Elliptic Subcovers of Hyperelliptic Curves

Ernst Kani

1 Introduction

Let C be a curve over an arbitrary field K. An elliptic subcover is a finite K-morphism
f: C — E to an elliptic curve F/K such that its base-change fz : Cx — FEg to
the algebraic closure does not factor over a non-trivial isogeny of Fw. If f': C —
E'’ is another elliptic subcover, then f’ is said to be equivalent to f if there is an
isomorphism ¢ : E = E’ such that f/ = o f. Let £(C) denotes the set of all
equivalence classes of elliptic subcovers of C.

If C(K) # 0, then it is well-known that there is a natural bijection between the
set £(C) and the set S(J¢) of elliptic subgroups of the Jacobian Jo of C.

The purpose of this paper is to show that this result is also true when C'(K) = 0,
provided that C'is a hyperelliptic curve whose genus is even. Thus, we prove in §4:

Theorem 1.1. Let C'/K be a hyperelliptic curve of genus go = 0(2). Then the rule
f— f*Jg induces a bijection

Note that this result does not extend to hyperelliptic curves of odd genus, as
counterexamples show; cf. Example 2.5 and Remark 2.4.1
Theorem 1.1 implies:

Corollary 1.2. If C' is as above, then every finite morphism f : C — E to an
elliptic curve E/K factors over an elliptic subcover f, : C' — Ey, and f; is uniquely
determined by f up to equivalence. In particular, f is an elliptic cover if and only if
f does not factor over a non-trivial K-isogeny.

This result can also be reformulated in terms of elliptic subfields of the function
field F' = k(C) of C:

Corollary 1.3. If C is as above, and E/K is an elliptic curve, then a finite morphism
f:C — E is an elliptic cover if and only if f*k(E) is a mazximal elliptic subfield of
F = k(C). Thus, the map f — f*k(E) induces a bijection between E(C) and the set
of Mi(F) of a maximal elliptic subfields of F.

We note in passing that throughout we could have replaced “elliptic curve” by
“curve of genus 1”7. Indeed, the following result is an easy consequence of Theorem
1.1.

Corollary 1.4. If E/K is a curve of genus 1 which admits a finite cover f : C' — E
by a hyperelliptic curve C/K of even genus, then E(K) # 0, and so E/K is an elliptic
curve.

! This answers a question posed by the referee.
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In the case that char(K) # 2 and go = 2, Theorem 1.1 was already proven in [4].
The proof there uses the key fact that in that case one can “normalize” an elliptic
subcover f : C' — FE, and that normalized subcovers possess a Galois descent. Here
in §4 we generalize this concept to hyperelliptic curves of higher genus (and to the
case of an arbitrary base field K) and show that a similar result holds when g¢ is
even.

Theorem 1.5. Let C'/K be a hyperelliptic curve whose genus is even. If f : C — E
is an elliptic subcover, then there exists an x € E(K) such that T, o f is normalized.

By combining this result with the fact that normalized covers posses a Galois-
descent (cf. Corollary 4.4), it is easy to complete the proof of Theorem 1.1.

2 Elliptic subcovers

Let C'/K be a (smooth, projective, geometrically connected) curve of genus g > 2
over an arbitrary field K. We review here some basic facts about elliptic subcovers.
For technical reasons, however, it is useful consider a slightly more general class of
subcovers.

Definition 2.1. A quasi-elliptic subcover of C'/K is a finite K-morphism f: C — F
to a curve E/K of genus 1 such that its base-change f7 : Cz — Ex to the algebraic
closure K of K does not factor over an non-trivial isogeny of E. If, in addition, E
has a K-rational point, then we call f an elliptic subcover.

As we shall see below, in many cases quasi-elliptic subcovers are automatically
elliptic subcovers (cf. Proposition 2.3 and Corollary 1.4). However, there do exist
quasi-elliptic subcovers which are not elliptic; cf. Example 2.5 below.

For much of what follows, it is important to note that quasi-elliptic covers can be
characterized by the condition that the induced map f*: Jg — Jo on the Jacobians
is a closed immersion. Here and below, we use the notations and basic facts about
Jacobians as in [4]. (See also [9].)

Proposition 2.2. Let f: C — E be a morphism to a curve E/K of genus 1. Then
f is a quasi-elliptic subcover if and only f*: Jg — Jo is a closed immersion. If this
1s the case, then f is separable.

Proof. The first assertion follows immediately from [2], Proposition 4.2, because
(f)* = (f*)% is a closed immersion if and only if f* is a closed immersion. To
prove the second assertion, suppose the contrary, i.e., that f is not separable. Then
also fz is not separable, and hence the function field F' := k(C%) of Ck is an insep-
arable extension of Fy = f*k(Fyg), and so Fy C FP, where p = char(K) # 0; cf. [11],
Prop. 111.9.2. Thus F} := Fol/p C F' is an elliptic subfield of F, and so fz factors as
J'e = fi10 f2, where fi : Ey — Ep is purely inseparable of degree p. Thus f% = fJo f{
factors over the (inseparable) isogeny f; of degree p, and hence f* cannot be a closed
immersion, contradiction. Thus f is separable. Il
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As in the introduction (or as in [2]), two quasi-elliptic subcovers f; : C' — E; are
said to be equivalent if there exists an isomorphism ¢ : E; — E» (of genus 1 curves)
such that fo = ¢ o f;. We denote the set of equivalence classes of quasi-elliptic
subcovers of C/K by £(C) = £(C/K). Clearly, the set £(C) of equivalence classes of
elliptic subcovers of C/K is naturally a subset of £(C). We then have the following
fact which generalizes Corollary 4.3 of [2].

