gn — k*d = 1
again.

Since k(t — d) = kd(gn + 2), it is clear from the definition of 7" that (10) shows
that Ty = T. This proves (7). O

Corollary 12 If M € My(Z) is an N-primitive matriz of determinant —d, and if
m = N/g, where g = gu.n, then qurn = [N?, —2mtr(M), (tr(M)*+4d)/g?] is a form
of type (N, m, d).

Proof. Clearly, M satisfies the hypotheses of Proposition 11. The extra hypothesis on
M implies that T'= —tr(M), so qu N = qum N4k, for any k as in Proposition 11. [

We note in passing that the quadratic form ¢y n only depends on the SLy(Z)-
conjugacy class of M.

Corollary 13 If M is an integral matriz and if M’ = P"*M P, where P € Sly(Z),
then for every N > 1 we have gy n = gun- Thus, if M is N-primitive and if
det(M) = —d, then g N = qu.N-

Proof. Write M = (I fj}), and put ¢ = gy n. Then as above M = xI + gMy, where

z

My = (27). Write M’ = (% ¥). Then M’ = xI + gM}, where M} = P~'M,P =

z 2!
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(fl g/) € My(Z). Thus 2’ = v + g7’ and v’ = x + gw', so w' = ' + gw" with w" =

5w

0

Z5w
This shows that g n|gar n. But since M’ = PM P~1, asimilar argument shows that
also gy n|gan, 80 gun = g . Moreover, if M is N-primitive, then so is M’ and
hence ¢y v = qu.n because tr(M') = tr(M) and det(M') = det(M). O

@' —z'. This means that M’ = 2'I+g(_, ?,l,), and so g| ged(z' —w',y', 2/, N) = gm N-

We next observe that the equivalence class of the quadratic form g n 4 only
depends on the congruence class mod N of the matrix M. More precisely:

Proposition 14 If M’ is an integral matriz with M' = M (mod N), where M is as
in Proposition 11, and if k' = k(mod g), where ¢ = gun = gm' N, then the form
qm.N.dk 1S SLo(Z)-equivalent to qap nax -

Proof. First note that since det(M) 4+ d = 0 (mod N), and k' = k (mod g), it follows
that dk®(det(M) + d) + tr(M) = d(k")3(det(M) + d) + tr(M) (mod gN), and so
qM.N.dk ~ qunN.dr by Lemma 9, where ~ denotes SLy(Z)-equivalence.

Next, consider M’(:,/ il,) Since M’ = M (mod N), it is clear from (5) that
gw.n = gunx = ¢ and that det(M’) = det(M) = —d (mod N). Moreover, since
2 = x(mod N), we see that k2’ = kz(mod N), so kx’ = 1(mod ¢) and hence
qmr.N,dk 1S defined.

Moreover, we observe that M| = (M’ — 2'I)/g = My (mod m) and that ¥’ :=
(kz' —1)/g = z(mod m). Thus, M{ := ¥'I + kM{ = M, (mod m). Since V' :=
(2'+kd)/g = b(mod m), we see that r' := —kd det(M])—n(2'+tr(M})) = r (mod m),
and so T] := k(t — d) +1'g?> = T\ (mod mg?). Since mg®> = N?/m, this implies by
Lemma 9 that ¢nmdkr ~ ¢Nm.dkr, and S0 ¢y Nak ~ qundr by (7). Moreover, by
replacing k by £’ in the above argument we see that ¢y N ar ~ ¢y n.d - Combining
the above equivalences shows that g nar ~ g, Nk ~ Gvr Nd ke, as claimed. O

We next show that every form of type (N, m,d) is equivalent to a form gas n, for
a suitable integral matrix M of determinant —d.

Proposition 15 If ¢ = [N?,2mb,c| has type (N,m,d), then there is a primitive
matriz M of discriminant —d such that ¢ = qu -

Moreover, since ged(d, N) = 1 by property (i), we see that ged(2d, N?) = ged(2, N?) =
g, so there exist integers «, 3 such that

Proof. Put N = ¥ and g = ged(2, N). Since —4d = b?> — Nc¢, we see that by := § €.

(11) 2da — BN? = g.

Note that ged(ad, g) = 1 because ad(%) — gﬁ(§)2 =1,s0a=1(mod 2) if g #1
and hence a? = 1 (mod ¢?) (for any g).



By property (iii) we know that ¢ = ¢(0,1) = C (mod 4), for some C € {0,1},
and so also C = C? = c¢(mod ¢?). Since N = 2 = 0(mod g), we see that ¢; :=
afBb?g® + 298 + B2N? — a’cd = —cd (mod ¢?) and ¢, := Cgby N + C%d = cd (mod g?).
Thus the numbers

wy = aby +CN/g, w=p0hN+2dC/g, and z= (c;+c)/g>

are all integers, as is ¢ := wN — w;d. Put P = (;jv 51) Then, after simplifying,
det(P) = —(a?b?dg® + N*3? — N2a2cd+2N?%3g)/g?, and so, by using the relation (11)
and the fact that ¢ = (¢2b% + 4d)/N?, it follows that det(P) = 1. Thus P € SLy(Z),
and hence M := ((1) 72)P is a primitive matrix of discriminant —d.

We have tr(M) = x — wyd = b (BN? — 2ad) = —b;g = —b by (11). Furthermore,
since z + wyd = WN, we see that gy y = ged(wN, N,—dzN,N) = N, and so m =
N/gn . This shows that ¢ = g n, as claimed. O

We can summarize the above results in the following way.

Theorem 16 Let N,m,d be positive integers such that m|N and ged(N,d) = 1,
where N = %, and let q be a binary quadratic form. If ~ denotes SLy(7Z)-equivalence
of binary quadratic forms, then the following conditions are equivalent.

(1) ¢ € Q(N,m, d).

(ii) ¢ ~ qNm.dk.r, for some k,r € Z with k*d = —1 (mod N).

(i) ¢ ~ qu.Nak, for some N-primitive matrizv M = (G4 with det(M) =
—d (mod N) and gy n = N and some k € Z such that kx =1 (mod N).
(

iv) q ~ qu.n, for some primitive matriz M with gy n = N and det(M) = —d.

Proof. (i) = (iv): Lemma 9 and Proposition 15.

(iv) = (iii): If M = (?7) is as in (iv), then M also satisfies condition (iii).
Since ged(z, N) = ged(z, gy n) = ged(z,y, z,w, N) = 1, there is a k € Z such that
kz =1 (mod N), and we have qurn.ax = qun- Thus (iii) holds.

(iii) = (ii): Proposition 11.

(ii) = (i): By Lemma 10, gnmakr € Q(N,m,d), and so ¢ € Q(N,m, d) because
Q(N,m,d) is stable under SLy(Z)-equivalence; cf. the proof of Proposition 8. O

Remark 17 Note that Lemma 9 shows that g m.d k. ~ qNm.dkr, if 7 =7 (mod m).
Thus, in property (ii) we can restrict to r’s satisfying the extra condition 0 < r < m.

Corollary 18 Let N and d be positive integers. Then a binary quadratic form q has
type (N, N,d) if and only if q is GLo(Z)-equivalent to [N?,2Nr,r? + 4d|, for some
integer r with 0 < r < N/2.



Proof. Since here N = 1, we see that k = 0 satisfies k*d = —1 (mod N), and so by
Theorem 16 we have that [N?,2N7,r? 4+ 4d] = gy x40, € Q(N, N, d), for all r € Z.
Conversely, if ¢ € Q(N, N, d), then by Theorem 16 there is a matrix M such that
q ~ qu.n- Since m = N, we have that ¢y ny = [N?, —2Nr,r? + 4d] with r = tr(M).
Moreover, by Remark 17 we see that gy y ~ [N?, 2Ny, ri+4d], where r; = r (mod N)
and |ry| < N/2. Since [N?, —2Nry,r?+4d] is GLy(Z)-equivalent to [N, 2Nry, 72 +4d],
we can replace r; by —ry if necessary to achieve that r; > 0. O

As an example, we can give a complete classification of the forms of type (N, m,d)
in the case that N = 2.

Proposition 19 Let ¢ be a binary quadratic form and let d > 1. Then q has type
(2,2,d) if and only if q is GLo(Z)-equivalent to one of the forms

(12) 4,0,4d] or [4,4,4d + 1],
and q has type (2,1,d) if and only if q is GLo(Z)-equivalent to one of the forms

(13) [4,4s,d+ s|, where d=1+ 2s(mod 4) and s =0 or 1.

Proof. The first assertion follows directly from Corollary 18 because here & = 1, so

r =0 or 1. Thus, assume now that m = 1. ’
It is clear that the forms (13) have discriminant —16d with ged(2,d) = 1,
property (i) holds for them. Moreover, they satisfy property (ii) since ¢(1,0) = 2
when ¢ = [4,*,*]. Finally, since all the forms are congruent to [0,0,1] or [0,0,0]]
(mod 4), it is clear that they all satisfy property (iii). Thus, each is of type (2,1, d).

Conversely, suppose that ¢ € @Q(2,1,d). By reduction theory, ¢ is GLQ( )-
equivalent to ¢ = [a,b,¢] with 0 < b < a < ¢. If a < 4, then necessarily a = 1
because a = 0, 1 (mod 4) by property (iii). Thus ¢’ is the principal form of discrimi-
nant —16d, so ¢' = [1,0,4d]. But of these, the only form that primitively represents
4is ¢' = [1,0,4], which is equivalent to [4,0, 1]. Thus we get the case d = 1 of (13).

