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1 Introduction

In 1899 Humbert[Hu| attached to a principally polarized complex abelian surface
(A, \) which satisfies a certain “singular relation” an invariant A which is now called
a Humbert invariant of (A, \). This invariant gives rise to Humbert surfaces as follows.

Let Ay denote the moduli space of principally polarized abelian surfaces (A, \).
For a positive integer n > 0, let H,, C A, denote the subset consisting of those
surfaces (A, \) € As which have a singular relation with Humbert invariant A = n. It
then follows from Humbert’s work that H,, is a closed analytic surface in As, provided
that n = 0,1 (mod 4). The surfaces H,, are now called Humbert surfaces; cf. van der
Geer|[vdG], Ch. IX.

Here we want to study the components of the intersection H, N H,, of two Humbert
surfaces. This problem was briefly addressed on p. 214 of [vdG]|, but the results
obtained there (via analytic techniques) are somewhat incomplete; cf. Remark 12
below.

Here give a different approach to this problem by using the refined Humbert in-
variant which was introduced in [K1]. This approach is completely algebraic and
hence has the advantage that it also works over an arbitrary algebraically closed field
K instead of C.

Using this invariant, we introduce in Section 2 (closed) subsets H(q) C As(K)
which are indexed by positive integral quadratic forms ¢ in r > 1 variables. If r =1,
then these are precisely the Humbert surfaces, and so we will refer to the H(q)’s as
generalized Humbert schemes.

From the definition of the H(q)’s it follows easily that if m # n, then

(1) Hn, N H, = U H(Q);

where the union runs over all equivalence classes of positive definite binary quadratic
forms ¢ which primitively represent both m and n; cf. Proposition 13.

However, if we want to make use of this formula in order to determine the irre-
ducible components of the intersection H,, N H,, then further work is necessary, for
we need to know when H(q) is non-empty and what are its irreducible components.

Here we will solve this problem only in the special case that H(q) C Hpy=, for
some N > 1. In this case we can use the results from [K5] to prove in §2:



Theorem 1 Let q be a positive integral binary quadratic form which primitively rep-
resents N2, for some N > 1 with char(K)t N. Then H(q) # 0 if and only if

(%) every integer represented by q is congruent to 0 or 1 mod 4.
By combining this theorem with formula (1), it is not difficult to show:
Corollary 2 [fchar(K)1{ N, then Hy2 N H,, is non-empty, for anym = 0,1 (mod 4).

Let My = My(K) C Ay(K) denote the open subset consisting of the Jacobians
of smooth curves C'/K of genus 2. Then Hy2 N Ms consists of the isomorphism
classes of such curves which have an elliptic subcover of degree N; cf. [K1]. Thus,
the intersection Hy2 N H,,2 N My gives the set of isomorphism classes of such curves
which have an elliptic subcover of degree N and also one of degree m. With suitable
restrictions, such curves always exist, as the following partial refinement of Corollary
2 shows.

Corollary 3 If char(K) t N > 2, then Hy2 N H,, N My is non-empty, for any
m = 0,1 (mod 4), m > 4.

Actually, Corollary 3 is not a direct consequence of Theorem 1, for it requires
further results from [K5]. Moreover, if K = TF,, is the algebraic closure of a finite field,
then we also require Proposition 25 below, so its proof is given in §5.

The above result answers a question raised by Accola and Previato[AP] about
Lange’s moduli space Ms(n,1) which classifies isomorphism classes of curves which
admit a morphism of degree n to some elliptic curve; cf. [La]. Their question was
whether My(n, 1) was connected, and this is indeed the case.

Corollary 4 If char(K) { n, then Ma(n,1) = Uy, o1 Hyvz N Mo is connected.

Theorem 1 answers the question of when H(q) is non-empty, and hence constitutes
a first step towards understanding the nature of the intersection Hpy2 N H,,. To
go further and to determine the irreducible components of H(q) (and hence of the
intersection Hy2 N H,,) is a much more difficult task. To state the result, it is useful
to introduce the following terminology.

Definition. Let Q(N?) denote the set of binary quadratic forms satisfying the con-
ditions of Theorem 1. Thus, ¢ € Q(N?) if and only if ¢ is a positive integral binary
quadratic form which satisfies condition (%) and which primitively represents N2

Moreover, if N, m,d are positive integers, then we say that ¢ is of type (N, m,d)
if ¢ € Q(N?), if m|N and if

(2) disc(q) = —16m?d, and gcd(N/m,d) = 1.

The following result gives a partial overview of the number of irreducible compo-
nents of H(q).



Theorem 5 If g € Q(N?), then q is of type (N, m,d), for unique integers m|N and
d > 1. Put ¢,(q) = ged(cont(q), m), where cont(q) denotes the content of q, i.e.,
cont(q) = ged(a, b, ¢), where a,b,c are the coefficients of q. Moreover, assume that
char(K) 1 Nd.

(a) H(q) has at most 2*©D) jrreducible components, provided that 8 1 ¢,,(q).
Here w(n) = |{p|n}| denotes the number of distinct prime factors of n.

(b) Ifd > N*/(4m?) and if N is odd, then H(q) has precisely 2* (D) irreducible
components, except when q is equivalent to the binary quadratic form N2X? + 4dY?2.

The above theorem is a special case of more general results which also deal with
the case that 8|c,,(¢) and analyze the exceptional cases; cf. Theorems 51 and 58.

Note that Theorem 5(a) implies the following irreducibility criterion, which gen-
eralizes that of the case m = 1 studied in [K3].

Corollary 6 If q has type (N,m,d) and if ¢,,(q) = 1, then H(q) is irreducible,
provided that char(K) {1 Nd.

It is useful to observe that the above corollary and (1) imply the following result.

Corollary 7 Ifchar(K) =0 and if gcd(N, M) = 1, then H(q) is irreducible whenever
q € Q(N?) and H(q) C Hy2 N Hy. Thus every irreducible component of Hyz N Hyy
is of the form H(q), for a suitable ¢ € Q(N?).

Theorem 5 is a actually a consequence of several much finer results. The first
of these identifies the irreducible components of H(q). For this, we will generalize

the method of [K3] and show that the components of H(q) are the images T;V C A
of certain modular curves X». These are defined by primitive integral matrices
a € GL3 (Q) and give rise to the modular correspondences T on X (N) x X (N); cf.
Section 4. To state the result, it is useful to introduce the following notation.

Notation. Let M, denote the set of primitive 2 x 2 matrices of determinant d. If
a € My and if N > 1, then we define the binary quadratic form ¢" by

gN(X,Y) = N2X2 4 2mtXY + "2 (1% 4 4d)Y?,
Here t = trace(Ba), where 8 = (§ %), and % =ged(x —w,y,z,N), if fa=(2Y).

Theorem 8 If q is a binary form of type (N, m,d), and if char(K) { N, then

(3) H(g) = T,

where the union is over all o € My such that ¢¥ is equivalent to q. In particular, if
char(K) 1 Nd, then H(q) is an equidimensional curve which is a closed subscheme of

As.



Note that if m > 1, then it can happen that ged(N,d) > 1, so in this case the

above union (3) consists of the images Tiv of the “bad” modular correspondences T
whose determinant d = det(«) is not prime to the level V.
Theorem 8 has the following consequence.

Corollary 9 Let M = 0,1 (mod 4) be a positive integer. If char(K) = 0 or if
char(K) > N?TM, then Hy2 N Hy; is an equidimensional curve, provided that N* # M.

While Theorem 8 identifies the irreducible components of H(q), further work is
necessary in order to determine which of the components are actually distinct. For
this, we show:

Theorem 10 Let N, d be positive integers with char(K) t Nd. If aq, e € My, then
(4) gBa1g™t = £pas (mod N), for some g € SLo(Z) = T;Vl = ng-

Furthermore, the converse implication holds if d > N*/(4m?), where m is determined
by the (common) type (N, m,d) of ¢¥, fori=1,2.

From this result, it is clear that the SLy(Z/NZ)-conjugacy classes of 2 x 2-matrices
a € My(Z/NZ) play an important role in the determination of the irreducible compo-
nents of H(q). By extending the work of Nobs[No], it is possible to give a classification
of these conjugacy classes; cf. §6.

It is much more difficult to analyze the precise number of components of H(q)
when d < N*/(4m?). In the case that N = 2 or 4 we prove here:

Theorem 11 If q has type (N,m,d), where N =2 or N = 4, and if char(K) 1 2d,
then H(q) is irreducible.

The case of an odd prime N much more difficult; cf. [K9].

By using these results and the reduction theory of binary quadratic forms, it is
possible to work out the irreducible components of Hy2 N Hj; explicitly for small
values of N and M; cf. §8.

This paper is organized as follows. In §2 we recall from [K1], [K3] the definition of
the refined Humbert invariant g 4 ) and of the generalized Humbert schemes H(g) and
prove Theorem 1 and Corollary 2. In §3 we use the “basic construction morphism”

Oy to show that Hpe is a closed irreducible surface; cf. Theorem 15.
N

)

In §4 we study the modular correspondences T and their images T, , and use
these in §5 to prove Theorem 8, Corollaries 3, 4 and 9, and Theorem 10.

In §6 we use the work of Nobs[No| to study the SLs-conjugacy classes of 2 x 2
matrices mod N. This is used in §7 to prove Theorems 5 and 11, and Corollaries 6

and 7. Finally, in §8 we use the above results to work out some examples.

Acknowledgment. This research was supported by a Discovery Grant from the Natural
Sciences and Engineering Research Council of Canada (NSERC).
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2 The refined Humbert invariant and generalized
Humbert schemes

Let A be an abelian surface over an algebraically closed field K of arbitrary charac-
teristic, and assume that A has a principal polarization A : A = A. Thus, \ = oy
for unique class 6 = 6, in the Néron-Severi group NS(A) = Div(A)/=, where Div(A)
denotes the group of divisors on A and = denotes numerical equivalence.

As in [K1], [K3] and [K5], the refined Humbert invariant Ga,y is defined by the
formula

(5) q~(A7)\)(D> = (D@)\)2 — 2<DD), for D € NS(A),

where (.) denotes the intersection number of divisors on A. From the Hodge index
theorem it follows easily that g4) defines a positive definite quadratic form g4 ) on
the quotient group NS(A, \) = NS(A)/Z0,; cf. [K1], §3. It is clear that the isomor-
phism class of the quadratic module (NS(A, A), g(4,»)) depends only the isomorphism
class (A, \) of the principally polarized abelian surface (A, \).

As was explained in [K1], §5, q(a,5) is closely related to the classical Humbert in-
variant attached to an abelian surface A/C. More precisely, any primitive element
D € NS(A, \) gives rise to a “singular relation” in the sense of Humbert[Hu] (and
conversely), and A = g4 5 (D) is the Humbert invariant attached to this “singular re-
lation” of the principally polarized abelian surface (A, \) as defined by Humbert[Hu].
It thus follows from this that the subset

(6) Hx = HA(K) = {(A\) € Ay(K) : qa,n primitively represents A}

of the moduli space Ay (which classifies isomorphism classes (A, A\) of principally
polarized abelian surfaces over K) is precisely the Humbert surface of discriminant
(or invariant) A; cf. [vdG], §IX.2. By Humbert, this defines (for K = C) an irreducible
surface in A3 (C) whenever A = 0,1 (mod 4), and is empty otherwise.

The definition of a Humbert surface can be generalized as follows. Given any
integral positive definite quadratic form ¢ in r variables, let

H(q) = H(q)(K) = {(A,\) € Ay(K) : q(a,n primitively represents ¢}.

In other words, (A, \) € H(q) if and only if there exists an injective homomorphism
[ Z" — NS(A, \) with NS(A4, \)/f(Z") torsionfree such that ¢ = g o f. Clearly,
H(q) depends only on the GL,.(Z)-equivalence class of g.

Note that if ¢ is a 1-variable quadratic form ga(x) = Az?, then (6) shows that
H(ga) = Ha is the classical Humbert surface of discriminant A. Thus, the H(q)’s
generalize Humbert surfaces and hence it is fitting to call them generalized Humbert
sets. Below we will show (in certain cases) that they are closed subsets of Ay(K), so
they inherit a scheme structure from A, and hence can be called Humbert schemes.
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Remark 12 When K = C and ¢ is a binary quadratic form, then H(q) is closely
related to the (analytic) curves Cpy defined on p. 214 of [vdG]. These curves are
defined by positive definite 2-dimensional quadratic subspaces (U, ¢) of a certain 5-
dimensional quadratic subspace (Vg,A) of signature (3,2). Unfortunately, van der
Geer does not explain which (U, ¢) can arise in this way, but only gives some necessary
conditions. Moreover, he does not discuss the irreducible components of CY.