Proposition 2.3. The rule f — f*Jg defines an injection

(I)C : E(C) — 8(J0>

of £(C) into the set S(J¢) of elliptic subgroups E < Jo of Jo. Moreover, if C'/K has
a divisor of degree 1, then every quasi-elliptic cover is an elliptic cover, and ®¢ is a
bijection.

Remark 2.4. If K is a finite field, then C'/K always has has a divisor of degree 1 by
a theorem of F. K. Schmidt; cf. [11], Corollary V.1.11.

Moreover, if C'/K has an elliptic subcover f : C' — E of odd degree, then C'/K
has a divisor of degree 1 (because f*(0g) has odd degree and the canonical divisor of
C' has even degree), and hence it follows from Proposition 2.3 that every quasi-elliptic
subcover is elliptic and that ® is a bijection.

However, quasi-elliptic covers which are not elliptic do exist for curves over Q or R,
as the following general Example 2.5 shows. Thus, for these examples the restriction
of the map ®¢ to £(C) is not surjective. In particular, Theorem 1.1 does not extend
to hyperelliptic curves C'/Q of odd genus.

Example 2.5. Let K C R be a subfield of R, and consider the curve E/K whose
function field is Fy := K (x,y), where y?> = —(2?+1). Since the double cover @ : E —
P! is unramified at the point P, at infinity and has relative residue degree 2 there
(because —1 ¢ (K*)?), we see that E/K is a curve of genus 1 with F(K) = ().

Next, consider integers n > 2 and d > 1 with ged(n,d) =1, and let F = F, 4 =
K (z, z) be the function field with equation 2" = [[_,(z — a;), where the ¢; € K are
distinct. The associated curve C' = C,, 4 has genus go = (n — 1)(d — 1) and has a
subcover f = f,4: Cpq — P! of degree n; cf. [11], Prop. V1.3.1.

Finally, let C = C, 4 be the curve with function field ' = Fn,dFO. Since F N
Fy = K(x) (because the points P,, are totally ramified in ' and are unramified in
Fy), we see that C is the normalization of C' xp E and hence we have morphisms
f = foa:C — Eand ¢ : C — C of degrees n and 2, respectively, such that
foy=@of. Note that f: C — E is a quasi-elliptic subcover because the points on
E over P,, are totally ramified in F', so fi cannot factor over a nontrivial isogeny of
E?.

Since the cover ¢ o fr : O — PL is abelian of degree 2n and has d + 1 points
of P! which are ramified of degree n and 4 points which are ramified of degree 2, we
see that the genus of C'is go = 1+ (n — 1)(d + 1). In particular, when d = 1, the
curve C' = C,,; is hyperelliptic (because g5 = 0) of odd genus go = 1+ 2(n — 1), for
n=2,3,..., 50 we have a hyperelliptic example for every odd genus g > 3.
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Proof of Proposition 2.3. Note first that this map is well-defined because if f; ~ f,
are two equivalent quasi-elliptic subcovers, then f; = ¢ o f;, for some isomorphism
¢ : By = FE,, and hence f3Jg, = fi¢*Jp, = fiJg,, so both define the same elliptic
subgroup of J¢.

We first consider the case that C'/ K has a divisor D € Div(C') of degree 1. Now if
f: C — FE is a quasi-elliptic subcover, then f is in fact an elliptic subcover because
f«D € Div(E) is also a divisor of degree 1, and so f.D ~ Py € E(K) by Riemann-
Roch. Thus, E is an elliptic curve and f is an elliptic subcover.

We next show that ®¢ is bijective by constructing an inverse map ¥¢ = Ve p.
For this, let jp : C' — Je be the closed immersion given by jp(P) = cl(P — D), for
P € O(K), and let E < Jo be an elliptic subgroup with inclusion hp : E < Jo. Put

(1) U(hg) == [~1]gojz o hpolcojp:C — E,

where jp = jo, 1 I = Jg is the canonical isomorphism and \¢ : Jo — jc denotes
the canonical polarization of Jo. Then we have that

2) U(hp)* = hgojil.

To VerAify this, let A\g : Jp — jE be the canonical theta-polarization, and let kg :
E 5 E = Jg be the duality isomorphism. Since kg = —Ag o jg, and jj, = —A¢ (cf.

[4], p. 45), we see that U(hg)* = joAche(ih) o [=1], = (—Ac)Ack hprg (Ag) =
—hE/{;/\E = hg ojgl, as claimed.

We thus see that the rule £ — (equivalence class of W(hg)) defines a map V¢ =
Uop: S(Je) — E(C) = £(C). Indeed, (2) shows that ¥(hp)* is a closed immersion,
so U(hg) : C' — E is an elliptic subcover by Proposition 2.2. Moreover, the equiva-
lence class of U(hg) does not depend on the choice of hg because if hpoa : E — Jo
is another inclusion with image £, then U(hgpoa) = [~1]gojzlodo hgoAcojp =
(jz' o d@ojg)oW(hg) is equivalent to W(hg).

We now show that & and U are inverses of each other. For this, suppose first
that E' < Je is an elliptic subgroup. Then ®(hg)*Jg = ®(hg)*(je(E)) = hg(E) =F
by (2), and so (Ve (F)) = E.

On the other hand, if f : C' — FE is a quasi-elliptic subcover, then by the above
Py € E(K), so we have an isomorphism jp = jp, : £ — Jg defined by P —
cl(P — FR). Then hg := f*ojg : E — Jgo is a closed immersion by Proposition
2.2, and f; := V(hg) : C — FE is an elliptic subcover, as was shown above. Since

fi 2 hgojgt = f*, it follows that 3z € E(K) such that f; = T, o f (cf. equations
(47) and (48) of [4]) and so f ~ f1. Thus Ve (Pe(f)) = (class of f), which shows
that the maps & and V¥ are inverses of each other, and so both are bijections.