Now suppose that a > 4. Since a is the smallest value represented by ¢, we must
have a = 4 by property (ii). Thus, 16|(disc(q)+16¢) = b%, so b= 0 or 4. If b = 0, then
¢=d > 4. But since ged(2,d) = 1 and ¢ = 0,1 (mod 4), it follows that d = 1 (mod 4).
This gives a form of (13) with s = 0.

Now suppose that b = 4, so ¢ = 421’% = d+ 1 and ged(d,2) = 1. Thus ¢ =
0 (mod 4) by property (iii), and so d = 3 (mod 4). This gives us the cases of (13) with
s=1. 0

3 Basic definitions and previous results

In this section we review some of the notations, definitions and results which were
presented in the first part[6]. As in [6], we refer to Milne[9], [10] for basic facts about
Jacobians and abelian varieties.
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Throughout, let K be an arbitrary field, and let (J, A) be a principally polarized
abelian surface over K. Thus, J/K is an abelian variety of dimension 2 and X : J = J
is an isomorphism such that its base change A\ : J&z — j? to an algebraic closure K
of K is given by a theta-divisor § € NS(J%), i.e., Az = ¢y in the notation of [11].

Definition. If N > 2, then an N-presentation over K is a triple (E, E’ 1)) where
E/K and E'/K are elliptic curves and ¢ : E[N] — E'[N] is a K-isomorphism of
finite group schemes which is an anti-isometry with respect to the ey-pairings.

If (J, \) is a principally polarized abelian surface over K, then an N-presentation
of (J,\) over K is a 4-tuple (F, E’, v, m) such that (E, E’ ) is an N-presentation
over K and 7w : E x E' — J is an isogeny such that

(14) Ker(r) = Graph(—v¢) and 7olom = N(Ag® ),

where A\ : E — FE is the canonical principal polarization of £/ K and Ag®\ g denotes
the product polarization on £ x E', i.e., \g ® Agr = ¢y, 49,,, where 0 = pr(0g) and
O = pri(0p ), and pry : E x B/ — E and prg : E x E' — E' are the projections.

Remark 20 (a) If (E, E', ) is an N-presentation, and if 7y, : A := ExX E' — Ay :=
A/Graph(—1) is the quotient map, then A, has a unique principal polarization A
such that (E, E', ¢, my) is an N-presentation of (Ay, Ay); cf. [6], Proposition 10(b).
We then say that (my, Ay, Ay) is the quotient data associated to (E, E', ).

(b) If (J, A) is principally polarized abelian surface over K with an elliptic subgroup
E < J of M\-degree N, then (J, A\) has an N-presentation (E, E’, ¢, 7), for some elliptic
curve E'/K and anti-isometry ¢ and isogeny 7 : £ x E' — J; cf. [6], Proposition
10(a). Note that £’ = Fj- in the notation of [6], Proposition 10(a).

Moreover, if f : C' — E is an elliptic subcover of degree N of a curve C'/K of
genus 2, then E = f*Jg is an elliptic subgroup of the Jacobian Jo/K of C/K, and
E has A\¢-degree N, where Ao denotes the canonical polarization of Jo, so f induces
an N-presentation (E, E', ¢, ms) of (Jo, A¢); cf. [6], Corollary 12.

We next recall the definition of the refined Humbert invariant g of a principally
polarized abelian surface (J,\) over K. If K is algebraically closed, then we can use
the Néron-Severi group NS(.J) = Div(J)/ = to define q(,), but for a general base
field K this group is no longer suitable, as was explained in [6], Section 3. Instead,
one has to work with a slightly larger group NS'(J) which is defined as the saturation
(or primitive hull) of NS(J) in the group NS(J%), i.e.,

NS'(J) = {D € NS(J%) : nD € NS(J), for some n > 1}.

Note that the theta-divisor § € NS(Jz) of Az lies in NS'(J) (cf. proof of [6], Propo-
sition 14), so the quotient group

NS(J,\) := NS'(.J)/Z6
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is defined. Then the refined Humbert invariant is the positive-definite quadratic form
4 : NS(J,A) — Z defined by the formula

(15) Q(J,)\)(D + ZG) = c](J)\)(D) = (D@)Q - Q(DD), for D € NS,(J),

where (-) denotes the intersection pairing on the surface Jg.

In the case of a product surface A = E x E', the group NS'(A) is just the usual
Néron-Severi group NS(A). Moreover, if Ay = Ag ® A\ps is the product polarization
on A, then ga,,) is given by formula (16) below.

Lemma 21 Let E/K and E'/K be elliptic curves over an arbitrary field K, and let
A = E X E' be the product surface. For a,b € Z and h € End(E, E') put

D'(a,b,h) := (a — deg(h))0g + (b—1)0m +T_;, € Div(A),

where T'_y, denotes the graph of —h, and let D'(a, b, h) = cl(D’(a, b, h)) denote its class
in NS(A). Then the rule (a,b,h) — D’(a,b,h) € NS(A) defines an isomorphism

DY,y Hpp =7 x Z x Hom(E, E') = NS'(A) = NS(A),
and if Aa = Ag ® A denotes the product polarization, then
(16)  quaan(D'(a,bh) + Z6,) = (a—b)? +4deg(h) = (a—b)? + dqzm(h).
where qg g denotes the degree form on Hom(E, E').
Proof. [6], Lemma 28. O

It is much more difficult to determine the refined Humbert invariant for an arbi-
trary principally polarized abelian surface (J, \); indeed, this is precisely the aim of
the present paper. A first step towards this was done in [6], which determined the
discriminant (or determinant) of the quadratic form g in terms of a presentation
data (E, E' v, ). This result depends on the isogeny defect my of 1) with respect
to the group Hom(E, E’). For applications, it is useful to generalize this concept as
follows; cf. [6], Section 4.

Definition. Let £/K and E'/K be elliptic curves, and let ¢ € Hom(E[N], E'[N]).
Moreover, let H < Hpg g := Hom(E, E') be a primitive subgroup of Hg g, i.e., H is
a subgroup of Hg g such that Hg g /H is torsionfree. Then the isogeny defect of ¢
with respect to 'H is

my(H) = min{m > 1: my = hg), for some h € H}.

As is mentioned in [6], Remark 21(b), m,(H) can be expressed as an index of
groups. Indeed, let

pn : Hom(E, E') — Hom(E[N], E'[N])
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be the restriction map h +— hgy, and put Hy = py(H), which is a subgroup of
Hom(E[N], E'[N]). Then by elementary group theory we have that

(17) my(H) = [(¥) + Hy : Hal = [(¢) : (¥) NHw].
In particular, we see that my(H) | ord(¢)) | N, and that
(18) kY = py(h), for some k € Z,he H =  my(H) | k.

The main result which was used in the calculation of the discriminant of g, is
the following indez formula, which is Theorem 31 of [6].

Theorem 22 Let E/K and E'/K be elliptic curves and let 1 € Hom(E[N], E'[N]).
Moreover, let G, = Graph(—1) be the graph of —1 and let

T=my: A:=EXE — Ay = (E x E')/Gy,

be the associated quotient isogeny. Assume that Ay has a principal polarization Ay .
In addition, let H < Hom(E, E') be a primitive subgroup, and put

H = {D'(a,b,h)):a,be Z, h € H} < NS'(A).
If r4 == rank(H) and if char(K) { my(H), then
(19) [H : 7, (NS'(Ay)) N H] = my(H)NF2,

Note that ¢ does not have to be an anti-isometry in Theorem 22; indeed, if this is
the case, then the existence of the principal polarization A, is automatic; cf. Remark
20(a). The generality of Theorem 22 is necessary to be able to apply it to the map
of the following factorization lemma, which is Proposition 39 of [6].

Proposition 23 In the situation of Theorem 22, put m = my(H). Then there exists
an h € H such that my = mpy(h) and we have

(20) ENm oY o, = ¥ —p(h),

for a unique ¢ € Hom(E[m], E'[m]), where £ : E'[m] — E'[N] denotes the canon-

ical inclusion and wfy,, : E[N] — E[m] denotes the map which is given by multipli-

cation by N = %

[Nz 0
h [

hence there is a unique isomorphism oy : Ay — Ay such that

Moreover, if v = vy, = ( ) € End(A), then v'Gy = Gy, and

(21) Qy O Ty = Ty O V.

In addition, m;(H) = my(H).
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Another concept which was used in the calculation of the discriminant of go in
[6] (and which is required here) was the notion of the trace tr(g) of an element
g € End(E[N]). Since tr(g) is closely linked to the transpose g* of g, we first recall
the definition of ¢* and some of its properties. For this, assume henceforth in this
section that char(K){ N.

If g € Hom(E[N], E'[N]), then by [6], Proposition 23, there exists a unique ho-
momorphism ¢ € Hom(E'[N], E[N]) such that

(22) ex (9(P),Q) = ex(P.¢'(Q)), VP e E[N|(K), Q € E'N|(K),

where €% : E[N] x E[N] — py is the usual ey-pairing on E. Moreover, we have

(23) (9') =g and g'g = [det(g)]n),
for all g € Hom(E[N], E'[N]), where det(g) € Z/NZ is the unique number such that

(24) % (9(P).g(Q)) = eB(P.QY™O), for all P,Q € EIN|(K).