As was mentioned in the introduction, the H(q)’s can be used to describe inter-
sections of Humbert surfaces:

Proposition 13 If m and n are distinct positive integers, then

(7) H, N H, = U H(Q):

where the union runs over all equivalence classes of positive definite binary quadratic
forms q which primitively represent both m and n.

Proof. Let ¢ be such a form, and let (A, \) € H(q). Then g4, primitively represents
q. Since m is primitively represented ¢, it follows that m also primitively represented
by qan), so (A, \) € H,, by (6). Thus H(q) C H,,, and similarly, H(¢q) C H,, so
H(q) C H, N H,,. This shows that the right side of (7) is contained in the left side.

Conversely, suppose that (A4, \) € H,, N H,. Then there exist primitive vectors
v,w € M = NS(A, A) such that g4 (v) = m and g (w) = n. If v and w were
linearly dependent, then v = Fw and hence g (v) = g (w), contrary to the
hypothesis. Thus, v and w are linearly independent and hence M, := Zv + Zw has
rank 2. Let M; be the saturation of My in M. Then the restriction q of g,y to M;
is a positive definite, binary quadratic form which is primitively represented by g4, ),
and so (A, \) € H(q). Moreover, m = ¢(v) is primitively represented by ¢ (because
v is primitive in M, hence also in M. Similarly, n = ¢(w) is primitively represented
by q. Thus ¢ is one of the forms of the right side of (7), so (A, \) € UH(q).

Remark 14 (a) Note that there are only finitely many equivalence classes of forms ¢
satisfying the conditions of Proposition 13 because their discriminants are bounded.
Indeed, it follows from the above proof that we have |disc(q)| < 4mn for any such ¢
because |disc(q)| < |disc(qag)| < 4mn.

(b) The above proposition can be viewed as giving a partial answer to a question
raised by McMullen[Mc], p. 96.

Proof of Theorem 1. Suppose first that H(q) # 0, so there exists (4, \) € Ay(K)
such that g4y primitively represents q. Now g4 ) satisfies condition (x) because
(D.D) = 2x(L£(D)) € 2Z by the Riemann-Roch Theorem and so (5) shows that
gan (D) = (D.0,)? (mod 4), for all D € Div(A). Thus, ¢ also satisfies condition (x).
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Conversely, suppose that ¢ satisfies condition (*) and primitively represents NZ.
Then by Proposition 7 of [K5] we know that ¢ has type (NN, m,d) for a unique pair
m,d > 1 with m|N and ged(N/m,d) = 1. Since char(K) t N, we have by Corollary
33 of [K5] that there exists a principally polarized abelian surface (A, \) such that
qea,n primitively represents ¢. Thus (A, \) € H(q), so H(q) # 0.

Proof of Corollary 2. We may assume that m # N? and that m > 1. (If m = 1,
then interchange m and N2.) Put € = rem(m,4) € {0,1} and consider the binary
quadratic form gy, (X,Y) := N?X2 +2eNXY + MY? = (NX + Y )2 + (m —¢)Y?
which is clearly positive definite. Since gy, (1,0) = N? and gn,,(0,1) = m, we see
that gy, primitively represents N? and m, so H(q) C Hy2 N H,, by Proposition 13.

Moreover, since gy m(X,Y) = (NX +eY)? (mod 4), for all X,Y € Z, we see that
property (%) holds. Thus H(q) # () by Theorem 1, and so Hy2 N H,, # ), as claimed.

3 The morphism (y

As a first step towards proving the main results of this paper, we recall from [K1],
§3, and/or [FK], §4.4, that the Humbert surface Hy2 can be covered by the product
surface X(N) x X(N), where X (N)/K is the (affine) modular curve of level N. In
other words, there exists a finite morphism

ﬁNX(N) XX(N) — A2

whose image is the Humbert surface Hpy=. This morphism is, in fact, a variant of the
“basic construction” of [FK], §2.3.

For our purposes, however, we need not only the existence (and finiteness) of this
morphism, but also its modular description, which is a modification of that of [FK].

For this, fix an integer N > 1 with char(K) t N, where (as before) K is an
algebraically closed field. Moreover, fix a primitive N-th root of unity (5 € K*.
Recall from [DR], [KM] and/or the discussion and references of [K7|, §4, that the
(affine) modular curve X(N)/K (coarsely) represents the functor

X(N) = X(N), : (Sch/K) — (Sets)

which is defined by X (N)(S) = {(E/S, ¢)}, where S is a K-scheme, E/S is an elliptic
curve, ¢ : (Z/NZ)?> = E[N] is a level N-structure of fixed determinant (y € K*,
and (E/S,¢) denotes the isomorphism class of the pair (E/S, ¢).

Moreover, recall from [M1], Theorem 7.10, that the moduli space Ay/K coarsely
represents the functor Ay = As ;3 : (Sch/K) — (Sets) which classifies principally po-
larized abelian surfaces, i.e., if S is a K-scheme, then A(S) is the set of isomorphism
classes (A, \) of pairs (A, \) where A/S is an abelian scheme of relative dimension 2
and \: A5 Aisa principal polarization.



Modifying the construction of [FK] slightly, we will define the morphism (of func-
tors) )
By : X(N)x X(N) — A

as follows. Let (E;/S, ¢;) € X(N)(S), where i = 1,2, and put

(8) =0 = P20 [(;_9)] y 097" : Ea[N] — E[N],

where, for an integral 2 x 2 matrix «, the symbol o]y denotes the endomorphism
[a]ny € End((Z/NZ)?) whose matrix is o (mod N) with respect to the canonical basis
((1,0),(0,1)) of (Z/NZ)>.

Let my : B4 x Ey — Ay = (E1 X Ey)/Gy be the quotient map, where Gy =
Graph(—v¢) < Ej[N] x E3[N] = (E; x E3)[N]. Since ¢ : Ej[N] — E3[N] is an

anti-isometry, there is a unique principal polarization A, : A, — Ay such that
(9) Ty odpomy = N(Ag @ Ag,),

where Ag, ® Ag, is the product polarization on E; x Es; cf. [K2], Prop. 5.7. Thus
(Ay, A\y) € A2(S), and so the rule (E1/S, ¢1; Ea/S, ¢a2) — (Ay, Ay) defines a map

B = (X(N) x X(N))(S) — Asz(S).

Since the maps QMS are compatible with base-change, they define a morphism of
functors Oy = {fns}s. By the universal property of the (coarse) moduli scheme
X(N) x X(N), we thus have an induced K-morphism

Oy X(N)x X(N) — A,.

Theorem 15 The above morphism By : X(N) x X(N) — A, is finite and its
image 1s the Humbert surface Hy=. In particular, Hxz2 is an affine closed irreducible
subscheme of As of dimension 2.

Proof. Although this follows from Corollary 3.10 of [K1], no proof is given there, so
it is useful to present one here. (See also [FK], Proposition 4.11).

We first show that Im(By) = Hy2. Indeed, if x = (21, 22) € (X (V) x X(N))(K),
then each x; corresponds to a tuple (E;/K, ¢;) € X(N)(K). By [K2], Corollary 5.9,
the principally polarized surface (Ay, Ay) contains an elliptic subgroup of degree N in
the sense of [K1], and so by [K1], Corollary 3.9, we see that Oy (x) = (Ay, A\y) € Hye.
Thus Im(fBy) C Hy2. Conversely, if y = (A, \) € Hyz, then by [K1], Corollary
3.9 and Theorem 3.1, (A, \) has an elliptic subgroup E of degree N, and so by
[K2], Propositions 5.2 and 5.5, there is another elliptic curve E’ and an anti-isometry
¢ : E[N] — E'[N] such that (Ay, \y) =~ (A, A). Since K is algebraically closed and
char(K) 1 N, there exists a level N-structure ¢ such that (F/K, ¢) € X(N)(K). Since
¥ is an anti-isometry, there is a unique level N-structure ¢’ such that (E'/K,¢') €
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X(N)(K) and 4,4 = 1. We then have that By x ((E/K,¢; E'/K,¢')) = (A, \), and
so (A, \) € Im(Bx). This proves that Im(Gy) = Hy=.

We next observe that By is quasi-finite. For this, let 2/ € By (8y(x)), where
x = (1, x9) is as above. Write 2’ = (2, x}), where z;, = (E!/K, ¢}) € X(N)(K) and
put ¢’ = by 4. To show that Sy (6n(a')) is finite, it suffices to show that the E[’s
lie in finitely many K-isomorphism classes.

By hypothesis, (Ay, Ay) = (Ay, Ayr), where ' = 94 4, so there is an isomor-
phism a : A, = Ay such that Ay = & o Ay o a. Thus, each elliptic subgroup of
Ay of degree N is isomorphic to an elliptic subgroup of A, of degree N. In partic-
ular, since Ey 1 = my(E] X {0}) >~ E} and Ey o = my ({0} x E}) ~ E} are both
elliptic subgroups of degree NV on A, we see that £} and EY are each isomorphic to
an elliptic subgroup of degree N on A,. Thus the finiteness of 8y'(Bn(z')) follows
because A, has only finitely many elliptic subgroups £ < A, of degree N. (Indeed,
since g(a,y) is positive-definite, there are only finitely many D € NS(A, )\) such that
gan (D) = N2, and so the assertion follows from the bijection constructed in [K1],
Theorem 3.1.)

This, therefore, shows that (B is quasi-finite at closed points. Since the quasi-
finite locus is open by [EGA], (IV, 13.1.4), it follows that [y is quasi-finite because
X(N) x X(N) is a Jacobson scheme.

To prove that Sy is actually finite, it suffices by [EGA], (II1, 4.4.2) or (IV, 8.11.1),
to verify that Gy is proper because [y is quasi-finite. Moreover, since X (N) and
Ag are separated K-schemes of finite type, it is enough to check that the functor By
satisfies the valuative criterion of properness. Thus, let S = Spec(R), where R is a
discrete valuation ring with quotient field ' O K and let y = (A, \) € Ay(S) be
such that there exists z7 = (Ey, ¢1; By, ¢9) € (X(N) x X(N))(F) with fyp(rp) =
(Ap, A\r), where Ap = A® F and \p = A ® F. We want to show that zr extends
to x € (X(N) x X(N))(S) and that By g(x) = y. For this we observe that since
Ap >~ Ay is isogenous to By x Ey and Ap has good reduction over R by hypothesis,
it follows that the same is true for E; (cf. [ST], Cor. 2 on p. 493). Thus, there
exist elliptic curves E;/R with E; ® F = E;. By [KM] Th. 3.7.1, it follows that
¢; extends uniquely to an isomorphism ¢: - (Z/NZ)*> = E;[N] (of determinant y)
and so & := (F1, ¢1; Fa, ¢y) lies in (X(N) x X(N))(S) and satisfies #p = xp. Thus
§ = fn.s(Z) satisfies §p = yp, and so By g(Z) = y because A is the Neron model of
Ap. Thus, BN satisfies the valuative criterion of properness, and so Gy is proper and
hence finite.

Since Oy is a closed map, it follows that Hyz = Gy (X (V) x X(N)) is a closed
subset of As. Moreover, since X(N) x X(NV) is an affine and irreducible surface, it
follows from Chevalley’s Theorem ([EGA] (I, 6.7.1)) that the same is true for Hyo.

Remark 16 The above morphism [y is closely connected with the notion of an
N -presentation which was introduced in [K4], §2; cf. also [K5], §3.



Given a principally polarized abelian surface (A, ) and an integer N > 2, an
N-presentation of (A4, \) is a 4-tuple (Ey, Ey, ¢, m) consisting of two elliptic curves F;
and FEs, an anti-isomorphism ¢ : F1[N] — F3[N] and an isogeny m : F; X Ey — A
such that Ker(m) = Graph(—v) and such that the analogue of (9) holds when we
replace 7y and A, by m and A, respectively. If (A, \) has an N-presentation, then
(A, \) =~ (Ay, Ay), and so the above proof of Theorem 15 shows that

Hy2(K) = {(A,\) € Ay(K) : (A, A) has an N-presentation}.

4 The modular correspondence T

From Theorem 15 we know that every curve on the Humbert surface H y2 is the image
of a curve on the product surface X (IN) x X (), so if the intersection Hpy2 N Hyy is a
closed set, then the irreducible curve components of this intersection can be obtained
as images of curves lying on the product surface.

As is well-known (cf. [Sh]), the product surface X (N)x X (V) contains a multitude
of interesting curves called modular correspondences. If K = C, then each such
curve is defined analytically as the image of the graph of a primitive integral matrix
a € GL3 (Q) acting on the upper half plane §) and hence is denoted by T.