It thus remains to show that for any C/K, the map ®¢ is always injective. For
this, let f; : C' — E; be two quasi-elliptic subcovers with ®¢(f1) = fiJg, = foJg, =
®c(f2). Then also ¢, ((f1)x) = Po,., ((f2)xr), for any extension K'/K. Choose
K'/K Galois such that C(K') # 0. Since ®¢_, is a bijection by what was shown
above, we see that (fi)x ~ (f2)rr, so (fo)xr = ¢" o (fi)k’, for some isomorphism
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¢ (Ey)g = (E)gr. Now since (fi)g is surjective and hence an epimorphism, it
follows that ¢’ is uniquely determined by (f1)x and (f2)k+, and hence ¢’ is invariant
under Gal(K’/K). Thus, ¢ = ¢k for some isomorphism ¢ : £} — FEj, and then
fo = o fi. Thus, f; ~ fo, which means that ®¢ is injective. m

We observe that the above proof actually yields the following slightly more precise
assertion. For this, let

E(C,E)={f:C — Eis an elliptic cover}

denote the set of elliptic subcovers of C/K with target a fixed elliptic curve E/K.
Note that the group F(K) of K-rational points of E/K acts on £(C, E) on the left
via translations (i.e., via (x, f) = T, o f).

Corollary 2.6. If E/K is an elliptic curve, then the rule f — f* induces a injection
o E(K\E(C,E) — I(Jp, Jo),

where Z(Jg, Jo) denotes the set of injective homomorphisms of Jg into Jo. Moreover,
if C/K has a divisor of degree 1, then ®c g is a bijection.

We next observe:

Corollary 2.7. (a) If ®c(E(C)) = S(Je), then every finite morphism f : C — E to
a curve E/K of genus 1 factors over a quasi-elliptic subcover f, : C'— Ey. Moreover,
the equivalence class of f1 is uniquely determined by f.

(b) If ®(E(C)) = S(Je), then E(C) = E(C), i.e., every quasi-elliptic subcover
of C is an elliptic subcover. Moreover, a finite morphism f : C — E to an elliptic
curve E/K is an elliptic subcover if and only if f does not factor over a non-trivial
1s0geny.

Proof. (a) Let A =Im(f*) < Jo. Then A is an elliptic subgroup of J¢ and f* = hyov,
where v : Jg — A is an isogeny and hy : A — Jo the inclusion. Since ®¢ is a
bijection, there exists a quasi-elliptic subcover f; : C'— Fj such that f;Jg, = A, and
so there is an isomorphism « : Jp, — A such that ff = haoa. Put v/ =alov:
Jg — Jg,. Now choose a Galois extension K'/K such that C(K') # (). Then E.
and (Fj)g are elliptic curves and there exists (after choosing origins) an isogeny
v1 1 (Eh)gr — Ego such that v = vi,. Now consider f” = vy 0 (f)g : Cxr — Exr.
Since (f")* = (f1)} o Vi = fj, there exists (as in the above proof) an x € E(K’)
such that fxr = T, o f. Thus fx = ¢’ o (f1)k/, where ¢’ =T, oy : (Ey)g — Exr.
Then (as in the above proof) we see that ¢’ = pg for a unique ¢ : E; — E and that
f=¢o fi. Thus f factors over the quasi-elliptic subcover f;.

To verify the last assertion, note that if f = ¢; o fo another such factorization,
then f5Jg, = f*Jg = f{Jp,, and so fi ~ fo by the injectivity of ®¢.

(b) The first assertion follows immediately from the injectivity of ®¢. Next,
suppose that f : C — FE does not factor over an isogeny. By part (a) we have a



factorization f = v o f;, where f; : C — F; is a quasi-elliptic, hence an elliptic
subcover of C'. Since v : E; — FE is, up to a translation, an isogeny, we have by
our hypothesis on f that v is an isomorphism, and hence f : C — FE is an elliptic
subcover. Since the converse implication is obvious, this proves the last assertion. [

Remark 2.8. If f : C' — F is a quasi-elliptic subcover, then Fp := f*k(F) is a
genus 1 subfield of F' = x(C) which is mazimal in the sense that Fg is not properly
contained in any other genus 1 subfield of F'. Thus, the map f +— f*k(F) induces an
injection of £(C) into the set Max; (F") of maximal genus 1 subfields of . Moreover,
this map is a bijection whenever ®¢ is a bijection, as the above Corollary 2.7 shows.

3 The hyperelliptic case

We now specialize the discussion of quasi-elliptic subcover to the case that C'/K
hyperelliptic curve of genus go > 2. Thus, C has a unique involution oo € Aut(C)
such that the quotient curve C := C'/{o¢) has genus 0. (See [7] for various equivalent
versions of the hyperellipticity condition.) We let m¢ : €' — C = C/{0¢) denote the
associated hyperelliptic subcover.

Note that if go = 2, then C' ~ PL because in that case the canonical morphism
ke » C — P4 o Pl is surjective. However, for gc > 2, it may happen that
C(K)=0.

The following result, due to Tamme[12], is a basic tool in the study of quasi-
elliptic subcovers of hyperelliptic curves. Note that Kuhn proves only a much weaker
statement in [6] (and only for go = 2 and char(K) # 2).

Proposition 3.1 (Tamme). If f : C — E is a finite morphism to a curve E of genus
1, then there exists a unique involution oy on E such that

(3) fooc = ofof.

Moreover, if wy : E — E/(oy) is the associated degree 2 subcover, then E := E/(oy)
has genus 0 and there is a unique morphism oy : C' — E such that

(4) prome = Tyfo f.

Proof. For convenience of the reader, we present a proof in terms of covers (rather
than in terms of function fields as in [12]).