From this it follows (cf. [6], Corollary 24) that if we put tr(g) := det(1+g)—det(d)—1
for g € End(E[N]), then

(25) 9 +9 = [tr(g)lem-

Note that if & € Hom(F, E’) is a homomorphism of elliptic curves, then its trans-
pose is defined as h := A/ oho)g € End(E', E), where (as before) \g = ¢g, : E > F
is the canonical principal polarization of E. This transpose is compatible with the
above transpose in the sense that
(26) (hipv)t = (") pn),  and hence  det(hypn) = deg(h) (mod N);
cf. [6], Remark 25(a). In addition, the transpose is compatible with restriction to the
subgroup E[M] for M|N. More precisely, if gp; € Hom(E[M], E'[M]) is the unique
map such that

(27) WJ%:M °9 = gm© WJ%,Ma

then by [6], Section 4, we have that

(28) (¢ = (gu)', for all g € Hom(E[N], E'[N]),

and from (23) it follows that

(29) det(gy) = det(g) (mod M), for all g € Hom(E[N], E'[N]).

Finally, we recall the following technical result which was used in the derivation
of Theorem 22 and which is required in the proof of Theorem 25 below.

Proposition 24 In the situation of Theorem 22, assume also that char(K){ N. If
D =D'(a,b, f) € NS'(A), then

(30) NDemNS'(Ay) <  py(D):=a+bdet(y)) — tr(f'¢) =0 (mod N).
Proof. [6], Proposition 37.
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4 The computation of ¢¢

The purpose of this section is to compute the refined Humbert invariant gc of C/K
explicitly from the data given by a presentation (E, E’ 1) of degree N in the case
that rank Hom(FE, E') = 1.

Since essentially the same computation can also be done in a much more general
context, we shall do it first in the general situation of a principal polarized abelian
surface with an N-presentation (E, E'1), 7), and then explain how to deduce the above
case from it; cf. Corollary 27. Thus, we shall prove:

Theorem 25 Let (E,E', 1) be an N-presentation over K with associated quotient
data (my, Ay, Ay), and let d > 1 be an integer. Then:

(a) There exists a cyclic isogeny h € Hom(FE, E') such that d = deg(h) if and
only if d is primitively represented by the degree form qp pr. If this is the case, put
m = my(Zh) and N = % Then there is an integer k € Z such that the restriction
Yy of ¥ to E[N] equals the restriction of kh to E[N], i.e.,

(31) Yy = py(kh).

(b) In the situation of part (a), fix a cyclic isogeny h with deg(h) = d and an
integer k € 7 such that (31) holds, and put n := (k*d +1)/N. Then n € Z and so
the binary quadratic from qy , x is defined as in the proof of Lemma 10. Moreover,

(32> g(A,)\) (XDl + YD?) = N2QN,n,k<X7 Y)7 fO?" all X7 Y e Z?

where A = E X E', X is the product polarization on A, and D, := D'(N?%,0,0) and
Dy = D'(k(t — 2d), —kd, h) € NS'(A) with t = d(k*d + 4) = d(Nn + 3).

(c) Assume henceforth that char(K) t m. Then there is an integer v such that
m(rDy + Dy) € m(Ay), and r (mod m) is uniquely determined by this property.
Moreover, if H = Zh and 6 = D'(1,1,0), then

(33) H N NS (Ay) = ZNO + Zm>D; + Zm(rD; + Ds).
(d) There is a unique ¥ € Hom(E[m], E'|m]) such that

(34) ENm O OTNm = ¥ — pn(kh),

and then the integer v of part (c) is given by the formula

(35) r = kddet(y)) + ntr(h'4) (mod m).

(e) Fizr asin part (c). Then there exist Dy, Dy € NS(Ay, Ay) such that ZD,+7.D,
is a primitive submodule of NS(Ay, Ay) of rank 2 and such that

(36) Uapng)XD14+YDs) = qumans(X,Y), foral X,Y €Z,
where qnNm.dkr 15 as in Lemma 10. In particular, qa,»,) primitively represents the

binary quadratic form qn m.d.r-
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Proof. (a) The first assertion is clear because h € Hom(E, E’) is primitive if and only
if h is a cyclic isogeny.

Now by the definition of m there exists a k' € Z such that my = py(k’h). Since
m|N, we see that E[m| < Ker(k'h), and so m|k’ because Ker(h) is cyclic. Thus
k' = mk, for some k € Z, so m(v) — py(kh)) = 0 and hence (31) holds by (27).

(b) Since deg(kh) = k*d, we have by (31), (26) and (29) that k*d = det(py(kh)) =
det(¢y) = —1 (mod N), the latter because ¢ (and hence also 1)) is an anti-isometry.
Thus N|(k?d + 1), i.e., n € Z.

To prove (32), write ¢ = Ga. Then by (16) we see that ¢(D;) = N* and
G(Ds) = k?(t —d)? +4d = N?n?t, where the last equality follows by using the identity
(6) of [4]. Similarly, since G(D1+D3) = (N?+k(t—d))?+4d = 2k(t—d) N2+ N*+N?n?t
by the same identity (6) again, it follows that (32) holds.

(¢) To show that such an r exists, we shall use the results which were summarized
in the previous section (and prove part (d) along the way).

First of all, since my) = mpy(kh) (cf. the proof of part (a)), we have by Proposition
23 that (34) holds for a unique . Let 7 € Z be such that (35) holds. We now claim
that m(rDy + D) € Ny, := (my)*NS'(Ay).

For this, recall from Proposition 23 that we have the isomorphism a : A, — Ay
such that (21) holds, where v = vy 4. Since Ay, is a principal polarization on Ay, (cf.
Remark 20(a)), there is a unique principal polarization \j; on Ay such that doAjoa =
Ay, 50 1 satisfies the hypothesis of Theorem 22, and hence we can apply Proposition
24 to 9. Let py be as in Proposition 24.

Put D} = D'(1,0,0) and D) = D'(0,—kd,nh), so rD} + D) = D'(r, —kd,nh).
Then py(rD} + Djy) = r — (kd) det(¢) — ntr(h's) = 0 (mod m) by (35), so by Propo-
sition 24 we have that m(rDj 4+ Dj) € Ny := (m5)*NS'(A). Thus, since

(37) v (D)) =D; and v*(D)) = D,

by [6], formula (42), and the fact that Nn — k*d = 1, it follows that m(rD; + D) €
v*Nj = Ny, where the latter equality follows from (21). This proves the existence of
r € Z such that m(rDy + Ds) € Ny.

We next show that (33) holds. To see this, note first that if 7{; denotes the module
on the right hand side of (33), then clearly H; C H. Next we verify that H; C Nj.

For this, recall from above that m(rD; + D) € N,. Moreover, since clearly
pp(mD}) = 0(mod m), we see that m*>Dj € N and so m*Dy = v*(m?D}) € Ny.
Finally, we observe that N6 € N,. Indeed, if 6, € NS'(A,) is such that Po,, = Ay,
then D10, = ONo because TyAymy = NA = Ny by (14), so we have

(38) NO = 7T;26¢ S N¢.

This shows the desired inclusion 7:{1 cCHN /\/'w.
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Now since 6, D, and D := D’(0,0, h) form a basis of H, and since m2D; = N2Dj
and m(rDy + Dy) = af + bDy + mD, for some a,b € Z, we see that [H : Hy] =
N - N%?.m = mN3. On the other hand, since H = Zh is primitive in Hom(E, E’)
because h is cyclic, it follows from Theorem 22 that [H : H NNy = mN3 and so we
have that 7, = H N N,. This proves (33).

We now show that r is uniquely determined by the given condition. Indeed,
suppose that we have m(r'Dy + Dy) € Ny, for some r’ € Z. Then by (33) there exist
a,b, c € Z such that m(r'D; + Ds) = aNO + bm*D; + cm(rDy + D). Since 0, Dy and
D, are linearly independent, it follows that ¢ = 1 and a = 0, so mr’ = bm? 4+ mr, or
r" = r (mod m), as claimed. Note also that the converse holds: if 7’ =r+bm, b € Z,
then m(r'Dy + Dy) = m(rDy1 + D) + m?bD; € Ny, by (33).

(d) This was established in the course of proving part (c).

(e) From (33) we see that there exist D}, D) € NS'(A,) such that

(39) m, (DY) = m*Dy and @, (Dy) = m(rDy + D).

Thus, if we put H, = Z8, + ZD{ + ZDy, then 7},(H2) = H NNy by (38), (39) and
(33), and so Hs is a primitive submodule of NS'(A,) because H N Ny is primitive
in NVy,. Thus, if D; denotes the image of D! in NS(Ay, \y) = NS'(Ay)/Z0,, then
7Dy + Z.Dy = Hy /70, is a primitive submodule of NS(A,, Ay).

Finally, to prove (36), we use (39), the projection formula (cf. [6], formula (14))
together with (32) and (4) to obtain that

N?Ga,p) (XD +Y DY) = Guan(X(m>Dy) +Ym(rD; + D,))
= m*Gax((mX +7Y)Dy +Y Dy)
= m2N2QN,n,k(mX + TY, Y) - N2QN,m,d,k,r (Xa Y)u
and so (36) follows because q(a, x,)(€D1+yD2) = Gea, ) (@D} +yDy) by definition.
O

We observe that the above theorem yields the following result which generalizes
Theorem 1.

Corollary 26 In the situation of Theorem 25 assume in addition that char(K)t N.
(a) If d > 1 is an integer which is primitively represented by qp,rr, then qa,x,)
primitively represents a binary quadratic form of type (N, m,d), where m is some
integer with my|m|N, where my, is defined as in the Introduction.
(b) If Hom(E, E') # 0, then there exists an integer d > 1 which is primitively
represented by qp g such that qca, x,) primitively represents a binary quadratic form
of type (N, my, d).