As we shall see (cf. Theorem 8), the irreducible components of Hy2 N Hy, are all
of the form By(T), for suitable matrices a. To prove this, we require a modular
interpretation of the modular correspondences 7. Such an interpretation was given
in [K7]. However, in place of working with T directly, it is more convenient to work
with the normalization 7 : X — TN of TV,

In order to give the modular interpretation of the modular curves XY and T2, it
is useful to introduce the following terminology.

Definition. Let o be an integral 2 x 2 matrix. If f : £ — E’ is an S-isogeny of
elliptic curves over a K-scheme S, and if ¢ and ¢’ are level N-structures of £//S and
E’/S respectively, then we say that the tuple (¢, f, ¢') is a-compatible if

(10) foo = ¢'olaln.

If « € M, is a primitive matrix of determinant d, then let X¥ denote the moduli
functor defined by the isomorphism classes of a-compatible tuples, i.e.,

XY(S) = ((E/S,¢,E'/S, ¢, f): (E]S,¢),(E']S,¢/) € X(N)(S), [ : E — F'is
a cyclic S-isogeny of degree d such that (¢, f, ¢') is a-compatible}.
Here, two such 5-tuples (F;/S, ¢;, E!/S, &, f;), for i = 1,2, are isomorphic if there
exist S-isomorphisms g : E; — E, and ¢' : B} — E with foog=g"0 fi, ¢o = go ¢y
and ¢} = ¢’ o 6.
The following result follows from the more general results of [K7].
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Theorem 17 If char(K) { Nd, then the moduli functor XY is coarsely represented
by a smooth, geometrically irreducible affine curve XY /K which is a quotient of the
modular curve X (Nd). If, moreover, N > 3, then X~ is finely represented by XX .

Proof. [K7], Theorems 2 and 3.

Remark 18 Tt was also shown in [K7] that the isomorphism class of the curves XY
only depends on d = det(a) and on N, and that when K = C, then X is analytically
isomorphic to the open Riemann surface I'g(N, d)\$), where ) is the upper half plane
and I'o(N,d) =T'(N)NTy(Na).

As was mentioned above, the curve X is the normalization of the modular cor-

N

respondence T on X (N) x X(N). More precisely, the normalization morphism 72 :

X% — T¥ is induced by the forget morphism 7 = {(7V)s}s : XY — X (N)x X(N),
which is defined by the rule

(FNs((E1/S, 61, E2/S, ¢a, [)}) = (E1/S, 1, E2/S, ¢2).

Thus, by the universal property of the coarse moduli scheme X%, the morphism 7%
induces a morphism of K-schemes 7¥ : X — X(N) x X(N) and we have

Proposition 19 The morphism 7\ is finite and hence its image TY is a closed

«
irreducible curve on X (N) x X (N). Moreover, 7Y is a birational map onto its image,

and so XY is the normalization of T .
Proof. [K7], Corollary 36.

Remark 20 It follows from the above that if z; = (E;/K,¢;) € X(N)(K), where
i =1,2, and if char(K) {1 Nd, then

(11) (21,29) € TN(K) < FJacyclicisogeny f : ) — FE of degree d = det(a)
such that (¢1, f, ¢2) is a-compatible.

Note that the right hand side of (11) also makes sense when char(K)|d. Thus, in
this case we can define T = TN (K) by (11), and hence T (K) satisfies (11) for all
a€e Mg, d>1.

Corollary 21 [f char(K) t Nd, then for every o € M, there is a unique finite
morphism
653)((5 — AQ

with the property that if v € XY (K) is defined by (E\ /K, ¢1, B2/ K, ¢o, ) € XV (K),
then y = BN (z) is given by (Ay, \y) € As(K), where o = by, 4, : E1[N] — F3[N] is
defined by (8). Moreover, we have the relation

(12) o ov o fod = [Baly, where B= (1)

11



Proof. Consider the morphism 3Y := By o7 : X — A, where 72 is as in Proposi-
tion 19 and By as in Theorem 15. Since both 7¥ and Sy are finite morphisms, so is
BY. Tt is clear from the definitions that 3Y satisfies the asserted property. Since K
is algebraically closed, this property determines 3 at all closed points of XY and
hence also the morphism 32 itself because X2 is reduced (and Jacobson). Finally,

property (12) follows directly from (11), (10) and (8).

Remark 22 (a) It follows from Corollary 21 and Theorem 17 that if char(K) { Nd
and if o € M, then

=N

T, = BJ(XJ) = Bu(TY)

is an irreducible curve lying on the modular three-fold A;. Note that since the defi-
nition of X depends only on N, d and [a]y, it follows that
(13) a; = ag (mod N) = Tivl =T

a9’

for all ary, g € M.

(b) It is useful to rephrase Corollary 21 in terms of N-presentations (cf. Remark
16). Suppose that P = (Ey, Ey, ¢, ) is an N-presentation of (A, A), and let o € M.
Then we say that P has type « if there exists a level N-structure ¢; on E; and a
cyclic isogeny f : E1 — Es of degree d such that (12) holds. We then have:

(14) TN(K) = {(A,\) € Ay(K) : (A, \) has an N-presentation of type a}.

07

Indeed, Corollary 21 shows that the left hand side of (14) is contained in the right
hand side. Conversely, if (E), Es, 1, 7) is an N-presentation of (A, \) of type a, and
if ¢; and f satisfy (12), then ¢g := 1oy 0[F]y is a level N-structure on Ey, and (12)
shows that (¢y, f, ¢2) is a-compatible. Thus z := (E, /K, ¢1, B>/ K, ¢o, f) € XYV (K),
and hence (A, \) = 8¥(z) € T (K), which proves (14).

(c) If char(K) 1 N, but char(K)|d, then the right hand side of (14) still makes
sense, so in this case we can define the set TJOCV = T;V(K ) by (14). Thus, Tiv is
given by (14) for all « € My, d > 1. Moreover, by using Remark 20, we see that
that the arguments of Corollary 21 and of Remark 8(b) show that we have that

BN(TN(K)) =To (K), for all @ € Mgy, d > 1.

«

5 The irreducible components of H(q)

By using the curves T, constructed in the previous section, we can now identify the
irreducible components of the generalized Humbert schemes H(q), where ¢ is a form

of type (N, m,d). These results depend heavily on the results of [K5].

As a first step, we show that the curve Tiv is contained in H(g"), where ¢¥ is the
binary quadratic form defined in §1.

12



Proposition 23 Let N and d be positive integers, and let « € My be a primitive
matriz of determinant d. Write Ba = (2 Y), where 8= (), and put g = ged(x —

w,y,z,N), m = %, and t = trace(Ba) = x +w. Then the binary quadratic form ¢

defined by ¢ = [N?,2mt, "5 (1 + 4d)], i.e., by

¥(X,Y) = N2°X? 4 2mtXY + ™ (2 + 4d)Y?,
has type (N, m, d), and we have that T;V(K) C H(¢Y)(K), provided that char(K) { N.

Proof. Since fa is primitive and det(Sa) = —d, it follows from Corollary 12 of [K5]
that ¢ has type (N, m,d). (Note that there is a typo in this corollary: the hypothesis
“N-primitive” has to be replaced by “primitive”. Note also that the form given there
is GLy(Z)-equivalent to ¢~'.)

Assume now that char(K){ N, and let y = (A, \) € TS(K). Then by Remark 22
we know that (A, \) has an N-presentation (Ej, Es, 1, ) of type «, so there exists
a level N-structure ¢; of E; and a cyclic isogeny f : E; — E5 of degree d such that
(12) holds. From this we see that o’ := S« is the matrix of ¢! o figy with respect
to the basis (P, Q) of E[N] defined by ¢;. Since o’ is primitive of determinant —d
and f is cyclic of degree d, it follows from Proposition 28 and Remark 29 of [K5] that
q(a,n primitively represents ¢Y, and so y € H(¢?)(K). Thus TY(K) ¢ HgV)(K),
as claimed.

Proof of Theorem 8. By Proposition 23 we see that the right hand side of (3) is
contained in the left hand side because H(q) = H(¢Y), if ¢ ~ ¢.

To prove the opposite inclusion, let y € H(q)(K) be given by (A, \) € Ay(K).
Then the definition of H(q) implies that g 4,y primitively represents ¢, and so there
exists a primitive submodule G of NS(A, \) such that the restriction of qan to G is
equivalent to ¢. Since ¢ has type (N, m,d) by hypothesis, it follows from Theorem
31 of [K5] that there exists an N-presentation P = (E, E’,¢,m) of (A, ), and a
cyclic isogeny h : E — E’ of degree d and an integer k with ged(k, N/m) = 1 such
that if M is any integral matrix with the property that M (mod N) is the matrix of
Y~ o hypy) (with respect to some basis of E[N]), then ¢ is GLy(Z)-equivalent to the

form garnap := [N?, —2mT, "5 (T? + 4d)], where T = —tr(M) + dk?(det(M) + d).
Fix a level N-structure ¢ : (Z/N7Z)?> = E[N] of E, and put ¢’ := 1) o ¢ o [B]n.
Note that ¢’ is a level N-structure of E’, as is easy to check. Since ¢p~toy)~toho¢ €

End((Z/NZ)?), it follows that there is an integral matrix M € My(Z) such that
(15) ¢ptoylohod = [M]y.

Note that this means that M (mod N) is the matrix of ¥~ o hygny with respect to
the basis B = (¢(1,0), ¢(0,1)) defined by ¢, and so ¢ is GLa(Z)-equivalent to g n a k-
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Since h is a cyclic isogeny, it follows that M is N-primitive. Moreover, since
¥ is an anti-isometry, we have that det(M) = —deg(h) = —d(mod N). Thus,
by [K5], Lemma 30, there exists a primitive matrix o of determinant —d such that
o' = M (mod N). Put a := fo/. Then a € My, and [fa]y = [M]y, so by Proposition
14 of [K5] we have that ¢ is GLy(Z)-equivalent to qsa n.ar = g2 . Moreover, (15) shows
that P is an N-presentation of type «, and hence (A, \) € TQN(K) by (14). This proves
the opposite inclusion, and so (3) holds.

To prove the last assertion, note that if char(K’) ¥ Nd, then it follows from Remark
22(a) that the union on the right side of (3) consists of only finitely many distinct

irreducible curves T;V. Since each of these is a closed subset of Ay by Corollary 21,
it follows that H(q) is a closed subset of Ay(K). Furthermore, since H(q) # 0 by
Theorem 1 and since the Tiv’s are irreducible closed curves, it follows that H(q) is
an equidimensional curve.

Remark 24 As the above proof of Theorem 8 shows, there exists a closed subscheme
H(q)x of Ay/K such that its set of K-rational points equals H(q)(K) C Ay(K),
provided that char(K) { Nd. In what follows, we shall frequently write H(q) in place
of H(q)k to simplify the notation.

We note that it follows from Theorem 8 that the scheme H(q)x is compatible with
base-change: if K’ is an algebraically closed extension field of K, then H(q)x ® K’ =

H(q)x because the Tg’s are compatible with base-change.
The above remark allows us to prove the following useful result.

Proposition 25 Let q be a binary quadratic form of type (N, m,d), and assume that
char(K) t N. Then

(16) H(g) N My #0 < qlo,y)#1, Va,ycZ,

provided that K is not the algebraic closure of a finite field. On the other hand, if
K =F,, then (16) still holds in the case that p 1 d.

Proof. (=) If (A,\) € H(q) N M,, then by definition we have that g — ¢ and
by Proposition 6 of [K3] we know that ¢4 (D) # 1, for all D € NS(A4,\), so in
particular ¢(z,y) # 1, for all z,y € Z.

(«=) Suppose first that K # F,, for any prime p. Then by Corollary 34 of [K5]
there exists a curve C/K of genus 2 such that gc = g o) ~ ¢ Thus (Jo, Ac) €
H(q) N My, which proves (16) in this case.

Now suppose that K = F, and that p { d. Then by Theorem 8 we know that H(q)
is closed equidimensional subscheme of Ay of dimension 1, and thus H(q) N M, is an
open subscheme of H(q) because My = Ay \ H; is open in Ay. Thus, if H(q) N M is
not the empty scheme, then dim(H(q) N Ms) = 1.
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Let K’ be an algebraically closed extension field of K which is transcendental
over K. Then by what was proved above, we see that (H(q) N Ms)(K’) # 0. Thus,
dim(H(q) N M3) = 1, and so by base change (cf. Remark 22) we have that also

(H(q) N M) (K) # () because K is algebraically closed. This proves that (16) holds
in this case as well.

Proof of Corollary 3. It clearly suffices find a positive binary quadratic form ¢ such
that H(q) N My # () and such that H(q) C Hyz N H,,.