First note that the last assertions are immediate consequences of (3). Indeed, (3)
shows that 7y o f is o¢-invariant, and so by universal property of the quotient map
7o, there is a unique morphism ¢; : C' — E satisfying (4). Moreover, by Liiroth we
have that g5z = g = 0.

Next we observe that if o exists, then it is uniquely determined by (3) because
f is an epimorphism. Thus, it is enough to construct o after a suitable Galois base-
extension K'/K, for (as in the proof of Proposition 2.3) o; will be automatically
Galois-invariant and hence defined over K.



Thus, we may assume (after replacing K by a suitable K’) that C'(K) # ). Fix
P € C(K). Then f(P) € E(K), and so there exists an isomorphism j = jsp) :
E = Jg such that j(f(P)) = 05,. Then j o f(P) = 0, and so by the Albanese
property of (C, jp) there exists a unique homomorphism h = hy : Jo — Jg such that
hojp=jo f. Next we observe that

jP cCoo = Tx O [_1]JC ij Wlth xr = jp(JC(P)),

as is easy to check. Thus jo fooc = hojpooc = hoT,o[—1];,0jp = Thgyoho[—1];,0
jp = Th@wo[—1]gohojp = Thwo[—1]gohojp = Thmyo[—1]gojof = jooso f, where
of=j ' oThuo[—1]goj, and so (3) holds because j is an isomorphism. Note that
the construction of oy shows that UJ% =1 (and oy # 1), so o, is an involution. ]

As usual, the different divisor W := Diff(7¢) of the hyperelliptic cover is called
the Weierstrass divisor of the hyperelliptic curve C'//K. In [1] and [4], this divisor
played a fundamental role in the analysis of elliptic subcovers of a genus 2 curve C,
and this turns out to be the case here as well. A key result (which replaces many of
the delicate arguments in [1], [4] and [6]) is the following simple fact.

Proposition 3.2. If f : C' — E is a finite separable morphism to a curve E/K of
genus 1, then there exists an effective divisor Dy € Div(E) of degree 2deg(f) —gc—1
such that

(5) f.We = £.Difi(rc) — deg(f)Diff(ry) — 2D,

where ¢ is as in Proposition 3.1 and Diff(r;) € Div(E) is its different. Moreover,
supp(fWe) C supp(Diff(ny)).

To prove this, we will use the following general fact.

Lemma 3.3. Let f; : C — C; and f! : C; — C", i = 1,2 be four separable curve
covers such that fi o fi = f} o fo and deg(f1) = deg(fs). If f1 and fy are disjoint,
i.e., if fir(CL)far(Cy) = k(C), then we have that

(6) (f5)"(f1)«D1 = (fo)«fi D1,  for all Dy € Div(Ch).

Moreover, there is an effective divisor Dy € Div(Cy) such that

(7) (f2)"(f1):Diff(f1) = (fo).Diff(f2) + 2Ds,
and hence we have
(8) (f2).Diff(f1) = deg(fo)Diff(f5) —2D;.

Proof. Tt clearly suffices to verify (6) in the case that K is algebraically closed. Let
f: C — (" be a Galois cover which factors over f := fiofi=fs0 fa, s0 f = fop,
for some ¢ : ¢ — C. Put f; = f; 0 and write H; = Aut(f;), G = Aut(f)
and H = Aut(p). By the disjointness and degree conditions (and Galois theory) it
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follows that H = H; N Hy and G = (Hy, Hy). Moreover, since |G| = dydsd, where
d; = deg(f;) and d = deg(p) and since |H; Hy| = “gi\rlgz\‘ — (ddlz(ddQ) = dd;ds, we have

that G = H,H, = HyH,. Thus, for any D € Div(C'), we obtain

(R () (F).D = S b S (0D =3 3 (hi').D =Y g.D = df*f.D.

heH> h'€e Hy heHy h'€e Hy geG

Taking D = fy Dy yields (f2)*(f2).(f1)*(ddiD1) = (f2)* (f2)«(f1)* (f1)(D) = df* f.
df*(f1)«(ddyDy). Thus, since (f2)* is injective, it follows from this that (fa).(f1)*(D1) =
d(f5)"(f1)«(D1). This clearly implies (6) because (f2).(f1)"(D1) = (f2)«p-¢"(f1)" (D)

d(f2)(f1)"(Dy).

To verify (7), let U’ = Spec(A) be an open affine subset of C’ which contains
all the ramification points of f, and put U; = f;*(U’) and U = f~Y(U’). Then
U; = Spec(A;) and U = Spec(B), where A; and B are the integral closures of A
in F; = k(C;) and in F' = k(C), respectively. Since F; and F, are linearly disjoint
over F' = r(C") (as we saw above), it follows that F} @@ Fy ~ F1Fy = F. Thus,
A" = A; ®4 Ay is an Ag-sublattice of B, and so by [10], p. 49, we have that their
discriminants are related by the formula

04/4, = 0B/a, a’,

where a = x(A’, B) # 0 is some As-ideal. From the definition of the discriminant we
see that 04,54,/4, = 04,7442, and so we obtain by [10], p. 50, the relation

‘]\[(gz‘h/fl)A2 = N<©B/A2)a27

where N() denotes the norm and D4, /4 the different. Since this is just the ideal-
theoretic version of (7), we see that assertion (7) has been proved.