Proof. (a) This clearly follows from Theorem 25 by taking m = my(Zh) as in the
theorem. Note that m|N by (17) and also that my = my(Hom(E, E'))|m by (17)
because Zh < Hom(E, E').
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(b) By definition there exists h’ € Hom(E, E’) such that myy = py(h'). We can
write ' = kh, where h is a cyclic isogeny. (If A’ = 0, then m, = N and then we can
take k = 0 and h any cyclic isogeny which exists because Hom(E, E') # 0.) Thus
d = deg(h) is primitively represented by ¢g g and my = my(Zh). Thus, applying
Theorem 25 to this d, h and k, we see that the last assertion follows. O

Corollary 27 Suppose that C/K has a presentation (E, E',¢) of degree N such that
Hom(E, E') = Zh, where d = deg(h) > 1. Put m = my and N = £ and assume
that char(K) 1 m. Then there is an integer k such that (31) holds. Thus, if we choose
the integer r according to the recipe of Theorem 25(d), then qo is GLa(Z)-equivalent
to the binary quadratic form qn m.dak.r-

Proof. The hypothesis implies that h is cyclic of degree d, so by Theorem 25(a)
there is an integer k such that (31) holds. Since (Jo, Ac) =~ (Ay, Ay), and since
rank(NS'(J¢)) = 3 by our hypothesis, it follows that the elements Dy, Dy of Theorem
25(e) form a basis of NS(Ay, A\y) =~ NS(Je, A¢), and so the last assertion of Theorem
25(e) shows that gc and g(a, ) are both GLy(Z)-equivalent to gy m,d.k,r- O

We next observe that the basic integers m, k, r which determine the quadratic form
qN,m.d k. can be computed directly from the matrix [¢)~'hygn)]s of the endomorphism
Y~ v € End(E[N]) with respect to some basis B of E[N](K).

More precisely, assume that char(K) ¢ N and that B = (P, P,) is a basis of
E[N](K). Then there exist x,v, z,w € Z such that

(40) ¢_1h<P1) = .%‘Pl +ZP2 and 1/}_1h(P2) = yPI +wP2,

and so [ pn ()]s = (£ Y) (mod N) is the matrix of ¢! py(h) with respect to the
basis B = (P, P) of E[N]. Note that z,y, z, w are uniquely determined (mod N) by
h and v (and by the basis B).

Proposition 28 In the situation of Theorem 25, assume that char(K) t N, and let
h € Hom(E, E') be a cyclic isogeny of degree d. Let M = (2 V) € My(Z) be an
integral matriz such that M (mod N) is the matriz of 1~ pxn(h) with respect to some
basis B = (Py, Py) of E[N]. Then M is N-primitive and det(M) = —d (mod N), and

(41) m = my(Zh) = N/gun where gun = ged(x —w,y, 2, N).

Moreover, there exists an integer k such that kz = 1(mod &), and then (31) holds
for this k. In addition, the quadratic form qnmar, of Theorem 25(e) is equivalent
to the form qu n.ak of Proposition 11, i.e., qNmdkr ~ QMN.dk-

Proof. Write g := " 'py(h) € End(E[N]). Then det(g) = det(v) ! det(pn(h)) =
—d(mod N) by (26), and so det(M) = det(g) = —d (mod N). Moreover, we have
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that ged(z,y, z,w, N) = 1 because E[n| £ Ker(h), ¥n > 1, since h is a cyclic isogeny.
Thus, M is N-primitive.

To prove the other assertions, we first observe that it follows from the definitions
that if n|N is any divisor, and if n = &, then 1B = (AP, P) is a basis of E[n], and
hence M (mod n) is the matrix of g, € End(E[n]) with respect to this basis.

Applying this to our situation, we thus see from Theorem 25(a) that I&" € Z such
that k'M = (;9) (mod N), so k¥'z = 1 = K'w (mod N) and k'y = K’z = 0 (mod N).
Since ged(k’, N) = 1 by Theorem 25(b), it follows that = w (mod N) and y = z =
0 (mod N), which implies that N|N' := gy n.

In order to show that N’ = N, note first that by the definition of N’ we have
that ged(z, N') = ged(z,y,z,w,N) = 1 and that M = (gg) + N'M,, for some
integral matrix My. Thus, there exists 2’ € Z such that 2’z = 1 (mod N’), and so
m'x'M = (’g/ng,) (mod N), where m’ = N/N’. This means that m'z'g = [m/]g,
or that py(m'z’h) = m'¢. By (18) we thus have that m, := my(Zh)|m’, and so
N = &L = N. This proves that N = N’ and so (41) follows.

Since M is N-primitive and gy, y = N = &, there exists k € Z such that kz =
1 (mod N); cf. Proposition 11. Thus, by (8) we have that kM = I (mod N), which is
equivalent to (31).

To verify the last assertion, it suffices in view of Proposition 11, Remark 17 and
(35) to verify that

(42) det(z)) = —det(M;) (mod m) and tr(h'e)) = —2b — tr(My) (mod m),

where 9 is as in Theorem 25(d), M; and M, are as in (8) and b is as in (9).

Since by definition 1)(N P) = ¢(P)—h(P), for all P € E[N], it follows immediately
that 114 (NP) = P—vy~'h(P), and so we see that M; (mod m) is the matrix of 41}
with respect to the basis NB = (NP, NP). Thus det(¢,'¢)) = det(M;) (mod m),
and so det(¢)) = det(M;) det(,,,) = — det(M;) (mod m) by (29).

This proves the first formula of (42). To prove the second formula, it suffices to
show that the matrix of p,,(h)*) with respect to the basis N3 is given by the formula

(43) [pm(h)' Bl = —bI — M (mod m),

where Mg is the (classical) adjoint of My, because then the second formula of (42)
follows by taking traces of both sides and observing that tr(Mg) = tr(M).

In order to derive (43), we apply h? to (34) to obtain that hiy)(NP) = ht¢)(P) —
kh'h(P) = hivp(P)—kdP, for all P € E[N]. Thus e 0 (h) Yomy m = hivp—[kd] g
Now by (23) and by [6], formula (27), we have

pr(h)'® = pn(R)'W" = (W'pn(h)" = = pn ()",

the latter because ' = —¢~! by (23). Since [¢']s = ([9]5)*, for any g € End(E[N]),
we see that the matrix of —py(h)' is the adjoint M* of M = [¢y"'py(h)]s. Since
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M* = I+ N(My)*, it follows that the matrix of ey m© pm(h) Y omy m = W' —[kd] g
is —xl — N(My)* — kdl = —N (bl + M), and so (43) follows. This proves (42). O

Remark 29 It is useful to observe that we can choose the matrix M of Proposition
28 in such way that M is primitive and of determinant —d; cf. Lemma 30 below. If
we do this, then the above quadratic form g v 4% equals the form gy n of Corollary

12, i.e., QM,N,d,k = QM,N-

Lemma 30 Let M' = (Z; Zi) be an integral matriz and let N and d be positive
integers. If M' is N-primitive, i.e., if gcd(ay,ag,as,a4, N) = 1, and if det(M') =
—d (mod N), then there exists a primitive integral matriz M of determinant —d such

that M = M’ (mod N).

Proof. Put g; = ged(a;, N), so ged(gi,-..,94) = 1. Then by Dirichlet’s theorem on

primes in arithmetic progressions, there are distinct primes p; % (mod gﬂ) with

pit g1 94 Put b; := p;g; and M = (Zi Zi) Then M = M’ (mod N) and M is
primitive, i.e., ged(by, ..., by) = 1.

Note that 6 := det(M) = det(M’) = —d (mod N). Thus, since M is primitive,
there is a matrix P € SLy(Z) such that M = P((l] g), for some b € Z, and so
M = P(

o ") is primitive with det(M) = —d and M = M = M’ (mod N). O

The following result can be viewed as a partial converse of Theorem 25.

Theorem 31 Let (J,\) be a principally polarized abelian surface over K and let
N > 2 be an integer. Suppose that NS(J,\) contains a primitive submodule G of rank
2 such that the restriction qg of qu to G primitively represents N?. Then there
exist unique positive integers m,d with m|N and gcd(N/m,d) = 1 such that qz has
type (N, m,d), and hence there exist integers k,r with k*d = —1 (mod %) such that
4G ~ qNm.d k- Moreover, if char(K') f m, then the following properties hold.

(a) There is an N-presentation (E,E', ¢, 7) of (J,\) and a cyclic isogeny h €
Hom(E, E') of degree d such that (31) holds. Thus m = my(H), where H = Zh.

(b) If A= E x E' and § = D'(1,1,0), D; = D'(N?,0,0), and Dy = D'(k(t —
2d), —kd, h) € NS'(A), where t = d(k*d + 4), then the analogue of (33) holds, i.e.,

(44) H N 7*NS'(J) = ZNO + Zm*D, + Zm(rD; + Dy).

In particular, the given r satisfies the condition of Theorem 25(c), and hence satisfies
the congruence (35).

(c) If char(K) 1 N, and if M is an integral matriz such that M (mod N) is the
matriz of =" o px(h) with respect to some basis B = (P, Py) of E[N](K), then

qG ~ qM,N,d k-
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Proof. Recall that g(;, and also hence qg is positive definite. Since g (D) =
(D.0)* (mod 4), VD € NS(J, ) (cf. the proof of Theorem 3 of [6]), we see that ¢g
satisfies property (iii) of Theorem 1. Thus, since gg primitively represents N? by
hypothesis, the first assertion follows from Proposition 7, and the second follows from
Theorem 16. To prove the other assertions, assume henceforth that char(K) { m.

(a) Since qg ~ qNm.akr, there exists a basis (Dy, Dy) of G such that

(45) Q(J)\) (XDl + YDQ) = qN7m7d7k7T(X7 Y), for all X, Y e Z.

Thus, D is a primitive element of NS(J,A) and (7 (D1) = qnamkr(1,0) = N2, so
by [6], Theorem 18, there is an elliptic subgroup E’ < J such that D; = cl'(E’) + ()
and (E'.0) = N, where § € NS'(J) is such that Az = ¢;.