For this, consider ¢ = gy, as in the proof of Corollary 2. Thus ¢ is a binary form
such that H(q) C Hy2 N H,,, as was explained in Corollary 2. Since disc(qnm) =
—4N?*(m — %) and since gy, = (NX + €Y)? (mod 4), it follows from Proposition
7 of [K5] that qy., has type (N, N,d) with d = meQ. Moreover, since q(z,y) =
(Nx + ey)? + (M — %)y > min(N?, M — &2) > 3, if (z,y) # (0,0), we see that
q(z,y) # 1, for all z,y € Z.

Suppose first that K is not the algebraic closure of a finite field or that char(K) 1
d = "%‘52. Then by Proposition 25 we have that H(q) N My # ), and the assertion
holds in this case.

Now suppose that K = E, is the algebraic closure of a finite field and that p|d =
mfg. If ¢ = 0, then p|%, so consider the form ¢;(X,Y) = N?X? +4XY +mY? =
N?X? (mod 4). Since disc(¢1) = —16(N%2 — 1), we see by Proposition 7 of [K5] that
q1 has type (N,1,dy) with dy = N() — 1. Thus p { di. We note that ¢(z,y) >
min(N?,m) > 4, if (z,y) € Z*\ (0,0), because (after interchanging X and Y, if
necessary) we have that ¢; is a reduced binary form. It thus follows from Proposition
25 that H(q) N My # (). Moreover, since ¢; represents N2 = ¢;(1,0) and m = ¢;(0,1)
primitively, we have that H(q) C Hy2 N H,,, and hence the assertion holds in this
case as well.

Next, suppose that ¢ = 1, so p|mT’1. If N = 0(mod 2), then consider the form
(X,Y) = N2+ mY? = Y2 Thus, since disc(gz) = —4N?*m = —16(5)?m, we see
that g has type (N, %, m). Since clearly p{m and since ga(z,y) > min(N? m) > 4,
if (z,y) € Z*\ (0,0), it follows from Proposition 25 that H(gs) N M, # (. Moreover,
since ¢ represents N2 = ¢»(1,0) and m = ¢2(0, 1) primitively, we conclude as before
that the assertion holds in this case.

Finally, suppose that ¢ = 1 and that N = 1 (mod 2). In this case we consider
the form ¢3(X,Y) = N?X? 4 2XY +mY? = (X + Y)? (mod 2). Here disc(q3) =
—4(N?m — 1). Since N*m = 1(mod 4), we see that g3 has type (N, 1,ds) with
ds = NQT’l. Now since g3(z,y) > min(N? m) > 4, if (x,y) € Z*\ (0,0), it follows
from Proposition 25 that H(q3) N M, # (). Moreover, since g3 represents N? = ¢3(1,0)
and m = ¢3(0, 1) primitively, we conclude as before that the assertion holds in this
case and hence in all cases.

Proof of Corollary 4. The fact that My(n,1) = UNWN>1 Hp2 N M, follows from the
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fact that every morphism f : C' — FE of degree n factors uniquely over an elliptic
subcover f': C'— E' of degree N|n; cf. [K6], Corollary 1.2. Thus, by Theorem 15 we
see that the surfaces Hy2 N My with N|n, N > 1, are the irreducible components of
Ms(n,1). Now it follows from Corollary 3 that any two such irreducible components
of Ms(n, 1) meet, so in particular Ms(n, 1) is connected.

Proof of Corollary 9. From Corollary 2 it follows that Hy2 N Hy; # () and by Propo-
sition 13 and Theorem 5 we know that Hy2 N Hy, is a union of H(q)’s, where ¢ has
type (N, m,d), for some m|N and some d > 1. Since disc(q) = —16m?d, we see

that d < m2d = |dls‘é Ol < N2 M by Remark 14. Thus, by the given hypothesis we
see that char(K) 1 Nd, and so by Theorem 8 we have that each such H(g) is an
equidimensional curve, and hence so is Hy2 N Hyy.

For later use, we note the following partial refinement of Theorem 8.

Proposition 26 Let g be a form of type (N,m,d) and let « € My, . If char(K) 4
Ndd, then Tiv C H(q) if and only if q is GLy(Z)-equivalent to ¢Y, i.e., ¢ ~ ¢~ . If
this is the case, then d; = d.

The proof uses the following technical fact about non-CM points in X~ which
will also be used several times below. A point z = (E/K, ¢, E'/K,¢',h) € XN(K) is
called a non-CM point if End(E) = Z.

Lemma 27 Let « € My and N > 1, and suppose that char(K) 1 Nd and that K is
not the algebraic closure of a finite field.

(a) There exist infinitely many non-CM points in XN (K).
(b) If x € XY (K) is a non-CM point, and if BY () = (J,\), then q15) ~ ¢ .

Proof. (a) The hypothesis on K implies that there exist infinitely many non-isomor-
phic elliptic curves F;/K such that End(E;) = Z. Fix a level N-structure ¢; on E;,
and choose a cyclic subgroup C; < E; of order Nd such that C;[N] is generated by
P, = ¢;1(1,0). Let h; : E; — E! := E;/C;[d] be the quotient isogeny. Then by [K7],
Proposition 24, there exists a level N-structure ¢, on E! such that (¢, hi, ¢ly) is
ag-compatible, where ay = (g (1)) Now o = g1aqgs, for some g1, g2 € SLy(Z), so if we
Dt ¢ = du1 0 g2l and ¢ = ¢y o [g7 ], then (¢, hi, @) is a-compatible, as is easy
to check. Thus, z; = (E;/K, ¢;, El/ K, &}, h;) € XN (K) is a non-CM point. Moreover,
x; # xj, if i # j (because E; % E;), and so we obtain infinitely many non-CM points.
(b) By Proposition 23 we know that g primitively represents ¢). But since
Hom(E, E') ~ 7Z, we see that rank(g(s)) = 2, and so it follows that g(;) ~ ¢¥.

Proof of Proposition 26. If ¢ ~ ¢, then by definition H(q) = H(¢Y), and so Tjav C
H(¢Y) = H(q) by Proposition 23.
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Now suppose conversely that Tiv C H(q). Since both are closed subsets of Ay (cf.

Remark 22 and Theorem 8), we have that TiV(K ") € H(q)(K') for every extension
field K’ of K, so we may assume that K’ is not the algebraic closure of a finite field.
Then by Lemma 27 there exists (J,\) € Tiv(K’) such that gy ~ ¢). On the
other hand, since (J,\) € H(q)(K’), we have that g, primitively represents ¢, so
q(s») ~ q because both are binary forms, and hence g ~ g, as claimed.

To prove the last assertion, recall from Proposition 23 that ¢* has type (N, my, d;)
for some m;|N and some d; > 1 with ged(dy, mﬂl) = 1. Now if ¢© ~ ¢, then ¢¥ also
has type (N, m,d), and so we have that m; = m and d; = d by [K5], Proposition 7.

We observe that the above Proposition 26 has the following interesting application.

Corollary 28 Let q; € Q(N,m;,d;), where i = 1,2, be two binary forms which are
not equivalent. If char(K) 1 Ndids, then H(q1) N H(q2) consists of finitely many
points, and none of these can be images of non-CM points.

Proof. If H(q) N H(gs) were infinite, then it follows from Theorem 8 that H(q)

and H(qy) would contain a common irreducible curve component Tfj, for some o €
M,,. By Proposition 26 we then have that ¢ ~ ¢;, for i = 1,2, and so ¢; ~ go,
contrary to our hypothesis. Thus H(q;) N H(q2) is a finite set. Furthermore, if any of
these intersection points (J, \) were images of non-CM points, then by the proof of
Proposition 26 we see that g ~ ¢;, for i = 1,2, so again we obtain the contradiction
that q1 ~ @s.

We now turn to the proof of Theorem 10 of the introduction. The first assertion
follows easily from the following lemma.

Lemma 29 Let ay,ay € M. Suppose that char(K) 1 Nd and that

(17) Bag =g ' Barg (mod N), for some g € SLy(Z) and e € {1,—1}.

If a1 = (B/K, 6, B'/K. ¢, h) € XN(K) and if g := BB, then xy = (E/K.$ o
l9]n, E'/K, ¢ o [¢'|n,eh) € XX (K), and we have that BY (x1) = B2 (x2). In particu-
lar, if (17) holds, then Tivl = Ti\g.

Proof. Since ¢ is in SLy(Z), so ¢ = 3 'g3, and hence it is clear that ¢ o [g]y and
¢’ o [¢'|n are level N-structures of F/K and E’'/K, respectively. Now since (¢, h, ¢')
is ap-compatible, it follows that (¢ o [g]n,eh, ¢ o [¢']n) is az-compatible because eh o
dolgly = ¢ olearg|ly = ¢ o|g'as]y = ¢ o[g']yo[as]y. This proves the first assertion.

To prove the second assertion, let ¢ = 144 : E[N] — E’[N] be defined as in
(8), so BY (x1) = (Ay,my), where A = E x E; ¢f. Corollary 21. Similarly, 52 (z) =

(Ayr, Ty ), where ¥ = ol roly1n- NOW since gB(g' )1 = 3, we see that
W = olglwo By o (boldly) = olgB(g) nos™ = o By o s = v,
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and so it is clear that 5 (z1) = B (x2).

From the second assertion it follows that Tivl = pN(XE) c i (XY) = Ti\;.
Moreover, by interchanging the roles of «; and as, we see that we also have the
opposite inclusion, and so Tivl = Tii.

It is more difficult to prove the second assertion of Theorem 10. For this, we will
prove the following more general assertion.

Theorem 30 Let g be a form of type (N, m,d) which satisfies the condition
(18) H(X,Y) €Z*: ged(X,Y) =1 and ¢(X,Y) = N*}| = 2.

If char(K) t Nd and if o, a0 € My satisfy qévi ~q, fori=1,2, then

(19) gBa1g ™t = Py (mod N), for some g € SLo(Z) < TO]Z 7Y

a9’

Before proving Theorem 30, we first observe that the hypothesis (18) follows from
the hypothesis on d and N which was made in Theorems 5 and 10, as the following
result shows.

Lemma 31 If q is a form of type (N,m,d) with d > N*/(4m?), then q satisfies
condition (18).

Proof. Suppose first that ¢ = [N?, 2mt, m*(t* + 4d) /N?], for some t € Z, and assume
that (X,Y) € Z? satisfies ¢(X,Y) = N2 If Y # 0, then N? = ¢(X,Y) = (NX +
mpy)? 4 dmidy2 > Amid which contradicts the hypothesis that N*/(4m?) < d. Thus
Y =0, and hence X = +1 because ged(X,Y) = 1. Thus ¢ satisfies (18).

If ¢ is any form of type (N, m,d), then q ~ ¢’ := [N?,2mt, m?*(t*> + 4d)/N?], for
some t € Z; cf. [K5], Lemma 9. By what was just proved, the condition (18) holds for
¢ and hence also for ¢ because the left hand side of (18) is the same for all g ~ ¢'.

We next observe that Theorem 30 and Lemma 29 imply Theorem 10.

Proof of Theorem 10 (using Theorem 30). The first assertion follows from Lemma 29.
To prove the second assertion, suppose that To]i = Ti\g. Then Tifl C H (qév2 ) by
Proposition 23, so ¢} ~ ¢, by Proposition 26. (Recall that g7 has type (N, ma,d),
for some msy| N, by Proposition 23.) Thus, q;Vl ~ qO]YQ, and so both have the same type
(N, m,d).
By Lemma 31 we know that the hypothesis d > N*/(4m?) implies that g2 satisfies
(18), and so the converse implication of (4) follows from (19).

To prove Theorem 30, we will use the following fact which will be proved below
in §6; cf. Corollary 39.
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Lemma 32 Let a € My, where d # 0, and let o = dA™! be its adjoint. Then for
any N > 1, there erists a g € SLo(Z) such that fa*B~1 = gag™ (mod N).

The following is the key result used in the proof of Theorem 30.