Finally, to verify (8), note first that Diff(f;) = Diff(f2) + fyDiff(f5) — fyDiff(f])
because Diff(f;) + f{Diff(f{) = Diff(f] o f;) = Diff(f} o f») — Diff(f2) + [5Diff(f3)
Thus
6

(f2).Diff(f1) = (f2).Diff(f2) + n2Diff(f5) — (f2)" (f1).DifE(f7)
= (fa2)Diff(f2) + noDiff(f3) — ((f2).Diff(f2) 4+ 2D2),

which proves (8). O

—
=

—
N

Proof of Proposition 3.2. We apply Lemma 3.3 with fi =7¢, fi =@y, fo=f, fo =
7¢, where ¢; and 7 are as in (4). By Liiroth, k(E) ¢ k(C), so 7¢ and f are disjoint.
Thus, the hypotheses of Lemma 3.3 hold, and so by (8) there exists a divisor D > 0
such that (5) holds. Since deg(f.W¢) = deg(We) = 2g¢ + 2 and deg(Diff(ny)) = 4,
it follows from (5) that deg(D) = 3(4deg(f) — (2gc + 2)) = (2deg(f) — 1) — gc-

To prove the last assertion, note that if P € supp(f.(W¢)), then there exists
P’ € supp(We) such that f(P’) = P. Then o¢(P’) = P and so 0¢(P) = o¢(f(F')) =
f(a(P")) = f(P'") = P, which implies that P € supp(Diff(ry)), as claimed. ]



Remark 3.4. By using the above Proposition 3.2, it is possible to give a quick proof
of the “Normalization Lemma” of [4], without recourse to the (more complicated)
results of [1] and [6]. More precisely, if char(K) # 2 and if f : C' — E is an elliptic
subcover of degree n of a genus 2 curve C, then there exists a unique Py € E(K) such
that
(9) f.We = (2,m)Difi(r) — (~1)"2P;.

Indeed, since Py is uniquely determined by (9), it is enough to verify this over a
sufficiently large Galois extension K'/K, and so we may assume that Weo = @ +

...+ Q¢ and Diff(ry) = Py + ... + P, consist of 6 and 4 distinct rational points,
respectively. Then by (5) we see that

vp, (fiWe) =n(mod 2), for 1 <i<A4.

Thus, if n is odd, then (9) follows immediately because we then have that vp, (f.W¢) >
1 for all 4, and so there can be at most one P; with vp, (filWW¢) > 3. Thus f,We =
3P+ 32, P = 2P, + Diff(ry). If n is even, then a similar analysis shows that
(9) holds because we have that vp, (f,W¢) < 3, for all 4. (To see this, suppose that
vp, (fuWe) > 4. Then there exist (say) Q1,...,Q4 € f~1(P;), and then cl(Q) — Q1) €
Ker(f,)[2], for & = 1,...,4. Since Ker(f.) ~ E’ is an elliptic curve, this forces
Qs—Q1~ Q3 — Q1+ Qs — Q1. Thus Q1 + Q4 ~ Q2 + @4, which is impossible since
h(Q1+Qu) =1.)

4 Normalized subcovers

In [4], the notion of a normalized subcover was introduced in order to rigidify elliptic
subcovers of genus 2 curves (if char(K') # 2). Here we generalize this notion to higher
genus (hyperelliptic) curves (and also include the case of characteristic 2).

Definition 4.1. An elliptic cover f : C' — FE of a hyperelliptic curve C' is called
pre-normalized if oy = [—1]g, i.e., if

(10) [—1]pof = fooc.
Moreover, f is called max-normalized if f is pre-normalized and if
(11) vop (fsWe) > vp(fWe) deg;(P), VP € supp(Diff(rg)) \ {0£},

where g 1 E — E/{[-1]g) ~ Pk is the quotient map, and deg,(P) = [x(P) : K],
denotes the inseparable degree of P. (Thus, deg,(P) = 1 if K is perfect.) Similarly,
f is called min-normalized if f is pre-normalized and if

(12) Vo, (fiWe) < vp(fuWe) deg,(P), VP € supp(Diff(rg)) \ {0g}-

Finally, an elliptic cover is called normalized if it is either max-normalized or min-
normalized.



We observe the following basic properties of normalized subcovers.

Proposition 4.2. Let f : C — E be an elliptic K-subcover, and let K'/K be an
extension field. Then f is pre-normalized or maz-normalized or min-normalized if
and only if fx: has the corresponding property.

Proof. By properties of faithfully flat base-change, the assertion about pre-normalized
subcovers is clear. To prove the rest of the assertions, it suffices to verify them in
the case that K’ is algebraically closed. Indeed, suppose that the assertions have
been proven in this case, and let K” be an algebraic closure of K’. Then from our
supposition (applied to K”/K and to K”/K') it follows that f is max-normalized if
and only if frxr = (fx/)kr is max-normalized if and only if fr/ is max-normalized.
The argument for min-normalized is similar.

Thus, assume that K’ is algebraically closed, and let § = fk//k : Cx» — C be the
base-change map. If Dgr = 5*D is the pullback of a divisor D € Div(FE), then

(13) ’UP/(DK/) = 'Uﬁ(p)(D) degl(ﬁ(P')), for all P, € C(K,),
(14) supp(Dr) = 37 (supp(D)).
Thus, since 3 is surjective and since 571 (0g) = Og,,, it is clear from the definitions

(and the fact that (f,We)x = (fx')«We,,) that (11) or (12) holds for f if and only
if the corresponding property holds for fg. m

Proposition 4.3. Let f; : C' — E be two elliptic subcovers with f{ = f5.

(a) If f1 and fs are both pre-normalized, then there exists a unique x € E[2](K)
such that f; =T, o f.

(b) If f1 and fy are both maz-normalized (or both are min-normalized), then f; =

fo-

Proof. (a) Since f{ = f5, there exists z € E(K) such that f; = T, o fa; cf. Corollary
2.6. (Note that T, and hence x is unique because fs is an epimorphism.) Then

[~1llgoT,ofy = [-1gofi = fiococ = Tyo faooc = T, o[~1]po fp, and so
[—1]g o T, = T, o [—1] because f5 is an epimorphism. Thus T_, = T, so 2z = 0 or
x € E[2](K).