Let E = (E')%, where (E')* is as in [6], Proposition 10(a). Applying the latter to
E < J, and noting that E+ = E’, we have that (E, E’,1, ) is an N-presentation of
(J,A), for some 1) : E[N] — E’[N] and isogeny 7 : A := E x E' — J. Furthermore,
by [6], equation (6), we have that

(46) mE = N*0p and 7"E = N?0g,

where 0 = prp0r = D'(1,0,0) and 0 = pr,0p = D'(0, 1,0).
We next observe that there exists a Dy € NS'(J) such that

(47) D2 = D2+<é> and (ﬁQé) = T3 = TN"‘kTLd

Indeed, by [4], Lemma 30, such a divisor class D, exists if and only if T35 = T3 (mod 2),
where Ty := ¢ (D2). To verify this congruence, note that by (45) and the definition
of gN,m.,d,k,r WE have that Tg = Q(J)\)(Dg) = qu,d,k,,«(O, 1) = n2t + Qk(t — d)?” + NQTQ,
where n = (k?d + 1)/N. Now since t = d(k*d + 4) = (kd)? = kd (mod 2), we
see that nt — kd = (n — 1)kd (mod 2), and hence n(nt — kd) = 0(mod 2). Thus
Ty—Ts = N2 4 2k(t—d)r+n*— (rN+knd) = rN(rN —1)+n(nt—kd) = 0 (mod 2),
and so there exists Dy € NS'(.J) satisfying (47).

Put G = Z6 + ZD; + ZD,, where D; = F’, and let H' be the primitive hull of
7G in NS'(A). Since G = G/(0) is primitive in NS'(J,\) = NS'(J)/(0)), we see that
G is primitive in NS'(J). Thus 7*G is primitive in 7*NS'(J), and so it follows that
H Na*NS'(J) = 6.

By (46) we see that fp,0g € H'. Since rank(H’) = rank(7*G) = rank(G) = 3,
it follows that H' = Z6p + ZOp + ZD'(0,0,h), for some h € End(E, E’). Note
that % is necessarily cyclic because Zh = D', (H') /Dy ((0g, 0p)) is primitive in
Hom(E, E'). Thus H' = H, where H = Zh.

Put d' = deg(h) and m’ = my,(H). Then the proof of Theorem 25(e) (applied to
(E,E', 1)) shows that the restriction of g(s) to G has type (N,m’,d’) because G =
G/(0) and H N 7*NS'(J) = 7*G. Thus, this restriction has discriminant —16d’(m’)?.
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On the other hand, by (45) this restriction has discriminant —16dm? = disc(qn m k),
so d'(m')? = dm?. Now since ged(NN, d) = 1 by (31), we see that ged(dm?, N?) = m?
and similarly ged(d'(m’)?, N?) = (m’)?. Thus m’ = m and d’ = d.

We next determine 7*D,. Since 7* D, € H, we have 7* Dy = D'(a, b, ch), for some
a,b,c € Z. Put T} :=D’(0,0,h). Then we have

(48) ™0 = NO, 7Dy = N*p and 7Dy = b0+ (a — b)fg + L.

Since (6, 0p,T}) is a basis of H and (7*0, 7Dy, 7 Dy) is one of G, we see from (48)
that [H : 7*G] = |[N - N*-¢|. On the other hand, since H N 7*NS'(J) = 7*G, we
have by Theorem 22 that [H : 7*G] = mN?, and so we see that |c| = m. Thus, by

replacing h by —h if ¢ < 0, we may assume that m = c¢. We now show:

(49) @ = m(k(t —2d) + N*), b = —mkd andso =*(Dy) = m(rDy + D,).
To prove this, write ¢ = (). Then by (15) we have that

(50) q(D+ D) —q(D) —q(D)) = 2(D.G)(D".6) — 4D.D'), V¥D,D' € NS(J).

We apply this to D :~l~?1 and D' = ~l~?2. Since (D1.0) = (E'.0) = mN and (Dy.0) = T;
by (47) and since ¢(Dy + Ds) — q(D1) — q(D2) = 2mT} by (45), we see that

(51) 4(Dy.Dy) = 2mNTs — 2mTy, = —4mkd,

where the second equality holds because T} = N%r + k(t —d) = N?r + kd(Nn +2) =
NTy + 2kd. From this and (47) we see that N2b = N?(0p.w*Dy) = (7*Dy.7*Dy) =
N?(Dy.Dy) = —N?mkd, which proves the second equality of (49). Moreover, since
N(a 4 b) = N(0.7*Dy) = (7*0.7*D,) = N2(0.Dy) = N2Tj by (47), we see that
a=NTy —b=m(NTs + kd) = m(T}, — kd) = m(k(t — 2d) + N?r). This proves the
first equality of (49), and it is clear that the third equality follows from the first two.

Since m = my(Zh), we have by Theorem 25(a) that ¢y = py(k'h) for some
k' € 7Z, and then mi = mk'h. Thus, applying [6], Corollary 40, to D = n*D, =
mD(a',V',h), where ' = k(t — 2d) + N?r and V' = —kd, we see that py(h) =
pn(VK'h) = px(—kdk'h). Since —k*d = 1(mod N), we have that py(—k2dh) =
pn(h) = py(=kdk'h), and so py(kh) = px(K'h) because ged(kd, N) = 1. Thus
Yy = px(K'h) = px(kh), and hence (31) holds.

(b) From part (a) we know that H N7*NS'(J) = 7*G, and that (70, 7* Dy, 7* Ds)
is a basis of 7*G. Thus, (44) follows from (46) and (49). The last assertion follows
from Theorem 25(c), (d) because m(rD; + D) € 7*NS'(J) by (49).

(c) In view of part (b) we are in the situation of Theorem 25 and so gz ~
4dNm,d,k,r ™~ 4M,N,d k by PI"OpOSitiOIl 28. ]
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5 The existence theorem

We now prove that for every binary quadratic form ¢ of type (N, m,d) there exists
a principally polarized abelian surface (A, \) such that its refined Humbert invariant
(A, is equivalent to ¢g. As a first step for this, we prove:

Theorem 32 (Existence Theorem) Let E/K and E'/K be two elliptic curves
over an algebraically closed field K = K with the property that the degree form
qp,p primitively represents d > 1. Then for any binary quadratic form q of type
(N,m,d) with char(K) { N there exists an anti-isometry v : E[N] — E'[N] such
that the refined Humbert invariant qca, ) of the abelian variety Ay = A/Graph(—)
primitively represents q.

Proof. By hypothesis, there is a cyclic isogeny h € Hom(E, E’) with deg(h) = d,
and by Theorem 16 there is a primitive matrix M of discriminant —d such that ¢ is
equivalent to g n.

To find the desired anti-isometry 1, fix an anti-isometry ¢’ : E[N| — E'[N] and
a basis B = (P, P2) of E[N](K). Then by Remark 29 there is primitive matrix M’
of discriminant —d such that [(¢') ' pn(h)]s = M’ (mod N).

Since M and M’ are both primitive of discriminant —d, there are matrices My, My €
SLy(Z) such that MiMM, = M’'. Put P = (MM,)™' € SLy(Z) and let g €
End(E[N]) be such that [¢g]zg = P (mod N). Then ¢ := ¢/’ o g is an anti-isometry
and [ px (W) = [9- () pw ()]s = PM’ = M; "M M, (mod N). By Proposi
tion 28 (and Remark 29) we see that g(a,,) primitively represents qy;—1,/,, - But
Unig vy, v = qun by Corollary 13 and so the assertion follows. ]

Corollary 33 Let E be an elliptic curve over an algebraically closed field K, and let
q be a binary quadratic form of type (N, m,d) with char(K){ N. Then there exists a
principally polarized abelian surface (A, X) with A isogenous to E x E such that q(a )
primitively represents q. In particular, if End(E) = Z, then qa is equivalent to q.

Moreover, if ¢(X,Y) # 1, for all X,Y € Z, and if End(E) = Z, then there is a
curve C'/ K such that qc is equivalent to q.

Proof. Tt is well-known that there exists a cyclic subgroup scheme H < E of order
d. (Indeed, if char(K) 1 d, then we can take H = (P), where P € E(K) is a point
of order d. On the other hand, if d = p"dy, where p = char(K) > 0 and p t dy, then
we can take H = F,;' ((Fy)), where F, : E — E®) denotes the Frobenius morphism
and Py € E?)(K) has order dy.) Let h : E — E' := E/H be the associated cyclic
isogeny. Then gg g primitively represents d, and so the first assertion follows directly
from Theorem 32 because Ay, ~ E X E' ~ E X E.

Moreover, if End(A) = Z, then rank(NS(Ay)) = rank(NS(E x E)) = 3, 50 q(a,a,)
is also a binary quadratic form and hence it follows that g(a, x,) is equivalent to g.
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The last assertion follows immediately from Proposition 6 of [4], which states that
the given condition on q ~ q4,.,) is equivalent to the condition that (Ay, \y) =~
(Jo, A¢) for some curve C'//K of genus 2. O

Corollary 34 Let K be an algebraically closed field which is not the algebraic closure
of a finite field, and let q be a binary quadratic form of type (N, m,d) with char(K) {
N. Then there exists a principally polarized abelian surface (A, \) over K such that
q(a,n) is equivalent to q. Moreover, if ¢(X,Y) # 1, for all X,Y € Z, then there is a
curve C'/ K such that qc is equivalent to q.