Proposition 33 Let oy, ag € My and suppose that char(K) { Nd. Fori = 1,2, let
z; = (E;, ¢i, Bl ¢ hy) € XY (K) be two non-CM points such that 5 (x1) = B (x2),
so there exists an isomorphism ¢ : (Ayy, Apy) — (Ayy, Ay, ), where 1; = V.00, for
i=1,2. If

(20) @ma(Ey x {0}) = m (B x {0})  or @m({0} x Ey) = mi(Ey x {0}),

where m; = my, © By x Bl — Ay, is the quotient isogeny, for i = 1,2, then there exists

g € SLo(Z) such that gBai1g~ = +Bas (mod N), and hence Tivl =7

(%

Proof. Note first that (E;, E!, 1;,m;) is an N-presentation of (Ay,, Ay,) in the sense of
[K4], §2. (This means that Ker(m;) = Graph(—1;) and that m; 0 Ay, 0 ¢; = N(Ag, ®
Am).) Put (J,A) := (Ay,, Ay, ); then (Ey, By, 1y, pma) is also an N-presentation of
(J; A) because Ker(pma) = Graph(—12) and (pm2)" 0 Ay, 0 oy = N(Ag, ® Agy). Put

E :=m(E; x {0}). We have to consider the following two cases:
Case 1: E = pmy(F,y x {0}).
Here it follows from Proposition 10(e) of [K4] that there exist isomorphisms f : F; —
Ey and f' : E} = E} such that 1 = pomo (f x f'). Put by = (f) Lohyo f €
Hom(FE4, EY). Since x; is a non-CM point, we have that Hom(FEy, E]) = Zh;, and
so by = ehy with € € {1, —1} because h] is cyclic. Moreover, since Graph(—1,) =
Ker(m) = Ker(mo(fx f')) = (fx f') " (Graph(—1s)), we see that f'oth; = 190 fig,(n].
Recall from (12) that [Boy]y = é; ' 0 1b; ' o hy o ¢, for i = 1,2. Substituting
hy = flo(ehy)of ' and ¢yt = forb ™ (fyny) " shows that [e8as]y = go[Bas]vog™,
where § := ¢, ' o f o ¢ € Aut(E[N]). Since f is an isomorphism of elliptic curves
and the ¢; are level N-structures (of the same determinant), we see that det(g) = 1.
Thus, there exists g € SLy(Z) such that [g]y = g, and so efay = gBa;97! (mod N).
Thus Tffl = T;VQ by Lemma 29.
Case 2: E = pmy({0} x E3).
Since (g2, ha, ¢y) is ag-compatible, it follows that (¢4, hl, @) is aj-compatible, and so
3 1= (B), ¢y, En, ¢a, hy) € XL (K). Since 571 = B, we see that ¢y, 4, = ¢2 0[]y o
(¢h) ™t = (dho[Blyo(ga)™)™ =" Let n: By x By — Ey x Ej be defined by
n(x',x) = (z,2'), and put 7 = pomyon : By x Ey — J. Since n~}(Graph(—1)) =
Graph(—; ") and o (\g, ® Amy) on = Ap, @ \g,, we see that (Ej, Ey, 51, 7h) is an
N-presentation of (J,\), so ﬁi\% (x3) = (J, \).
Since mh(Ey x {0}) = ¢m({0} x E)) = E, we see that z; and x} satisfy the
hypotheses of the proposition and also the condition of Case 1. Thus, by what was
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proven above, it follows that there exists g1 € SLy(Z) and ¢ € {£1} such that
[eBas]y = [g1Ba1gyty. On the other hand, by Lemma 32 (applied to Sas), there
exdsts g € SLy(Z) such that [Bas]y = [92(8(Ba) 81)g5 I = 9250305 s where
the latter equality follows because (Bag)* = abf* = 3. Thus, putting g = gag1
shows that [eBas]y = [gBa197 !N, and so Tifl = Ti as before.

Corollary 34 Let a;, as € My and suppose that char(K) f Nd and that ¢ = ¢},
satisfies condition (18). If there exists a non-CM point v € XY (K) and a point
zo € XN(K) such that BY (z1) = BY (x2), then there exists g € SLa(Z) such that

gBar1g~! = £Bay (mod N), and hence T;Vl = Ti\g.

Proof. Write x; = (E;/K, ¢;, E!/K, ¢, h;), and let ;, m;, ¢ and (J,\) be as in the
proof of Proposition 33. By Lemma 27 we know that g ~ qul = ¢, so by Theorem
18 of [K4] we see that the condition (18) is equivalent to the condition |Sy(J, A)| = 2,
where Sy (J, ) denotes the set of elliptic subgroups of J of A-degree N.

By Proposition 10(d) of [K4] we know that E := m(F; x {0}) € Sy(J,\), and
so Sn(J,\) ={E, EL} by Proposition 10(a) of [K4] and the fact that |Sx(J,\)| = 2.
Since also By := omy(Fy x {0}) € Sy(J,\) and Ey := om({0} x E) € Sy(J,\) =
(E,)* # E,, we thus have that either £ = E, or E = E,. This means that condition
(20) holds and so the assertion follows from Proposition 33.

Proof of Theorem 30. The one implication of (19) follows from Lemma 29. To prove

the converse implication, suppose that T, L= Ti. Then this equality of subschemes
of Ay/K also holds over any extension field, and so we may assume that K is not
the algebraic closure of a finite field. Then by Lemma 27 there is a non-CM point
z1 € XY (K), and so there exists x5 € XY (K) such that 8 (z1) = B (22) because

T T;VQ. We thus are in the situation of Corollary 34, and so (19) follows.

ar

6 Conjugacy classes of matrices

In view of Theorems 10 and 30, it is important to understand the SLo(Z/NZ)-
conjugacy classes of matrices mod N. If N = p" is a power of prime, then the con-
jugacy classes of matrices in SLy(Z/NZ) were determined by Nobs[No]. His method
can be generalized to obtain similar results for an arbitrary integer N and arbitrary
matrices &« mod N. For our purposes, however, it is more convenient to express this
in terms of SLy(Z)-conjugacy, using the fact that SLy(Z) — SLy(Z/NZ) is surjective.

The first step is to find a normal form for a representative of the conjugacy class
of such matrices.
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Notation. Let a = (£ ) € My(Z) be an integral matrix, and let N > 1 be an
integer. Put

Gan =ged(x —w,y,2,N), and T,y :=rem(z,gon).
Thus, if ¢ = gan, and T = T, n, then 0 < Z < g and 7 = x (mod ¢). In addition, put

(21) Ton = (tr(a) —27)/g = (r+w—27)/g and
San = (det(a)+7° —tr(a)7)/g* = (det(a) — 7* — TgTan)/g*.

—_— o~~~

Lemma 35 If a € M,
the relation

Z) and N > 1, then 1, N and 0, n are integers which satisfy

(22) tr(a)? — 4ddet(a) = (72 y — 40a,n) 92 -

Proof. Put o/ = (o — zI)/g. From definitions of g = g,y and & = T,y we see that
o' € My(Z). We have that tr(a’) = (tr(a) — 2Z)/g = Tan, S0 Ton = tr(d’) € Z.
Moreover, det(a) = det(zI + go’) = 2 + Zgtr(a’) + g* det(a’), so we also have that
dony = det(a’) € Z.

Put 7 = 7, and § = §, . From (21) we have that tr(a)? — 4det(a) = (27 +
g7)* — 4(T* + TgT + ¢%d) = ¢g*(7% — 49), as claimed.

The above quantities are invariants of the conjugacy class of a(mod N), as the
following result shows.

Proposition 36 Let N > 1, and let a; € My(Z), i = 1,2, be two matrices such that
ay = yayy ! (mod N), for some vy € SLy(Z).

Then goy, N = Jay,N and Ty, N = Ta, N. Moreover, if m = ﬁ, then

(23) Tor N = Tap,n (mod m) and 64y N = 0ay,v (mod m).

Proof. Put ag = yay™. Then go, N = gas.n because g, v depends only on « (mod N).
Moreover, since g, n is invariant under conjugation by [K5], Corollary 13, it follows
that Jas3,N = Jas,N, and hence Jas,N = Jay,N-

Put o = (o — z;1)/g, where T; = x4, y and ¢ = go, v Then o) € My(Z), and
T, = Ta, v = tr(a}) and 0; := d,, v = det(c}), as we saw in the proof of Lemma 35.
Now Z11 + galy = a; = yayy ' = Zol + gyaby ! (mod N), so 11 = Z»I (mod g),
and hence T; = 7y (mod g), so 1 = Ty since 0 < 7; < ¢g. From this we see that
the hypothesis implies that o) = yaby™! (mod m), so tr(a}) = tr(ab) (mod m) and
det(a)) = det(aj) (mod m), and hence (23) follows.

We next observe that we can find a representative of the conjugacy class of
a (mod N) of a special type.
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Proposition 37 Let N > 1 and a € My(Z) and put g = gon, m = N/g, T = Tan,
T ="Ton and 6 = 64 n. Then there exist z, 2" € Z with zz' = 1 (mod m) such that

(24) yay ' =2 + ¢ (023 (mod N), for some y € SLy(Z).

Proof. Put o/ = (o« — z1)/g € Ms(Z). By construction, g, , = 1. Suppose first that
m = p" is a prime power. Then by Nobs|[No|, Lemma 4, there exists 7, € SLy(Z)
such that y1a'y; ' = a; (mod m), where oy = (¥ 7), with ged(z,m) = 1. Choose 2/
such that z2’ = 1 (mod m), and put ay = (9 ="). Then det(ay) = 0 = det(/) =
det(aq) (mod m) and tr(ag) = 7 = tr(a’) = tr(ay) (mod m), so by Nobs[No|, Lemma
5, there exists 7o € SLy(Z) such that yoa;17v, ' = ay (mod m). Put v = v57;. Then
ya/y™t = ay (mod m), so yay™! = Tl + gya/y~! = TI + gas (mod gm), and hence
(24) holds when m = p". If m is a product of prime powers, then the same result
follows from the prime power cases by using the Chinese remainder theorem.

The above elements z, 2z’ € Z are not uniquely determined mod m by the mod
N conjugacy class of a. In order to classify the conjugacy classes we follow (and
generalize) Nobs[No| and introduce the following set:

Sn(7,6) :={a € (Z/NZ)* : 3(&,m) € Z* with € + 7&n + 6n° = a (mod N)}.
It is easy to see (as in Nobs[No]) that Sy (t,d) is a subgroup of Ry := (Z/NZ)*.

Proposition 38 Suppose that ay, s € My(Z) and N satisfy Go, N = Gas.N = ¢, and
that c; = xl + gaf, i = 1,2, where o} = (") with ged(z;,m) =1, fori=1,2, where

Zi ¥

m = N/g. Put 1 = tr(a)) and 6 = det(a)), and let z; denote the image of z; in
R = (Z/mZ)*. Then the following conditions are equivalent:

(i) There exists v € SLy(Z) such that ya;y™' = ag (mod N).

(ii) tr(ad) = 7 (mod m), det(ad) = & (mod m) and 2,2,* € S,,(7,0).

Proof. 1t is clear that condition (i) is equivalent to the condition
(25) There exists v € SLy(Z) such that yajy~! = o (mod m).

If m = p" is a prime power, then the equivalence of (25) and (ii) follows from Nobs[No],
Lemma 5, and hence the general case follows from this by using the Chinese remainder
theorem.

Corollary 39 If « € My(Z) and N > 1, and if § = (3_2), then there exists a
v € SLo(Z) such that

(26) a3 = yay~! (mod N).
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Proof. Note first that if o = (Z ) then Sa*( = (w i’) Thus, if @ = a3 (mod N),
then fa*f = fa;f (mod N).

Put ¢ = gan, m = %, and let z, 7 = 7(«), 6 = J(a) be defined as in (21).
By Proposition 37 there exists o = (OZ‘SZ) with zz/ = 1(mod m) such that if

T

o =zl + gay, then o/ = yany; (mod N), for some 7, € SLy(Z). Then B(/)*f =
ZI+gB(aq)* 5. Since B(ay)*p = (Tz‘sz ) 1t follows from Proposition 38 that there exists
Yo € SLy(Z) such that B(a/)*8 = v2a'y, ' (mod N). Now since a = +; 'a/y; (mod N),

we have that fa*3 = B(v; 'a/71)*3 (mod N). Sincey; = 47!, we see that (v, 'a/y;)* =
V(@) (1) = 7 a!)* By, Thus, since 52 = 1, it follows that B(y; 'a/v)*3 =
vB(a) Byst, where v3 = B(71)B € SLo(Z), and so Ba*B = wB(d) Byt =
Y3720 Y5 15t = Y3yeyiayy 1s 5t (mod N), which shows that (26) holds with v =

Y3 Y271-

In view of Proposition 38, it is of interest to determine the subgroup S,,(¢,4) in
R).. Nobs|No] computed S,,(t,d) for prime powers m = p” and listed the result in
Tabelle 1 of [No]. Using this, we see easily:

Proposition 40 Let 7,0 € Z and N > 1 be integers and put Ay = Apn(7,0) =
ged(7% — 46, N). Then

(27) in(1,0) == [Ry : Sn(1,0)] < ow(AN)

except when 8|Ay, in which case in(t,d) < 2°ANFL Moreover, if 4 ¥ Ay and if
W'(Ay) == |{p|An : p is an odd prime}|, then

(28) in(7,0) = 2¢/ (AN,

Proof. If N = p{* - -- ptr, where the p;’s are distinct primes, then by using the Chinese
Remainder Theorem we see that

(29) in(r,8) = ], (m9).