(b) By part (a) there exists x € E[2](K) such that f; = T, o fo. Note that x €
supp(Diff(7g)). Thus, if x # 0g, then vo, ((f2).We) > v.((f2)«We). Now (f1)We =
(T2)«(f2)«We, 0 v, ((f1)We) = v ((f2)sWe) < vo,((f2)We) = va((f1)«We). Since
this contradicts the hypothesis that f; is max-normalized, we must have x = 0, and
so fi = fs. The proof for min-normalized maps is similar. Il

Thus, max/min-normalized subcovers are uniquely determined by their induced
maps on the Jacobians. This fact allows us to descend max/min-normalized subcovers
as follows.
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Corollary 4.4. Let E < Jg be an elliptic subgroup with embedding h : E — Jo. If
there exists a Galois extension K'/K and a normalized cover f': Cxr — FEygr such
that (f')* o jg,, = hi, then there exists a normalized cover f : C' — E such that
f*ojr=h.

Proof. By Galois descent, it is enough to verify that (f')” = f’, forall o0 € Gal(K'/K).
Now ((F)°)* = ()7 because ((/)7)" 0 i = (1) © jig)” = (hir)? = huor =
(f')oje,, (and jg,, is an isomorphism). Thus, the assertion follows from Proposition
4.3(b) once we have shown that (f')? is also max/min-normalized.

For this, note first that (f’)7 is pre-normalized because [-1]g_, o(f')? = ([~1]g,, ©
7 = (ffooc,,)” = (f')7 ococ,,. Now since (Wg,,)” = We,,, we see that
(T Wey,) = ((f)(Wey, ). Thus, if f"is max-normalized, i.e., if v, , ((f):We,,) >
vp((f')«Wey,) deg,(P), for all P € supp(Diff(rg,, ))\{0g,, }, then also vo,, , (/) We,,)?) >
vp(((f):We,,)7) deg;(P), for all P € supp(Diff(rg,,)) \ {Og,, }, because 0%, , = Op,,
and supp(Diff(7g,,))7 = supp(Diff(rg,,)). Thus (f’)7 is also max-normalized, and
so the assertion follows. The proof for f’ min-normalized is analogous. m

We now turn to investigate the existence of normalized subcovers (inside a given
equivalence class of subcovers). For this, we first consider the existence of pre-
normalized subcovers.

Proposition 4.5. Let f : C' — E be an elliptic subcover. Then the following condi-
tions are equivalent:

(i) dz € E(K) such that T, o f is pre-normalized.

(ii) 3z € E(K) such that op =T, o [—1]g o T}.

(iii) supp(Diff(7s)) N E(K) # 0.
Proof. (ii) = (i): By (ii) and (10) we have that [—1]goT,of = (T,o0s0T, )oT,of =
T,o foog,soT,o fis pre-normalized.

(i) = (iii): By (i) and (10) we have [-1ljpo T, o f = T, 0o fooc = T, 0050
f, and so [—1]g o T, = T, o oy because f is an epimorphism. Thus o¢(—x) =
T Y [-1e(Te(—x))) = T-.(0g) = —x, and so —z € Diff(r;) N E(K).

(iii) = (ii): Let P € supp(Diff(7;)) N E(K), so o;(P) = P. Put oy = Ty o o Tp.

Then 0,(0g) = Tp'(04(P)) = Op, so oy € Aut(FE). Now since op = [-1]s, (as is
clear from the construction of oy in the proof of Proposition 3.1), we thus have that
oy =0} = [-1];, = [-1]5, and so oy = [~1]g. Thus (ii) holds with z = —P. O

Remark 4.6. Note that unless E(K) is 2-divisible, not every involution ¢ of E
satisfies condition (ii) of Proposition 4.5. Indeed, for any y € E(K), the element
o, =T, o[—1]g is clearly an involution of E, but o, = T, o [~1]g o T}, if and only if
y = —2z. Thus, the conditions of the Proposition 4.5 are not automatically satisfied.

Corollary 4.7. If f : C — E be an elliptic subcover, then there exists a y € E(K)
such that T, o f is maz-normalized (respectively, min-normalized) if and only if there
exists an x € supp(Diff(7;)) N E(K) such that

(15) v (f We) > vp(f.We) deg,(P), respectively, v, (fWe) < vp(fWe)deg;(P),

11



for all P € supp(Diff(ns)) \ {z}.

Proof. If T,0f is max-normalized, then by (the proof of) Proposition 4.5 we know that
z = —y € supp(Diff(r;)) N E(K) and that oy = T, ' o[~1]goT,. Thus ngoT,00 =
mgo|—1|goT, = mgoT, and so, by the universal property of quotients, there exists an
isomorphism « : P! = P! such that aomy = g oT,. Thus Diff(r;) = Diff(rgoT,) =
T;Diff(rg), and so supp(Diff(7y)) = T, ' (supp(Diff(rg))) = T (supp(Diff(rg))).
Moreover, since (T, f).We = (T, 1) fWe = T f.W¢, we have that

vo((Ty ) We) deg;(Q) = vr, o) (fWe) deg;(T,(Q)), V prime divisors ) on E.

Thus, taking () = x and ) = P € supp(Diff(ny))\{z} = T, (supp(Diff(7x)) \ {0g}), it
follows from the fact that T}, f is max-normalized that v, (f.W¢) = v, (T, f)We) >
V-1 p((Ty f)«We) = vp(f.We), and so the first inequality of (15) holds. Similarly, if
T, f is min-normalized, then the second inequality of (15) holds.

Conversely, suppose that there exists # € supp(Diff(7¢)) N E(K) such that the
first inequality of (15) holds for all P € supp(Diff(7¢)) \ {z}. Then by Proposition

4.5 we know that if y = —x, then T} o f is pre-normalized and the previous discussion
shows that T, o f is max-normalized. Similarly, if the second equality holds, then
T, o f is min-normalized. [l

We now come to the main result of this section.