Proof. Since K is not the algebraic closure of a finite field, there exists an elliptic
curve F/K with End(F) = Z. Thus the assertions follow from Corollary 33. O

6 Application to elliptic involutions

We now consider the special case that C'/K is a curve of genus 2 which has a presenta-
tion (E, E', 1) of degree 2. As we shall see presently, this is equivalent to assumption
that C'/K has an elliptic involution, i.e., an automorphism o € Aut(C) of order 2
such that o # o¢, where o¢ denotes the hyperelliptic involution of C. Let I(C)
denote the set of elliptic involutions, and for o € Aut(C) let f, : C — C, := C/{0)
denote the quotient cover.

Proposition 35 The rule o — f, defines a bijection between the set I(C) of elliptic
involutions and the set E5(C) of equivalence classes of elliptic subcovers of C/K,
and hence the rule 0 — E, := frJc, defines a bijection between I(C) and the set
Sa(Je, Ae) of elliptic subgroups of Jo of Ao-degree 2.

Proof. Let o € I(C'). Since deg(f,) = ord(c) = 2, the uniqueness of the hyperelliptic
cover implies that g, > 0, and hence go, = 1 by Riemann-Hurwitz. By [5], Corollary
1.4, C, has a K-rational point and hence f, is an elliptic subcover of degree 2. Note
that f, is uniquely defined by o up to equivalence of covers. We thus obtain a map
fo : I(C) — &(C). This map is injective because if f, is equivalent to f,/, then
(o) = Gal(f,) = Gal(f,/) = (¢'), and hence o = ¢’. Moreover, this map is surjective
because if f : C' — F is an elliptic subcover of degree 2, then it is separable and
hence Galois, so Gal(f) = (o) with o € I(C), and then f, is equivalent to f. This
proves the first statement, and the second statement follows from [6], Theorems 20
and 18. U

Proposition 36 Let o € I(C), and put o' = coc. Then o' € I(C) and there exists
an isomorphism v, : E,[2] — Ey[2] and an isogeny 7, : E, X E,; — Jo such that
(Ey, By, Yy, Ty) 18 a 2-presentation of C/K. Moreover, every 2-presentation of C'/ K
1s of this form.
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Proof. Since o¢ lies in the centre of Aut(C'), we see that o and ¢ commute, and so
it follows that o’ # o¢ has order 2, so o’ € I(C). We next show that (E,)* = E,/ in
the notation of [6], Proposition 10.

For this, consider fo : C — C/G, where G := (0,00), and let f, : C, — C/G
and f, : C,r — C/G be the unique maps such that f, o f, = fg and fy 0 f,r = fq.
Note that G is a Klein 4-group, so f, and f, also have degree 2. It thus follows (cf.
[5], Lemma 3.3) that (f,).(fs)*(D) = (f5)*(fs)+(D), for all D € Div(C,/), and so
(f5)«(f5)* (D) ~ 0, for all D € Div’(C,/) because (fy)«(D) ~ 0 as g = 0. From [6],
Remark 13, we thus see that E, = f%Jc, = (fiJe, )t = (E,)*, as claimed.

Now since F,» = (E,)*, we have f,» = (f,)* in the notation of [6], Corollary 12,
and so by that corollary there exists an isomorphism ¢, : E,[2] — E,[2] and an
isogeny 7, : By X E, — Jo such that (E,, E,r,1,,m,) is a 2-presentation of C'/ K.

Moreover, if (E, E', 0, ) is a 2-presentation of C'/ K, then by Proposition 10(b) of
[6] we know that E and E’ are isomorphic to elliptic subgroups E, E' € Sy(Jc, Ac)
with £/ = E+, and so £ = E, and E' = E,,,, for some o € I(C) by Proposition 35
and by what was proved above. 0

Corollary 37 Let C/K be curve of genus 2, where char(K) # 2, and let d > 1.
Then the following conditions are equivalent.

(i) There exists o € I(C) and a cyclic isogeny h : E; — Eqq. of degree d.

oc

(i) gc primitively represents a binary form of type (2, m,d), withm =1 orm = 2.

Proof. (i) = (ii): By Proposition 36, there exist ¢ and 7 such that (E,, Eyyp., ¥, T)
is a 2-presentation of C'/K. Since h € Hom(FE,, E,,..) is cyclic of degree d, Theorem
25 shows that go primitively represents a binary form of type (2, m, d) with m|2.

(ii) = (i): By Theorem 16 we may assume that the binary form ¢ represented
by qc i8S ¢ = Gam.d ks, for some suitable k,r € Z with k*d = —1 (mod %) Applying
Theorem 31 shows that there exists an 2-presentation (F,E’,¢,7) of C'//K and a
cyclic isogeny h € Hom(FE, E') of degree d. By Proposition 36 we have that there
exists an elliptic involution ¢ on C such F and E’ are as in (i), and so the assertion
follows. U

Remark 38 In their paper, Accola and Previato[l] mention on p. 141-142 that “a
condition for [two degree-2 elliptic subcovers| being isogenous to any degree does not
appear to be known”. The above result can be viewed as a contribution towards filling
in this knowledge gap. In particular, we can use it to prove the following result.

Corollary 39 Let E/K be an elliptic curve with End(E) = Z, where K is an alge-
braically closed field of char(K) # 2, and let d > 1 be an integer. Then there exists

a curve C/K with two elliptic subcovers f : C — E; of degree 2 and a cyclic isogeny
h: Ey — Es of degree d such that Fy ~ F.
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Proof. Let q be a binary form of type (2, m, d), where m|2. Then q is equivalent to one
of the forms listed in Proposition 19. Now all the forms listed there with the exception
of the form [4, 0, 1], which has type (2,1, 1), are reduced, so have 4 as their minimum,
and hence satisfy condition (iv) of Theorem 1. (Thus, for d = 1 take m = 2.) By
Corollary 33 we thus see that there exists a curve C'/ K with ¢c equivalent to ¢, so C'
satisfies condition (ii) of Corollary 37, and hence the assertion follows from condition
(i) of the corollary. O

We now study the case that C'/K has several elliptic involutions in some detail.
We first observe:

Proposition 40 Let 01,05 € I(C) and put E,, = E, + Z0c € NS(Jo, A) and M =
M(oy,09) = ZE,, + ZE,,. If 09 # 01,010¢, then rankM = 2 and

(52) Go(XE, +YE,) = AX>+4rXY +4Y2, for all X,Y € Z,
where r = 2 — (E,,.E,,). Furthermore, |r| < 1.

Proof. In view of (the proof of) Proposition 36, the hypothesis implies that E,, #
By, (E,)*, so E,, # +FE,,. Thus, since E,, is primitive in NS(Jg, A\¢) (cf. [6],
Theorem 18), it follows that E,, and FE,, are linearly independent, so rank(M) = 2.

Since qo(E,,) = 4 (cf. [6], Theorem 18) and since qc(E,, + E,,) = 4% — 2(E,, +
E,,)? =16 — 4(E,,.E,,) = 8 + 4r, we see that (52) holds.

Moreover, since F,, # Eﬁl = Fy 0., We have that (E,,Q.EULI) > 1. Thus, since
E, + Ef = 20c, we have that 1 < (E,,.E,,) = 4 — (E,,.E}) < 3, and so we see
that |r| < 1. O

Corollary 41 In the situation of Proposition 40 we have that M (o1, 09) is a prim-
itive submodule of NS(Jo, Ac). Thus, qc primitively represents the form q, where
q=1[4,0,4], if r =0, and q = [4,4,4], if r = £1.

Proof. Let M’ be the primitive hull of M = M(oy,05) in NS(Je, A¢), and put ¢ =
[M' : M]. Let ¢’ and g be the restriction of g to M’ and to M, respectively. By
Theorem 31 we know that ¢’ has type (2,m,d), for some (unique) integers m,d, so
disc(¢') = —16m?d and hence disc(q) = —16m?c*d.

Now if r = £1, then ¢ ~ [4, £4, 4] by the proposition, so disc(q) = —16 - 3, and
hence m?c?d = 3, which shows that m = ¢ = 1 and d = 3. Thus, M = M’ is primitive,
and ¢ ~ [4,4,4]. On the other hand, if r # 41, then ¢ ~ [4,0, 4] by the proposition,
so disc(q) = —16 - 4, and hence m?c*d = 4. If c# 1, thenc =2, m =1 and d = 1,
so ¢’ has type (2,1,1). Thus ¢ ~ [4,0, 1] (cf. Proposition 19), which represents 1 and
hence does not satisfy property (iv) of Theorem 1, contradiction. Thus, ¢ = 1 and
hence M = M’ is primitive and ¢ ~ [4,0, 4]. O
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Note that the above results are valid for an arbitrary ground field K. In order to
analyze the above situation further, it is useful to impose some mild restrictions on
the characteristic of K.

Proposition 42 Let 01,05 € I(C) be such that oy # 01,010¢, and put 0 = o109 and
n :=ord(c). Then G := (01,02) ~ D,, is a dihedral group of order 2n. Moreover, if
char(K) # 2, thenn = 3, 4, or 6, and if n is even, then o™/? = o¢.

Proof. The first assertion is clear by elementary group theory. To prove the other
assertions, assume that char(K) # 2. Moreover, we may assume without loss of
generality that K is algebraically closed. Then the set We = Fix(o¢) of Weierstrass
points of C' consists of 6 distinct points. Since each 7 € Aut(C') commutes with o¢,
we see that 7 permutes the elements of Ws. We first show:

Claim: 7 € Aut(C) acts trivially on W < 7 =1 or 7 = o¢.