From Tabelle 1 of Nobs[No] it follows that if py ¥ Ay, then e (1,6) = 1, and that if
Pr|An, then

(30) S ex(1,0) = (R:e,c)2 and e (1,6) =2, provided that py # 2.
k

Py

Moreover, by Nobs[No], loc. cit., we also have that i5(7,d) = 1, that iy(7,0)|2 and
that ige(7,0)|4, if e > 3, and so the assertions follow.

If 4/An(7,0), then the exact formula for ix(7,0) is much more complicated. To
write it in a convenient form, we first introduce the the following notation.
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Notation. If a € Z, put

1 ifa=1,5(mod 8)

wy(a) = { ; ?iai(l),ggmoj ig and wg(a) = < 2 ifa=2,3,4,6,7(mod 8)
Ha=5oimoe 4 if a = 0 (mod 8)

From the table in Nobs[No| and (29) we deduce:

Proposition 41 Let 7,8 € Z and suppose that 4|Ay = Ax(7,6), so A == AJd € 7,
where A = 72 — 46. Then:

2<' (AN, (A) if 4||N,
(31) in(r,0) = , o(8) il
2« (Anpg(A) if 8|N,

7 The number of components of H(q)
We now apply the above results on conjugacy classes to refine Theorem 8 as follows.

Theorem 42 Let q be a binary form of type (N, m,d), and put g = % Then there

exists a primitive matriz o« € My such that ¢ ~ ¢~ . Fiz such a matriz o, and let

21,...,2s be integers such that their residues mod m is a system of representatives
of R) /S (T,0), where T = Tgon and 6 = Opan are as in (21), and let 2, € Z be
such that z;zl = 1(mod m), for 1 < i < s. Then there exist primitive matrices
Qai,...,05 € My such that

Ba; =zl +g (2 ’5"’5) (mod N), for1<i<s,

Z5 T

where T = Tgq n. Moreover, if char(K) t Nd, then

"N

(32) H(q) = |J Ta.
i=1

and hence the number of irreducible components of H(q) satisfies the estimate
(33) rr(H(q))| < im(7,0) := [R) : Sp(T,0)].
The key result for proving this is the following variant of Theorem 31 of [K5].

Proposition 43 Suppose that char(K)t N and that (J,\) € H(qY), where a € M.
Then there exists an N-presentation (E,E’ 1, m) of (J,\) and a cyclic iogeny h €
Hom(E, E') of degree d such that if o/ € My satisfies the relation

(34) (v W) = ¢o[Balyoo,
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for some level N-structure ¢ of E/K, then ggow N = gga.N aNd Tgo/ N = Tga,n, and
(35) tr(Ba’) = tr(Ba) (mod Ng),

where g = gga,n. Thus, if m = %, then

(36) T/ N = Tga,n (mod m) and Ogu N = Bgan (mod m).

In order to deduce this from the results of [K5], we need to recall some basic
results which were (implicitly) proven there.

Lemma 44 Let N and d be positive integers and let « € My. If g = ggan, then
there ezists k € Z such that kZgan = 1 (mod N), and for any such k we have that

(37) ook = —(tr(Ba) + kd(k*d + 3))/g* € Z.
Proof. Since fa = (f fj}) is primitive, and T := Zgo,y = x(mod g), we see that

ged(z, g) = ged(x, g) = ged(x,y, z,w, N) = 1, and so there exists a k € Z such that
kz =1 (mod g). This proves the first assertion.

We observe that M = fa and k satisfy the hypotheses of Proposition 11 of [K5],
so if r € Z is defined by equation (9) of [K5], then gsandar = qNmarr Dy [K5],
equation (7). This means that —2mtr(Ba) = 2mT = 2m(kd(k*d + 3) + rg?), where
T is defined as in equation (6) of [K5], so we see that 734 n =17 € Z.

For the next result, recall from Lemma 21 of [K5] that if £/K and E’/ K are elliptic
curves, then every D € NS(E x E’) has the unique representation D = D(a, b, h),
where a,b € Z and h € Hom(E, E’), and D(a, b, h) is as defined in [K5], Lemma 21.

Proposition 45 Let (E, E' 1, ) be an N-presentation of (J,\) € As(K), and let
h € Hom(E, E') be a cyclic isogeny of degree d > 1. Assume that char(K) {t N. Then
there exists o« € My such that

(38) W' h)ipw = ¢o[Baly oo™,

holds for some level N-structure ¢ of E. If we fix a k such that kZg, y =1 (mod g),
where g = ggan, and put D; = D(g?,0,0) and Dy = D(kd(k*d + 2), —kd, h), then

(39) m(rD; + Dg) € 7*NS(J),

where m = % and r = rgo . Moreover, r (mod m) is uniquely determined by (39).

Proof. Fix a level N-structure ¢. As in the proof of Proposition 28 of [K5], we see that
¢ totp " ohigno¢ € End(E([N]) is N-primitive and has determinant = —d (mod N),
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so by Remark 29 of [K5] there exists @ € M, such that (38) holds. Note that by
Lemma 44 there exists a k such that kZg, ny = 1 (mod g).

By [K5], Propositions 28 and 25(c), we know that (39) holds for some r € Z which
is uniquely determined mod m by (39). Moreover, by equations (35), (42) and (9) of
[K5] we have that r = 73, x4 (mod m), and so the assertions follow.

Proof of Proposition 43. Put g = ggo.n and m = %. By Lemma 44 dk € 7Z such

that kZg, v = 1 (mod N). Fix such a k and put r := g,y as in Lemma 44. Since
¢, = qga.nax in the notation of Proposition 11 of [K5], we have by equation (7) of
[K5] that ¢%, = qnm.anr Thus ¢ ~ %, = ik

Since (J,\) € H(qY), we are thus in the situation of Theorem 31 of [K5], and so
we obtain an N-presentation (E, E’, ¢, ) of (J,\) and a cyclic isogeny h : £ — E’
of degree d such that if D; = D(g¢?,0,0) and Dy = D(kd(k*d + 2), —kd, h), then (39)
holds; cf. equation (44) of [K5].

Moreover, by Theorem 31(a) and Proposition 28 of [K5] we then have that gg. v =
g and that k2’ = 1 (mod g), where fa/ = (:,/ 3),/)7 SO Tga,N = ZTpar,N because they are
uniquely determined by k and g. Furthermore, both r and rg, x v satisfy (39), so by
the uniqueness assertion of Proposition 45 we see that

T = T8akN = Tga kN (mod m).

Thus ¢°rs k. n = §°7'sar kv (mod Ng), and so (35) follows. In view of Lemma 46 below,
this implies that (36) also holds.

Lemma 46 Let oy, s € My(7Z) be two integral matrices and let N > 1 be an integer.
Suppose that go, N = Gao,n and that To, N = Tay n- If

(40) tr(ay) = tr(az) (mod Ng), and det(a;) = det(az) (mod Ng),

where g = go, N, then for m = % we have that

(41) Toy N = Tapn (mod N)  and 04y v = da,n (mod m).

Proof. Put T = Zo, N, Ti = T, n and §; = g, n, for i = 1,2, Then g(r — 7)) =
tr(ay) — tr(az) = 0(mod Ng), so 73 = 75 (mod N). Moreover, since g?(d; — ds) =
(det(ay) — det(as)) — T(1 — 72)g = 0 (mod g*m), we see that §; = d (mod m).

Proof of Theorem 42. The existence of a € My with ¢ ~ ¢ follows from Theorem
16 of [K5]. Thus ggan = g by Proposition 23. Moreover, ged(Zgan,g) = 1, as we
saw in the proof of Lemma 44.

Put a; .=zl + g (ZO _izz/‘). Then ga, n = g because ged(z;, m) = 1, and so @; is

N-primitive because ged(z,g) = 1.
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We next observe that if ¢ := tr(a), then t = 2z + 27 by (21), and
(42) tr(a;) =t and det(®;) = —d (mod Ng), for1<i<s.

Indeed, tr(a;) = 2T+g7 = t, and det(a;) = T2+g7+¢*dz:2F = 2+g7+¢> (mod g*m),
so det(a;) = —d (mod g?m) by the definition of §. This proves (42).

It follows from (42) that det(a;) = —d(mod N), so by Lemma 30 of [K5] there
exists a primitive matrix o) of determinant —d such that o) = @&; (mod N). Put
a; = pal. Then a; € My, and Ba; = o, = @; (mod N). This proves the existence of
the matrices aq, ..., as.

To prove (32), let k € Z be such that kx = 1 (mod g), and put ¢; := —tr(q;) —
dk3(det(a;) + d). Then by (42) we see that t; = —t (mod Ng), for 1 < i < s. Thus,
if we put ¢; = [N2,2mt;, (t? + 4d)/g?], then q; ~ ¢~, = [N?, —2mt, (t* + 4d)/g?]; cf.
[K5], Lemma 9. Since ¢; = ¢a, nax in the notation of Proposition 11 of [K5], and
since by construction fo; = &; (mod N), it follows from Proposition 14 of [K5] that
g, ~q~,, for 1 <i<s. Thus ¢} ~ ¢ because ¢, ~ ¢} ~ ¢, and so it follows from

Theorem 8 that TC]:C_ C H(q). This proves that the right hand side of (32) is contained
in H(q).

To prove the opposite inclusion, let (J,\) € H(q) = H(gY). Then by Proposition
43 (and by Proposition 45) there exists an N-presentation (E, E' ¢, ) of (J,\), a
cyclic isogeny h : E — E’ of degree d and a matrix o/ € My such that (34) holds
for some level N-structure ¢ of E/K. Then ¢ := 1 o ¢ o []x is a level N-structure
on E'/K and (34) shows that (¢, h,¢') is o/-compatible in the sense of (10), and so
v = (E,¢,E ¢ h) € XN(K). Since (J,\) = (Ay, \y) because (E, E' ¢, 7) is an
N-presentation of (J, A) and since 14 o = 1, it follows from Corollary 21 that

(43) (LA = BY(z) € BY(XD) = T

By the second part of Proposition 43 we know that Sa’ has the same invariants
g, T, T, 0 as fa. Thus, by Proposition 37 there exists z € RY and v € SLy(Z)
such that vi8a/y; ' = o == 21 + g(° ;izl) (mod N), where 2’z = 1 (mod m). Then
z = zio (mod m), for some k with 1 < k < s and o € S,,(7,0) by our hypothesis on
the z;’s. Then by Lemma 35 and Proposition 38 there exists 72 € SLy(Z) such that
Yoyt = &y, = Bay, (mod N), so if we put v = 7571, then y8a'y~! = Bay (mod N).
Then by (4) we see that Tﬁ = Tivk, and so (J,\) € Tivk by (43). This shows

that opposite inclusion of (32) holds, and so concludes the proof of (32). From this

(33) follows immediately since the TO]Y_,S are irreducible (but not necessarily distinct)

components of H(q); cf. Remark 22 and Theorem 8.

Theorem 42 provides us with an upper bound for the number of irreducible com-
ponents of H(q); cf. (33). To go further and to compute the number of components
precisely in the situation of Theorem 5(b) (or of Theorem 30) requires further work.
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Indeed, although the previous section analyzed the SLy-conjugacy classes of ma-
trices mod NNV, the conditions (4) and (19) involve SLo-conjugacy classes up to to sign.
Now in many cases this does not make a difference, but it does in some cases, which
leads to certain exceptional forms. More precisely, we have:

Proposition 47 Let q be binary form of type (N, m,d) which satisfies the condition
(18) of Theorem 30, and let 7,5 be as in Theorem 42. If char(K) 1 Nd, then the
number of irreducible components of H(q) is given by the formula

(44) [br(H(q))| = im(7,0) = [By, : Sm(T,0)],
except when —1 ¢ S,,(7,0) and q is equivalent to one of the following forms:
(5)  [N%04d), [N* N (NP4 16d)/4),  [N?eN?, (SN2 + 4d)/4),

where 2|N, ¢ € {0,1} and d = 1+ eN (mod 4) in the last case. For the exceptional
cases we have

(46) [lee(H (g))| = im(t,0)/2.