Theorem 4.8. Suppose that gc is even. If f: C — E is an elliptic subcover, then
there exists an v € E(K) such that T, o f is normalized.

Proof. We first note that it sufficies to verify this fact after Galois base change K’/ K.
Indeed, suppose that there exists © € F(K') such that f' := T, o fx is normalized.
Then (f')* = (fx')*, s0 (f')* 0jg,., = (f*°jg)k, and hence by Corollary 4.4 there is
a normalized cover f; : C'— E such that (fi)x = f'. Now (ff)x = (f')* = fr and
so by Galois decent f; = f*. Thus, by the equivalences (47) and (48) of [4] it follows
that there exists x € F(K) such that f; = T, o f, which proves the assertion.

Thus, we may assume that all prime divisors appearing in W and in Diff(7;) are
purely inseparable because this is the case after a suitable Galois extension. We now
distinguish cases.

Case 1: char(K) # 2.

Since 7y and 7¢ are tame extensions of degree 2, we see that Diff((7¢)%) and Diff((7¢)3)
are reduced and so all prime divisors of Diff(7;) and of Diff(r) are separable. Thus,
by our hypothesis on K we have that Diff(r;) = 3.°_, P; where the P, € F(K) are
distinct. Thus by Proposition 3.2 we see that

4
=1

for some integers n; > 0 with Y n; = deg f,.W¢ = 2gc + 2. By renumbering the P;’s
if necessary, we may assume that ny > ny > n3z > ny. Now suppose that it could
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happen that n; = ny and ng = ny. But then, since n; = deg(f) (mod 2) by (5), it
follows that ny +n3 = 2deg(f) = 0(mod 2) and so 2gc + 2 = 2ny + 2n3 = 0 (mod 4),
which contradicts the fact that go = 0 (mod 2).

Thus we must have that either ny > ny or that ns < ns. In the former case we
see that the first condition of (15) holds for x = P; and in the latter case we see that
the second condition of (15) holds for # = P,. Thus, by Corollary 4.7 there exists
x € E(K) such that T, o f is normalized.

Case 2: char(K) = 2, F supersingular.

Since here E[2](K) = {0g,_}, it follows that Diff(7p_) = 4(0p, ), which implies that
Diff((7;)%) = 4P, for some P € E(K). (Indeed, since E(K) is 2-divisible, there exists
P € E(K) such that T 3o f is pre-normalized (cf. Remark 4.6 and Proposition 4.5)
and then Diff((7;)%) = T"5(Diff(7g,.)) = 4P by the proof of Corollary 4.7.)

It therefore follows that Diff(r;) = eP, where P is a prime divisor of £ and
edeg(P) = edeg,;(P) = 4. Thus, by Proposition 3.2 we see that f,W¢ = igg(;Z)P, and
so, since go+1 is odd, it follows that deg(P)|2. Now if deg(P) = 2 then Diff(7y) = 2P
and f,We = (gc+1)P, so by (5) we obtain that (9o +1)P = deg(f)(2P)—2D, which
is impossible since go + 1 is odd. Thus deg(P) = 1, so P € E(K). Since condition
(15) holds vacuously here (because supp(Diff(rs)) = {P}), we see by Corollary 4.7
that T_p o f is both max-normalized and min-normalized.

Case 3: char(K) = 2, F ordinary.

Since here E[2)(K) = {0g,_, P1}, it follows that Diff(rg_) = 2(0p_) + 2P;. By the
same argument as in Case 2 we see thus see that Diff((7f)%) = 2P, + 2P, for some
(distinct) ?g,?ll € E(K). Thus Diff(r;) = egPy + e1 Py, where Py, P. are distinct
prime divisors of £ with e, deg(FPy) = ex deg;(Px) = 2, for k=0, 1.

Suppose first that deg(P;) = 2, for k = 0 and k = 1. Then Diff(nry) = Py + P,
and so f,\lWe = noFPy + n1P,. Comparing degrees yields ng + n; = go + 1. Put
my = vp, (D), where D is as in (5). Then by (5) we have that n; = deg(f) — 2my, for
k=0,1,and so gc+1 = no+ny = 2deg(f)—2(mo+my), which is impossible since g¢
is even. Thus, there exists at least one P, with deg(P;) = 1, say (after renumbering)
deg(FPp) = 1. Thus Diff(ry) = 2P, + e1 P, and P € supp(Diff(7)) N E(K). Write, as
before, f,We = noPy + ny Py, so ng + ny deg(Py) = 2g9¢ + 2.

We now claim that ng # njdeg(P;). Indeed, if this is the case, then ny =
ny deg(Py) = go + 1. But then from (5) we obtain that go + 1 = ny = deg(f)(2) —
2up, (D), which is impossible. Thus ng # n; deg(P;), and so either the first or second
inequality of (15) holds, and so by Corollary 4.7 there exists x = — Py such that T, o f
is either max-normalized or min-normalized. [l

In the case of genus 2 one can say more. The following result generalizes Propo-
sition 2.2 of [4] to the case of characteristic 2, and also gives a different proof of it?

when char(K) # 2.

2There is an unfortunate typo in formula (4) of [4] which was corrected in [5].
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Theorem 4.9. Let C' be a curve of genus go = 2, and let f: C' — E be an elliptic
subcover of degree N. Then there exists a unique Py € E(K) such that

(16) f:We = (2, N)Diff(ry) — (=1)™ (2F;).

Thus, if N is odd, then there exists a unique x € E(K) such that T, o f is maz-
normalized, and if N is even, then there exists a unique x € E(K) such that T, o f
15 min-normalized.

Proof. First note that the last assertions follow immediately from (16) and Corollary
4.7 by taking x = —Py. Thus, it is enough to verify (16).