Indeed, if 7 # 1 acts trivially, then 7 has at least 6 fixed points, so the different divisor
Diff(f,) of f. : C — C, = C/(r) has degree at least 6(m — 1), where m = ord(7).
Thus, by Riemann-Hurwitz we have m(—2) +6(m — 1) < 2,som < 2. If m = 2
and 7 # o¢, then 7 has no fixed points on We because (7,0¢) is a Klein 4-group,
so f, and f,. have disjoint ramification. Since this is a contradiction, we must have
7 = o¢. This proves the claim because the other implication is trivial.

Let ; € Sym(W¢) ~ Sg be the permutation induced by oy, for i = 1,2. By
the claim and our hypotheses have that o; # 5. Moreover, since o; does not have
any fixed points on We, we see that g; is a (2,2,2)-cycle. Then 6 = 7,55 is either
a (2,2)-cycle (if a1, g2 have a common transposition) or a (3, 3)-cycle, as is easy to
check. Thus ord(d) = 2 or 3, and so ¢ has order 2,3,4 or 6. Now ord(c) # 2 because
in that case 0 € I(C) and so 7 is a (2, 2, 2)-cycle and not a (2, 2)-cycle as above. This
proves that n = 3,4 or 6.

To prove the last assertion, note that if n is even, then the above shows that & is
an (2, 2)-cycle, so 62 = (1), and hence 6™/? = ¢ by the claim. O
Proposition 43 Let 01,09, 0 be as in Proposition 42, and assume that char(K) # 2.

(a) If ord(o) = 4, then (Ey,.E,,) = 2.

(b) If 3|n := ord(¢) and if char(K) # 3, then (E,,.F,,) = { 3 ifn =23,

1 ifn=6.

Proof. Again, we may assume without loss of generality that K is algebraically closed.
Fix Py € C(K) and consider the map ¢; = ¢,, p, : C(K) — Jo(K) defined by

0i(P) = c(f;.(fo,)«(P — Py) = cl(P— Fy+0i(P) — 04(FR)), for PeC(K).
To analyze this map we first observe that if P € C(K) and if 0} := o¢0;, then

(53)  A(P+0y(P))>1 & 3P : P+0;(P)=P +o0c(P) & P cFix(a)).
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Indeed, h°(P + o;(P)) > 1 if and only if P + o;(P) is a canonical divisor of C. Now
every effective canonical divisor on C'is of the form P+o¢(P'), for P’ € C(K), and so
the first equivalence follows. To verify the second, note that if P+o0;(P) = P'+oc(F'),
then either P = P’ and 0,(P) = o¢(P’), so P = oco;(P) € Fix(o}) or P = o¢(P’)
and o;(P) = P', so P = o,00(P) € Fix(o}). Conversely, if P € Fix(o}), then
0i(P) = oc(P), so P+ 0;(P) = P+ oc(P). This proves (53).

Using (53), we see easily that

(54) 0i(P) = ¢i(P2) & P, = Pior P = o0y(P).

Indeed, clearly ¢;(Py) = ¢;(P2) < cl(P + 0i(P1)) = cl(Py + oy(P)). If h°(P, +
oi(P1)) = 1, then this latter condition is equivalent to the equality P, + 0;(P;) =
Py + 0;(P,), and so (54) follows in this case. If h°(P; + 0;(P;)) > 1, then by (53) we
see that the latter condition is equivalent to Pi, P» € Fix(o}). Now if P € Fix(o}),
then Fix(o}) = {P,0;(P)} because |Fix(c!)| = 2 and o; and o, commute and have
disjoint fixed points. This proves (54) in this case as well.

Now suppose that Py € Fix(o), i.e., that o1(Fy) = 02(F). Then we have:

(55) 01(P) € E,(K) N E,,(K) < P e Fix(o) U Fix(d}).

Indeed, since ¢;(C(K)) = E,,(K), for i = 1,2, we see that the condition of the left
side of (55) is equivalent to the condition that ¢;(P) = o P'), for some P’ € C(K).
This in turn is equivalent to cl(P+oy(P)) = cl(P’' 4 02(P")) because 01(Fy) = 02(F).
If h°(P + 01(P)) = 1, then this is equivalent to P + o1(P) = P’ + o5(P’), for some
P’ € C(K), which in turn is equivalent to P € Fix(o). On the other hand, if
hP(P+o1(P)) > 1, then by (53) we have that P € Fix(o}). Conversely, if P € Fix(o})
then cl(P + 01(P)) = cl(P' + oc(P")) = cl(P' + 0o(P’) for P' € Fix(0}), and so (55)
follows.

(a) If ord(c) = 4, then |Fix(c)| = 2 (because Fix(c) C Fix(0?) = Wy and 7 is a
(2,2)-cycle), so Py € Fix(o) exists. Since Fix(o) C W and Fix(o)) are disjoint, we
see that |y (Fix(o) U Fix(o]))| > 2. Thus, (54) and (55) show that (E,,.E,,) > 2.
Moreover, since 0105 = oo also has order 4, we have by the same argument that
(Es,-Eoy) > 2. But since (Ey,.Ey,) + (Ey, . Eyy) = 4 (cf. the proof of Proposition 40),
the assertion follows.

(b) Now assume that char(K) # 3 and that ord(c) = 3. Since f, is tamely
ramified, it follows from Riemann-Hurwitz that |Fix(c)| = 1 or 4. Since Fix(o)
is oc-stable, the first case implies that Fix(o) has a fixed point under o, which
contradicts the fact that 7 is a (3,3)-cycle. Thus |Fix(o)| = 4 (and go, = 0), so
there exists Py € Fix(o). Now Fix(o) N Fix(c}) = ) because (0}) is a maximal cyclic
subgroup of (o, 07) ~ Dg, so we obtain from (54) and (55) that (E,,.E,,) > 3. Since
(E,,.Es,) < 3 by the proof of Proposition 40, this proves the assertion in this case.
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Now suppose that ord(c) = 6. Since 0® = o¢ by Proposition 42, we see that

010y, = ooc = o' has order 3, so by the above (applied to o1,0%) we see that
(Es,-Eoy) = 3, and hence (Ey,.Ey,) =4 — (E,,.Eyy) = 1, as claimed. O

Remark 44 If K is algebraically closed and if char(K') # 2,3, then the above proof
shows that

(56) (Ey,.E,,) = %|Fix(0102)| +1.

Indeed, if 0 := 0,05 has order 4 or 3, then this was implicitly shown in the above proof.
If ord(c) = 6, then (E,,.E,,) = 1 by Proposition 43(b), and we have Fix(c) = ()
(because Fix(c) C Fix(0?) = W but 7 has type (3,3) and hence has no fixed points
on We¢), so (56) holds in this case as well. Thus (56) holds because there are no other
cases by Proposition 42.

Proof of Theorem 4. (a) Suppose first that we have a subgroup G' < Aut(C') with
G ~ D, where n = 4 (respectively, n = 6). Then G = (o1, p), where ord(p) = n
and ord(oy) = 2. Put 09 := o1p. Then p = 0105 and ord(os) = 2, so o1 and o9 do
not commute and hence oy # 01, 010c. Thus, o7 and oy satisfy the conditions of
Corollary 41, and so g¢ primitively represents g = [4,4r,4] with r = 2 — (E,,, E,,).
By Proposition 43 we see that r = 0 if n = 4 and r = 1 if n = 6. This proves one
direction of the assertion.

Conversely, suppose that go primitively represents g,, where n = 4 (respectively,
n = 6). This means that there exist Dy, Dy € NS(J¢, A¢) such that go(X Dy +Y D) =
¢ (X,Y),VX,Y € Z. Thus qc(D;) = 4, for i = 1,2, and so by [6], Theorem 18,
there exist elliptic subgroups E; < Jo of degree 2 such that E; + Z6- = D;, for
i = 1,2. By Proposition 35 we see that E; = E,, with o; € I(C). Moreover, since
Dy # +£Dy, it follows that o, and o, satisfy the hypotheses of Proposition 40, and
so (E,,.E,,) =2 —r, where r = 0 because ¢4 = [4,0,4] (respectively, r = 1 because
g6 = [4,4,4]). By Propositions 43 and 42 we thus have that ord(c,02) = n and that
G = (01,09) ~ D,, as desired.

(b) Note first that if N? is primitively represented by g,, then it is also primitively
represented by g¢, and so by [6], Theorem 20, each such representation gives rise to
an elliptic subcover f : C' — E of degree N.

Now N? is primitively represented by q4 = [4,0, 4] (respectively, by qs = [4, 4, 4])
if and only if 2|N and N? is primitively represented by [1,0,1], (respectively, by
[1,1,1]), where Ny = % But it is well-known that N? is primitively represented by
[1,0,1] (respectively, by [1,1,1]) if and only if N? (and hence N;) is a product of
primes p; = 1 (mod 4) (respectively, p; = 1 (mod 3)); cf. Satz 161 of Landau|§].

(c) Since g¢ represents ¢,, which has type (2,m,d), for (m,d) = (2,1) (re-
spectively, for (m,d) = (1,3)), we see by Proposition 36 and Corollary 37 that
Jo ~ E,x E, ~ E% Thus, if f : C' — E is any elliptic subcover, then E is an isogeny
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factor of Jo and so E ~ E,. Thus, the hypothesis implies that rank(NS(J¢, A¢)) = 2,
and hence it follows that ¢¢ is equivalent to ¢,. Thus, by [6], Theorem 20, there is
a bijection between the set £y of equivalence classes of elliptic subcovers of degree
N and the set of primitive representations of N? by ¢,. Thus, the statement about
the existence of subcovers follows from what was said in the proof of part (b). The
last assertion about the number of subcovers follows from the corresponding assertion
about representations of ¢,; cf. Satz 161 of Landau[8]. O

It is interesting to note the following alternate characterization of curves whose
automorphism groups contain Dy as a subgroup.