Proof. Suppose that the TZ constructed in Theorem 42 are not all distinct. Then

there exists ¢ and j with 1 < ¢ < 7 < s such that TCIZ = Tiv;, so by Theorem 19 we
have that y8a;7~' = £8a; (mod N), for some v € SLy(Z). We thus have that

(47) vBoyy Tt = —fa; (mod N),

because the other case is ruled out by our choice of the ay’s; cf. Proposition 38.
Thus, since fSay has the invariants z, 7 (mod m) and ¢ (mod m), for all k, it follows
from (47) and Proposition 36 that we have T_go, v = T, T_go, = 7 (mod m) and
0_ga, = 6 (mod m). Moreover, if these conditions hold, then

—Bajz—ff—l—g< 0 _5(_Zj)> = g‘cl—l—g( —*z- 5?) (mod N),

—Zj —T

so by (47) and Proposition 38 we see that the residues of z; and —z; mod m lie in the
same S, (7, d)-coset of R),. But this is only possible if —1 ¢ S,,(7,9).

We now analyze the above conditions on z, etc. Since T = Tgo, = T go; N =
—Z (mod g), we see that 2z = 0 (mod g). But since ged(z,g) = 1, this implies that
2 = 0(mod g), which is only possible if g = 1 or g = 2.

Case 1: g =1.

Here m = N and = = 0, so it follows that tr(Bax) = 7ga, v = 7 (mod N), for all k.
But then 7 = tr(fBa;) = —tr(Ba;) = —7 (mod N), so 27 = 0 (mod N). Thus, either
7=0(mod N) or 2|N and 7 = & (mod N). But since 7 = tr(8c), this implies that
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q~ qY ~[N20,4d] or 2|N and g ~ [N?, N% (N/2)? + 4d]; cf. [K5], Lemma 9. This
gives us the first two cases of (45).
Case 2: g = 2.

Here m = % and z =1,s0 ap =1 + 2(;—6%), for all k, where ¢y is as in the proof
of Theorem 42. (Thus, Bay, = &y (mod N), for all k.) We have T_5, v = Z = 1, s0
27 g, N = tr(—a;)—2 = —tr(q;)—2 = —(274+2) -2 = —27—4,ie, T 4, n = —(T+2).
Thus 40_5, x = det(—a;) —1* —2(—7—2) = det(a;) — 1> =27 +47+4 = 405, +47+4,
and hence 0_g, v = 64, v +7+1 =6+ 7+1(mod m). Since dgq,, v = (mod m), for
all k, it follows from (47) and Proposition 36 that

0 = 0payN = O—sa;n = 047+ 1 (mod m),

so 7 = —1 mod m, and hence ¢ := tr(fa) = 2742 = 0 (mod 2m). Since 2m = N, we
thus see that ¢ = e N (mod 2N), where € € {0, 1}, and so ¢/ = [N?, Nt, (t*+4d) /4] ~
q :=[N?eN? (62N?+4d)/4]; cf. [K5], Lemma 9. Moreover, since —d+1%—1-t = 44,
we see that d=1—-t=1—¢ecN =1+ eN (mod 4) because 2| N. We thus obtain the
last case of (45).

Now suppose that we are in the exceptional cases. Then —1 & S,,(7,0), so 2|s =
im(7,0). Choose z, ... , 23 In such a way that their residues mod m are a system of
representatives of R, /(—1,5,(7,d)) and put 2z, = —z,s for k=5 +1,...,s. Then
21, ..., 2s satisfy the conditions of Theorem 42. Moreover, since Z, g, 7 and J satisfy

the above conditions, we see that Soy, = —fBays (mod N), for 1 < k < J. Thus,
T =
38) we have that y8o;y ™' # £0«;, for any v € SLy(Z) and 1 < i < j < £, so by

Theorem 30 it follows that Tiv =+ ng, for 1 <i < j <3, and so (46) follows.

Tivkﬁ , for these k’s. On the other hand, by construction (and by Proposition
2

Remark 48 As the above proof shows, even if the hypothesis (18) does not hold for
q, but if —1 ¢ S,,,(7,d) and ¢ is equivalent to one of the forms of (45), then we still
have the estimate

(48) rr(H (q))| < im(7,0)/2.
To analyze the above results further, we first make the following observations.
Lemma 49 If q has type (N, m,d) and if o, 7, and § are as Theorem 42, then

gy = [N?%,2mt, A], where t = tr(Ba) and A = A(7,6) = 72 — 46. Thus, if cont(q) =
ged(a, b, ¢) denotes the content of ¢ = |a, b, c|, then we have

Ay (1,0) = ged(A,m) = ged(cont(q),m) =: cn(q).
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Proof. By definition, ¢ = [N2 2mt, (t* + 4d)/g?], so the first assertion follows
from (22) because det(Sa) = —d. Thus ged(m,cont(qY)) = ged(m, N, 2mt, A) =
ged(m, A). Since g ~ ¢, we have that cont(q) = cont(¢?), and so the assertion
follows.

Lemma 50 Let 7,0 € Z and let m > 1. If 41 A, (7,0), then —1 ¢ S,,(7,9) if and
only if there exist a prime p = 3 (mod 4) with p|A,,(T,9).

Proof. Write m = [[/_, p{*, where the p;’s are distinct primes. Then the Chinese
Remainder Theorem induces an isomorphism

(49) Sy (T,0) =~ Hspfi (1,0),

s0 =1 € S,,(7,0) & —1 € Sei(7,0), for 1 <7 <r. Since —1 € Sy(7,0) = Ry = {1}
and since for an odd prime p we have by (30) that —1 ¢ S,e(7,0) < p|Aye(7,d) and
(’71) = —1 < p|Ape(7,6) and p = 3 (mod 4), we see that the assertion follows.

We are now ready to prove the following refinement of Theorem 5.

Theorem 51 Let q be a binary form of type (N,m,d) and assume that 4 1 ¢,, =
ged(cont(q), m) and that char(K) 1 Nd. Letw' = W'(¢) = [{plcm : p is an odd prime}|.
(a) We always have that |Trr(H(q))| < 2.
(b) If there exists a prime p|ged(N,d) with p = 3 (mod 4) and if q is equivalent
to one of the forms of (45), then then |Irr(H(q))| < 2¢~'.

(c) Suppose that q satisfies condition (18). If q satisfies the conditions of part (b),
then equality holds in part (b), otherwise equality holds in part (a).

Proof. By Lemma 49 we have that ¢,, = A,,(7,0), where 7 and § are as in Theorem
42, and so by (28) we have that i,,(7,6) = 2% since 4 { ¢,,. Thus, part (a) follows
from (33). Moreover, in the situation of part (b) we have that —1 ¢ S,,(7,d) by
Lemma 50 and the fact that p|c,, < p|ged(V,d) for the forms of (45), so part (b)
follows from Remark 48. Finally, part (c) follows from Proposition 47.

Corollary 52 If q is a binary form of type (N,m,d) with ¢,,(q) | 2, then H(q) is
irreducible, provided that char(K) 1 Nd.

Proof. Since 4 t ¢, = ¢n(q) and W'(c,) = 0, it follows from Theorem 51(a) that
ITrr(H (q)| < 2° =1, so H(q) is irreducible.

We observe that the above corollary implies the following result for the case N = 2.
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Proposition 53 If g has type (2,m,d), and if char(K) 1 2d, then H(q) is irreducible.
Moreover, H(q) is uniquely determined by d if m = 1, whereas there are precisely two
distinct H(q)’s for each d when m = 2.

Proof. Since ¢,,(q)|m|N = 2, it follows from Corollary 52 that H(q) is irreducible.

If m = 1, then ged(d,2/1) = 1, so d = 1(mod 2). Thus, it follows from [K5],
Proposition 19, that ¢ ~ [4,0,d], if d = 1(mod 4), whereas ¢ ~ [4,4,d + 1], if
d =3 (mod 4). Thus H(q) is uniquely determined by d in this case.

If m = 2, then by [K5], loc. cit., we know that either ¢ ~ ¢ := [4,0,4d] or
q ~ qo = [4,4,4d + 1]. Since ¢; and ¢y are distinct reduced forms, it follows that
¢1 7 qo, and hence H(q;) # H(g2) by Corollary 28.

If 4|¢,,, then the situation is much more complicated because the formula for
im (7, 0) is more involved since it does not depend on ged(m, 7> — 49) alone, but also

involves the quantities wy(A) and wg(A), as we saw in Proposition 41. For this reason
we introduce the following value w(q) for (special) binary quadratic forms g.

Notation. Let ¢ = [N?2 2mt,c] be a binary form of type (N,m,d), so ¢,(q) =
ged(m, cont(q)) = ged(m, ¢). If 41 ¢,,(q), then put w(q) = 1, and if 4|¢,,(q), then put

wy (£) if 4fjm,
(50) (@) { wg (;‘i) if 8|m.

We then have the following connection between w(q) and i,,(7, 9).

Lemma 54 Let o € My and N > 1 and put g = gga,n, M = %, T = TBaN, 0nd
§ = dgan. Moreover, let ¢Y be the quadratic form associated to . Then ¢, =
ged(m, cont(gY)) = ged(m, 72 — 495), and we have that

(51) im(7,0) = 27 Cmw(g)).

Proof. By definition and (22) we have ¢ = [N?,2mt, A], where t = tr(Sa) and
A = 72— 46, and so ¢, = ged(m, cont(¢))) = ged(m, A). Thus, if 4 1 ¢,,, then (51)
is just a restatement of formula (28) because w(g") = 1 by definition. On the other
hand, if 4|c,,, then w(g)) = wy(A/4), when 4||m, and w(¢)) = ws(A/4) otherwise,
and so in these cases (51) follows from formula (31).

It is useful to observe that the value of w(q) depends only on the equivalence class
of ¢ and not on the particular form ¢ of the form [N? 2mt,c|]. Thus, we can extend
the symbol w(q) to any form ¢ of type (N, m, d) by setting w(q) = w([N?,2m¢t, ), if
q ~ [N?,2mt,c|. This is justified by the following result.
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Lemma 55 Let q; := [N?,2mt;, c¢;], where i = 1,2, be two forms of type (N, m,d).
Suppose that q; ~ qo and that 4|c,,,(q;). Then

C1 Ca
2 — = — 2"
(52) 1= (mod2),

where r = min(3,v2(m)). In particular, we have that w(q) = w(qa).

Proof. Since 4|c,,(q;) = ged(m, ¢;) we see that 4|m and hence 4m|m?|N?. Moreover,
we have that 2|t; because t? + 4d = c;g> = 0(mod 4). By hypothesis, there exists
v = (¥) € GLy(Z) such that v*M(q1)y = M(qa), where M(q;) = (]:t"ff’), for
i=1,2. Thus

N? miy \ N222 + 2mitixz + 122 N2zy + mti(wx + yz) + cowz
( mty  Co > - ( N2zy + mty (wx + yz) + crwz N2y? + 2mtywy + ciw? > '

Since N? = 0 (mod 4m) and 2¢; = 0 (mod 4), it follows by comparing the (1, 1)-entries
and the (2,2)-entries of this matrix identity that

(53) c122 =0 (mod 4m) and cw? = ¢ (mod 4m).

Suppose first that 2 { w, so w* = 1(mod 8). Since Lw? = £ (mod m) by (53), it
follows that & = %w? = 2 (mod 2"). Thus, (52) holds in this case.

Now suppose that 2|w. Then 2 t z because ged(z, w) = 1, so by the first equation of
(53) we obtain that ¢; = ¢12* = 0 (mod 2°%?), where s = vy(m). Thus ¢ = 0 (mod 2°),
so by the second equation of (53) we obtain that 2 = 9w? = 0 (mod 2%). This implies
that & = 2 = 0 (mod 2"), so (52) holds in all cases.

To prove the last assertion, suppose first that 4||m, so r = 2. Since the value of
wy(c;/4) depends only on the residue class of ¢;/4 mod 4, we have wy(c1/4) = wy(ca/4)
by (52) and so w(q1) = w(qz). If 8m, then r = 3, so ws(c1/4) = wg(cy/4) and

w(qr) = w(g)-
We also require the following result from Nobs[No].

Lemma 56 Suppose that 4| ged(m, A), where A = 72 — 45, and put A = %.
(a) If 4|m, then —1 & Sy(7,6) if and only if A # 1,2 (mod 4).
(b) If 8]2"||m, then —1 ¢ Sor(7,0) if and only if A # 1,2,5 (mod 8).