Now if char(K') # 2, then (16) was established in Remark 3.4. Thus, assume that
char(K) = 2. If E is supersingular, then by the proof of Theorem 4.8 we see that
there exists an x € F(K) such that T, o f is normalized. Thus, since Diff(7g) = 4(0g),
we see that Diff(n;) = 4P for a unique Py € E(K) and that f.W¢ = 6P;. Thus,
(16) holds in this case because 6Py = 4P + 2Py = 2(4Ff) — 2P.

Now suppose that F is ordinary, so |E[2](K)| = 2. We first verify (16) in the case
that K = K is algebraically closed. Clearly, (16) follows from the following more
precise statement.

Claim: If K = K, then Diff(f) = 2Q, with Q, € C(K). If P, = f(Q), then
Diff(rf) = 2P, + 2P, with P, € E(K), and P, # P,. Furthermore,

(17) #(f 1 (Py) nsupp(We)) = (2, N) and #(f*(P1) Nsupp(We)) = w — (2, N),

where w = #supp(W¢), and hence
(18) (f:We) = (2,N)Diff(m;) — (=1)™(2P).

To verify this, note first that since deg(Diff(f)) = 2, we have eg < 3 for all Q) €
supp(Diff(f)). Moreover, if eg = 3, for one @, then Diff(f) = 2Q) and if eg = 2, for
one (), then due to wild ramification we have 2¢) < Diff(f) and so Diff(f) = 2@ in
this case as well. This proves the first statement of the claim.

Next we observe that since Diff(f) is oc-invariant, so is (), and hence Q; €
supp(W¢). Thus Py € supp(Diff(ry)). Now the Deuring-Shafarevich formula (cf. [8])
applied to 7y shows that #supp(Diff(7;)) = v + 1 = 2, where g is the Hasse-Witt
rank (or 2-rank) of E. Thus, Diff(7;) = 2P, + 2P, for some P, # P;, which proves
the second statement of the claim.

To verify (17), note first that second equality of (17) is clearly a consequence
of the first equality. To prove it, we first observe that since f~!(P) is a (o¢)-set
of cardinality N, we have that #(f~'(P) N supp(W¢)) = N (mod 2). Now clearly
w < 3 (since deg(W¢) = 6 and all points in W¢ have multiplicity > 2), so the
first equality follows once we have shown that 1 < #(f~'(P) Nsupp(W¢)) < 2 or,
equivalently, that supp(W¢) = {Q1, ... Q,} cannot lie completely in a single fibre of
f. Indeed, if this were the case, then cl(Q; — Q;) € Ker(f.)[2](K), Vi,j. Now since
E' = Ker(f.) is an elliptic curve and Jo ~ E x E’, we see that |Ker(f.)[2](K)| =
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el < 270 = | Jo[2](K)|, where y¢ denotes the 2-rank of Jo. We thus obtain a
contradiction, because the classes cl(Q); — ();) generate Jo[2](K). This proves (17).
We now deduce (18) from (17). Consider first the case that w = 3. Then Wy =
201 4 202 + 2Q)3, so from (17) it follows that f.We =2((3— (2, N))Pi+ (2,N)P,) =
(2, N)Diff(r;) — (=1)Y(2P;), which proves (18) in this case. Next, suppose that
w < 3. Then w = 2 (because otherwise supp(W¢) would lie completely in a fibre),
so supp(We) = {Q1,Q2} with Qo € f~1(P). Since eg,(f) = 1, it follows that
@, (Diff(y o f)) = vs(qy) (Diff(y)) = 2, and so ve,(We) < vq,(Diff(py o mc)) =
v, (Diff(ry o f)) = 2. Thus, We = 4P + 2P,, and hence f,We = 4Q; + 2Q, =
Diff(r¢) + 2Q);. This proves (18) also when w = 2 because in that case we must
have that NV is odd. Indeed, in that case Jo ~ E x E’ has 2-rank w —1 = 1 (by
Deuring/Shafarevich applied to o) and then E’ is supersingular (whereas E is ordi-
nary). Thus, N has to be odd, for otherwise we would have an induced isomorphism
E[2] ~ FE’[2] which is impossible; cf. [3], Theorem 3.4. Thus, (18) holds in all cases.
We now consider the case of an arbitrary ground field K. Since by the claim
Diff(f)7 = 2Q, with Q, € C(K), it follows that either Diff(f) = 2Q; with Q; € C(K)
or that Diff(f) = @ where deg(Q1) = deg;(Q1) = 2. Since in the latter case that
k(Q2)/k(f(Q2)) must be inseparable of degree > 2, it follows that in both cases
P, := f(Q2) € E(K) is K-rational. Thus, the right hand side of (18) is a divisor
which is defined over K, and so it follows from (18) (applied to fz) that this equation
already holds over K. In particular, (16) holds with P; = P;. O

We can use the above results to prove the results stated in the introduction.

Proof of Theorem 1.1. By Proposition 2.3 it is enough to show that ®¢ is surjective.
Thus, let £ < Je be an elliptic subgroup with embedding h : £ — Jo. Choose a
Galois extension K'/K such that C(K’) # (. Then by (the proof of) Proposition 2.3
we know that there is an elliptic subcover f': Cxs — Eg such that (f')*ojg,, = hg.
By Theorem 4.8 we know that there exists an x € F(K') such that f” := T, o f’
is normalized. Since (f”)* = (f’)*, it follows from Corollary 4.4 that there is a
(normalized) subcover f : C' — E such that f” = fxs, and thus f*Jg = h(FE), so ®¢
is surjective. O

Proof of Corollaries 1.2, 1.3 and 1.4. In view of Theorem 1.1, these follow directly
from Corollary 2.7(b) and Remark 2.8. O
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