Proposition 45 Let C/K be a genus 2 curve, where char(K) # 2,3. Then there
erists G < Aut(C) with G ~ Dy if and only if there is an elliptic curve E/K and a
K-rational ¢ € Aut(E[2]) of order 2 such that Jo ~ (E x E)/Graph().

Proof. By the proof of Theorem 4(a), the first condition is equivalent to the existence of
a 2-presentation (E,, Ey, v, ) of Jo/K and a primitive submodule M = M (o, 0") of
NS(Je, A¢) such that the restriction of g¢ is equivalent to [4, 0, 4]. Since the latter has
type (2,2,1), this implies by Corollary 37 that there is an isomorphism h : E, = E,.
We can thus replace E,, by E := E, and adjust ¥ and 7 accordingly to obtain a
2-presentation of the form (E, E, ¢, ) of Jo/K with ¢ € Aut(E[2]) ~ GLy(2) ~ Ss.
Now since [4,0,4] = g221,0,0, it follows from Theorem 25(d) that tr(¢) = tr(1%) =
r = 0(mod 2). Now the elements of order 2 in GLy(2) are conjugate to (} (1]) and
hence have trace 0, whereas the two elements of order 3 have trace 1. Now ¢ # 1
because otherwise m, = 1, so we must have that i) has order 2. This proves the one

direction of the assertion, and the converse follows by reversing the steps. U

We now show that the classical Legendre curve family which was studied by Leg-
endre in 1832 (cf. Krazer[7], p. 477) gives many examples of curves which satisfy the
hypotheses of Proposition 45 and/or of Theorem 4(c).

Example 46 Let K be a field with char(K) # 2 and let a € K*, a # £1. Then the
plane curve
Co v = z(z® —a)(z® —a™ )

is a curve of genus 2 which is a twist of the classical Legendre curve
L : y* = x(1 —2?)(1 — *2?)

because if a = b?, then the transformation x = bX, y = Y transforms C, to the curve
Y? =0b(1 — X?)(1 — a®>X?), which is a quadratic twist of L,.

It is immediate that the rule o : (z,y) — (1, %) defines an involution of C,/K.
Since o # o¢ : (x,y) — (x, —y), it follows that ¢ is an elliptic involution.
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Let F' = K(z,y) denote the function field of C,. Then the fixed field of F' with
respect to o is K (u,v), where u = z + L and v = y(z + 1)/2*. These are related by
the cubic equation

E,: v? = (u+2) (u2 — —(ﬁaly) ;

which defines an elliptic curve. Thus, the rule (z,y) — (u,v) defines an elliptic
subcover f : C, — E, of degree 2.

Now suppose that —1 = ¢? is a square in K. Then the rule p : (z,y) — (—x,iy)
defines an automorphism of order 4 on C,, and we have opoc = p* and p* = oc¢.
Thus, G = (0, p) ~ Dy is a dihedral subgroup of Aut(C,), and so C,/K satisfies the
hypotheses of Theorem 4(a).

To find examples satisfying the hypotheses of Theorem 4(c), we need to impose
further restrictions on a. For this, note that (by MAPLE) the j-invariant of E, is

(57) i) = S

It is immediate that j(E,) ¢ Z, if a € Z (a # 0,£1), except for a = +3. Indeed,
if p is an odd prime which divides the denominator (a + 1)*(a — 1)* of j(E,), then
a = +1(mod p) and then the numerator is not divisible by p because it is congruent
to a power of 2 mod p. Thus, if j(E,) is integral, then (a — 1)(a + 1) is (up to
sign) a power if 2, and this can happen only for a = £3. Thus, if a # £3, then
End(E, ® K) = Z, for every extension field K of Q(i), and so these examples satisfy
the hypotheses of Theorem 4(c).

Remark 47 Let C! /K denote the curve defined by y? = (2% — a)(2® — a™'), where
a € K*, a# £1. If char(K) # 2,3, then C!/K is curve of genus 2 which has an
elliptic involution defined by (x,y) +— (%, %). Moreover, if K contains a primitive
third root of unity (3, then Aut(C”) contains a subgroup isomorphic to Dg, as is easy
to see. Thus, a similar discussion as in Example 46 gives us examples for the Dg case

of Theorem 4.

Finally, we consider the following example of a curve C'//K for which the refined
Humbert invariant is a ternary form.

Proposition 48 Let C/Q be the curve defined by y* = (2 — 3)(2* — %), and let K
be any subfield of C. Then:
4x? if Q() ¢ K,
(58)  qop ~ { AX244Y? if Q@) C K and Q(v=3) ¢ K,
AX2 +4Y? +AY Z +472%  if Q(i,v/—-3) C K.

Thus, if K 5 Q(i), then Cx /K has precisely 2 elliptic subcovers, both of degree 2,
and if Q(i) C K but Q(v/—3) ¢ K, then Cx/K has an elliptic subcover of degree
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N if and only if N = 2Ny, where Ny = 1 or Ny is a product of primes p; with
pi = 1(mod 4). On the other hand, if Q(i,/—3) C K, then Cx/K has in addition
an elliptic subcover of degree N whenever N = 2N,, where Ny is a product of primes
p; with p; =1 (mod 3).

Proof. By Example 46 we know that C'/Q has an elliptic involution o € I(C), so
by Proposition 36 we know that C'/Q has a 2-presentation (FE,, E,,1, 7). Thus,
Jo ~ E; x By, so by Lemma 21 we see that go, is a quadratic form in 1 + rg
variables, where rx = rank(Hom(E, ® K, E,» ® K)). Moreover, since Aut(C' ® Q(i))
contains a subgroup isomorphic to Dy, we see that E, ® Q(i) ~ E, ® Q(i); cf.
Proposition 45. Since j(E,) = 0 by (57), we see that rx = 1 in the second case of
formula (58) and rx = 2 in the third case. Moreover, rx = 0 in the first case. (This
can be verified either by verifying by a direct computation that E, is a nontrivial
quadratic twist of E, or by observing that the Dj-subgroup cannot be K-rational
except when Q(¢) C K and using Proposition 45.)

In the first case we have gc, ~ nX?, for some n > 1. Since Ck has an elliptic
subcover of degree 2, we know that 4 is primitively represented by g¢, (cf. [6], The-
orem 20), and so n = 4 because n the only value which is primitively represented by
nX?2. This proves (58) in the first case. Moreover, in the second case we are in the
situation of Theorem 4(c), so (58) holds in this case as well.

Now suppose that Q(i,/—3) C K, so qo, is a ternary form. We first prove
that my, = 2. If not, then my, = 1 because my, |2, and then by Diem-Frey (cf. [6],
Theorem 4) Jo,, =~ (Ey X Ey )i =~ E? where j(E) = 0. But this is impossible because
this product surface cannot be a Jacobian by Hayashida-Nishi[2]; cf. [3], Remark 60.
Thus, m,, = 2.

By Theorem 4(a) and Corollary 41 we know that NS(J¢, A¢) has a primitive sub-
module M such that the restriction of go, to M primitively represents [4,0,4] =
¢22100- Thus, by Theorem 31 we see that 7*NS'(Jg,) contains M := Z(20) +
Z(4Dy) + Z(2D,) as a primitive submodule, where D; = D’(1,0,0) and Dy =
D'(0,0,1g). Thus, there exists Dy € NS(E?) such that (20,4D;,2D,, D}) is a ba-
sis of m*NS'(Jo,). Since my, = 2, we have by [6], Corollary 38, that Dj = 2Dj,
for some D3 = D'(a,b,h). By replacing D by D) — b(26), we may assume with-
out loss of generality that b = 0. Moreover, since End(F) ~ Z[(3], there exists
a € End(F) of order 3 such that (1g,«) is a basis of End(F). Thus, we can
write h = ¢1 - 1g + e, and so, by replacing D} by Dj — ¢1(2D;), we may assume
that D} = 2D3, where D3 = D’(a,0, ca). It then follows from Proposition 24 that
a = ctr(afy) (mod 2). Now since the restriction of a to E[2] has order 3, and ¢ has
order 2, it follows that o’y has order 2 and so tr(a'y) = 0; cf. the proof of Proposition
45. Thus, a = 0 (mod 2), and so by replacing D5 by D3 — 45D, we may assume that
D} = 2¢Ds, where D3 = D’(0,0, «). Since 6, Dy, Dy, D3 is a basis of NS'(E?), we see
that [NS'(E?) : m*NS'(Jg,. )] = |2-4-2-2¢| = 32|c|. But by Theorem 22 we know that
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this index equals m22+t? = 2°, so ¢ = £1, so we may take ¢ = 1. Thus,

(59)

NS (Jo) = Z(20) + Z(4D:) + Z(2Dy) + Z(2Ds)

where Dy = D'(0,0, ), and so NS'(J¢) has a basis (6c:, D1, Dy, Ds) where 7*D; =
4D1, 7T*D2 = 2D2, and 7T*D3 = 2D3

Using the projection formula (cf. [6], Proposition 17) and (16), we thus obtain

(52,0)(X(4D1) + Y (2D,) + Z(2D3))

qC(XEI -+ YDQ —+ ZDg) =
= 1(16X% +4deg(2(Y -1+ Z - a))),

1
14
i

where X,Y,Z € Z. Since deg(Y - 1p+ Z -a) = Y? +YZ + Z?, we thus see that
go ~ X? +Y?+ XY + Z?2, which proves the third case of (58).

The last assertion follows immediately from Theorem 4(a),(b) because the form

4Y?% 4+ 4Y 7 + 472 is primitively represented by qc. O
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