Proof. This follows immediately from Tabelle 1 of Nobs|[No].
Corollary 57 In the situation of Lemma 54 we have that
(54)  —1¢ S,.(1,0) & 3 a prime ple, with p =3 (mod 4) or w(g))* > 1,

where w(gN)* = 1, if 8|m, 4|cm and A = # = 2 (mod 8), and w(¢gY)* = w(qY),
otherwise.
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Proof. If 4 1 ¢,,, then the assertion follows from Lemma 50 because A,,(7,d) = ¢, by
the proof of Lemma 54. Thus, assume that 4|c,,. If there exists a prime p = 3 (mod 4)
with plcy,, then the proof of Lemma 50 shows that —1 € S,,(7,d). Moreover, if
w(g)* > 1, then 4|c,, by the definition of w(q¢))*. If 8|m, then by the definitions of
w(g)* and of w(gY) = ws(A), where A := =22 we see that w(g))* > 1 if and only
A #1,2,5(mod 8). Thus —1 ¢ S,,(7,6) in this case by Lemma 56(b). If 4||m, then
w(gN)* = w(gY) = wy(A), so here w(g))* > 1 if and only if A # 1,2 (mod 4), and
hence —1 ¢ S,,(7,4) in this case by Lemma 56(a).

Conversely, if —1 ¢ S,,(7,0), then by (49) we must have that —1 ¢ S« (7, ), for
some p;’||m. If p; > 2, then p; = 3 (mod 4). If p; = 2, then 4|c,, by Lemma 50, and
then Lemma 56 and the above analysis show that w(g")* > 1.

We are now ready to study the number of irreducible components of H(q) in the
case that 4|c,,(q). Here we have:

Theorem 58 Let q be a binary form of type (N, m,d) and assume that 4|c,, = ¢ (q)
and that char(K) 1 Nd.

(a) We always have that |Trr(H (q))| < 2¢/mw(q).

(b) Suppose that q is equivalent to either [N?,0,4d] or to [N*, N2, NT2 +4d)], where
4|N. Put A = d in the first case and A = If—g + d in the second case. If either
gcd(N,d) = 0(mod p) for some prime p = 3 (mod 4) or if A # 1,2 (mod 4) when
4)|N orif A #1,2,5 (mod 8) when 8|N, then |Irr(H(q))| < 2"~ w(q).

(c) Suppose that q satisfies condition (18). If q satisfies the conditions of part (b),
then equality holds in part (b), otherwise equality holds in part (a).

Proof. (a) Let o € My be such that ¢ ~ ¢, and let 7, be as in Theorem 42. Then
the assertion follows directly from (33) and Lemma 54.

(b) Suppose first ¢ ~ ¢ := [N?,0,4d], so disc(q) = —16N?2d and hence m = N.
Note that 4|c,, = ged(N,4d) < 4|N. By Proposition 15 of [K5] we can choose
a € Mg such that ¢© = ¢, and then 72 — 46 = 4d by (22). By (54) we see that
—1 ¢ Sn(7,9) if and only if either there exists p = 3 (mod 4) with p|c,, = ged(IV, 4d)
or if w(g))* > 1. Since here m = N, the proof of Corollary 57 shows that the latter
condition is equivalent to the condition that d = A # 1,2 (mod 4), when 4||N, and to
d=A#1,2,5(mod 8), when 8| N. If this is the case, then the assertion (for ¢ ~ ¢1)
follows from Remark 48 and Lemma 54.

Now suppose that q ~ ¢ := [N?, N?, NTQ + 4d). Here again disc(q) = —16N?d, so
m = N. Thus again 4|c,, = gcd(N, NTQ +4d) < 4|N, and so by a similar argument as
in the case ¢ ~ ¢, we see that the assertion holds for ¢ ~ ¢o with A = Jf—; +d.

(c) If ¢ is as in part (b), then by the proof of part (b) we see that we are in
the exceptional case of Proposition 47, and so by (46) and Lemma 51 we see that
1r(H(g)) = Lim(r, 8) = 27 tu(g)

33



Now assume that ¢ is not as in part (b). We observe that the third case of (45)
does not occur here because 4 1 ¢,,(g3), where g3 := [N2,5N2,52NT2 + d] with 2|N,
e €{0,1}, and d = 1 + &N (mod 4). Indeed, since disc(qs) = —4N?d, we see that
m =%, s041c, =ged(§,d) because d = 1 (mod 4) if 4|N.

From this (and the proof of part (b)) it follows that ¢ does not satisfy the con-
ditions of the exceptional case of Proposition 47 and so by (44) and Lemma 51 it
follows that Irr(H(q)) = im(7,8) = 2¢"m)w(q).

We can now prove the remaining results stated in the introduction.

Proof of Theorem 5. The first assertion follows from Proposition 7 of [K5].

(a) This follows from Theorem 42 and (27). Alternately, if 4 { ¢,,(¢), then this
follows from Theorem 51(a) and if 4||¢,;,(q), then this follows from Theorem 58(a)
because w(q)|2 when 4||m.

(b) From Lemma 31 we know that the given hypothesis on d implies that condition
(18) of Theorem 30 holds for g. Since ¢,,(¢)|N and 2 1 N, we are thus in the situation
of Theorem 51(c), and hence the assertion follows from that theorem because the last
two cases of (45) do not occur when 24 N.

Proof of Corollaries 6 and 7. The first corollary is the special case ¢,,(¢) = 1 of
Theorem 5(a). (Alternately, it is a special case of Corollary 52.)

To prove Corollary 7, let ¢ € Q(N?). Then by Theorem 1 we know that ¢ has
type (V,m,d) for some m|N and d, and so by Corollary 34 of [K5] there exists
(A, X) € Ay(K) such that gan) ~ ¢. Since (A, ) € H(q) C Hyy, this implies that ¢
primitively represents M and N2. Thus, the content cont(q) of ¢ divides N? and M,
so cont(q) = 1 (because ged(N, M) = 1), and hence also ¢,,(¢) = ged(cont(q), m) = 1.
Thus H(q) is irreducible by Corollary 6.

Proof of Theorem 11. If N = 2, then the assertion follows from Proposition 53, so
assume that N = 4.

If ¢,, # 4, then the assertion follows from Corollary 52 because the condition
Cm # 4 implies that ¢,,|2 (since ¢,,|N = 4). Thus, assume that ¢,, = 4, so we are in
the situation of Theorem 58. Moreover, we have that m = 4 and 4|cont(q).

Since m = 4, we have that ¢ ~ [4%,8¢,1? + 4d] with 0 < t < % = 2, and since
4|cont(q), we see that 2[t. Thus, ¢ ~ [16,0,4d] or ¢ ~ [16,16,4 + 4d], which are
precisely the two exceptional cases of Theorem 58(b) when N = 4. Put A = d in the
first case and A = d + 1 in the second case, so w(q) = wy(A) by (50).

If A = 1,2(mod 4), then w(q) = wy(A) = 1 by definition (cf. §6), and thus
[Trr(H (q))] < 2° =1 by Theorem 58(a), so H(q) is irreducible in this case.

If A # 1,2 (mod 4), then w(q) = wy(A) = 2 by definition, and thus |Irr(H (q))| =
sw(g) = 1 by Theorem 58(b), so H(q) is irreducible in this case as well. Thus, H(q)
is irreducible in all cases.
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8 Examples

By using the above results, together with the reduction theory of binary quadratic
forms, it is possible to work out explicitly the irreducible components of Hxy2 N Hyy
for small values of N and M. For example:

Proposition 59 (a) The nontrivial intersections of Hy with Hyy for M <9 are:
HiNH,=H NHs=HI[1,0,4], HHNHg = H[1,0,4]UH[1,0,8], HiNHy = H[1,0,8].

The listed H(q)’s are all irreducible if char(K) # 2.
(b) We have the following intersections.

HyN Hs = H[1,0,4] U H[4,0,5] U H[4,4,5],

HyN Hy = H[1,0,4] U H[4,4,8] U H[4,0,4] U H[4,0,8],
HyN Hy = H[4,0,5] U H[4,0,9] U H[4,4,9],

HyN Hy = H[4,4,4] U H[4,4,12] U H[4,0,8] U H[4,0,12],
HyN Hy = H[4,0,1] U [4,0,9] U [4,0,13] U [4,4,5] U [4,4,13].

Moreover, the listed H(q)’s are irreducible if char(K) # 2,3, 5.

Proof. Let ¢ be a form which appears on the right hand side of the formula (7) for
Hpy2 N Hy. Then g primitively represents N2 and M. Assume that H(q) # (. Then
q € Q(N?) by Theorem 1, so ¢ has type (N, m,d) for some m and d; cf. Theorem 5.

(a) If N =1, then every form ¢ of type (1,m,d) is equivalent to [1,0,4d]. Since
such a form does not represent any numbers strictly between 1 and 4d, we must have
4d < M. For each such form g, we make a table of the values n which are primitively
represented by ¢ (for n < 9). It is then an easy check to see which of these forms
represent a given M. Since these forms all have type (1,1, d) with d|2, it follows from
Corollary 6 that they are are irreducible if char(K) # 2.

(b) Here N = 2. By the classification of type (2, m,d) (cf. the proof of Proposition
53) we know that ¢ ~ [4,0,n] or ¢ ~ [4,4,n] for some n > 1. If n > 4, then these
forms do not represent any numbers strictly between 4 and n, so if M > 5, then
n < M. Thus, we need to look at only 2M forms and decide which of these has
type (2,m,d) and primitively represents M, which is an easy exercise. From this list
and Proposition 53 we see that H(q) is irreducible for these forms under the given
hypotheses.

Note that the above forms are reduced (in the sense of reduction theory) when
n > 4, so if they are distinct, then they are not equivalent. We thus see that the
associated H(q)’s are distinct by Corollary 28.

35



Remark 60 The method of analyzing the components of Hy2 N Hj; which was used
in the proof of Proposition 59 can be extended to other cases, but the situation
becomes more involved. On the one hand there are more forms to consider and one
the other hand one has to apply the reduction algorithm to the forms to be sure to
have distinct H(q)’s. For example, we have

H; N Hy = H[4,0,5| U H[5,2,9] U H[5,4,8],

where the first form is the reduction of the form [9,8, 4] of type (3,1,5), the second
is the reduction of the form [9, 2, 5] of type (3,1, 11) and the third is the reduction of
the form [9, 6, 5] of type (3,3, 1).

Similarly, by using a computer we can use the results of the previous sections
(together with Proposition 13 and reduction theory) to determine the number of
irreducible components of the intersection Hy2 N Hj, for slightly larger values of NV
and M. Recall that M has to satisfy M = 0,1 (mod 4), for otherwise Hy; = ().

However, in order to obtain a complete table, we require another result which is
proven in [K9]. To state the result, recall from Gauss that a binary form ¢ is called
ambiguous if q is equivalent to aX? + kaXY + cY?, for some a, k,c € Z.

Theorem 61 If q has type (N, m,d), where N is an odd prime, and if char(K) 1 Nd,
then H(q) has at most 2 irreducible components. Furthermore, if N = 1(mod 4),
then

(55) H(q) is irreducible < q is primitive, i.e., cont(q) = 1,

whereas if N = 3 (mod 4), then

(56) H(q) is wrreducible < q is primitive or ambiguous.
Using this, we obtain:

Proposition 62 If char(K) = 0, then the number of irreducible components of the
intersection Hy2 N Hyy of Humbert surfaces for N <5 and M < 25 is given in the
following table:

v\M |1 4 5 8 9 12 13 16 17 20 21 24 25
1 *x 1121 2 2 2 3 3 2 3 3
4 1«3 43 4 5 5 5 6 5 6 6
9 1335« 6 5 6 8 7 8 10 9
6 (2 556 6 9 9 x 9 12 10 11 12
2 |36 789 9 10 12 15 16 11 13 =*

Moreover, all the H(q)’s appearing in these intersections are irreducible, with the
exception of the cases (N, M) = (3,21), (3,24), (5,5), and (5,20). For these cases,
the number of irreducible components is given in bold type in the above table.
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Proof. (Sketch.) The cases N = 1 and N = 2 are handled by a similar method as in
the proof of Proposition 59. For N > 3 we use again Proposition 13 together with
the fact that if H(q) appears in the intersection Hy2 N H)yy, then g has type (N, m,d)
with m2d < TT]?? cf. Remark 14.

For N = 4 all the H(q)’s appearing in Hyg N H); are irreducible by Theorem 11.

For the cases N = 3 and N = 5 we apply Theorem 61. By that result (and
computer computations) we see that all the H(g)’s which appear in the intersection
Hy2 N Hyy for M < 25 are irreducible, with the following exceptions: 1) H|9,6,21],
which appears in HyN Hyy and in Hg N Hay; 2) H([25,10, 5], which appears in Hos N Hy
and in Hos N Hag; 3) H[25,20,20], which appears in Has N Hag; and 4) H|[25,0,20],
which also appears in Ho;MN Hyg. All these exceptions have two irreducible components
by Theorem 61.

Note also that H[9, 6, 9], which appears in HyN Hy2 and in HgN Hayy, is irreducible
by Theorem 61 because [9,6,9] ~ [24,24, 9] is an ambiguous form.
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