Mazur’s question on mod 11
representations of elliptic curves

*
E.J. Kani and O.G. Rizzo

1 Introduction

In 1978, Barry Mazur [14] asked the following question:

Question 1. Do there exist two elliptic curves E1/Q, Es/Q which are not
isogenous /Q such that their associated Galois representations

P+ Gall@/Q) — Aut(F:[N])
are (symplectically) isomorphic for some N > 77

In 1992 Kraus and Oesterlé [12] found the first such examples for N = 7,
and recently Halberstadt and Kraus [5] exhibited explicit infinite families
with this property (for N = 7).

For larger N, Mazur found examples for N = 11 and N = 13. In addition,
Frey and his group have found many examples by computer [4].

The purpose of this paper is to prove the following result:

Theorem 2. There exist infinitely many one-parameter families of isomor-
phism classes of pairs of non-isogenous elliptic curves defined over Q with
symplectically isomorphic 11-structure.

The main idea of the proof of this Theorem is to study the geometry (and
arithmetic) of the modular diagonal quotient surfaces Zy; (as introduced in
[9]) in the special case N = 11. Now the algebraic surface Z = Zy; has a
natural model as a variety over Q (cf. §3), and an open subvariety of this
turns out to be the coarse moduli space of the moduli functor Zy; which
classifies isomorphism classes of triplets (Ej, Eq, 1), where ¢ : E{[N] —
E5[N] is a Gal(Q/Q)-isomorphism which preserves the Weil pairings. Thus,
via this modular interpretation (cf. §4), the above Theorem is essentially a
consequence of the following result (cf. Theorem 19):

*This research was partially supported by a grant from the Natural Sciences and En-
gineering Research Council of Canada (NSERC).
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Theorem 3. Let Z@ denote the minimal mo_del of Z111/Q. Then the canon-
ical map defines an elliptic fibration fean @ Zg — ]P’(b which has an infinite
number of sections.

Indeed, by using the result of Mazur [14] (as supplemented by Kenku
[11]) on rational isogenies, one easily concludes that all except finitely many
of these sections S;/Q ~ IP’}@ give rise to infinitely many pairs of non-isogenous
elliptic curves.

It is interesting to observe that, although the above proof is constructive
“in principle,” it does not allow us to write down even a single pair explicitly.
The reason for this is that, while the sections are constructed as the multiples
of an explicit point @ of infinite order on the associated elliptic curve €/Q(t),
the point @ itself does not have a modular interpretation (since it lies in the
cuspidal part), and its multiples n@ cannot be interpreted explicitly until the
elliptic curve £ can be determined.

2 Geometric results

2.1 The geometry of Z

We recall some of the terminology and results of [9]. Let N be a posi-
tive integer and let X(N) = I'(N)\H* be the modular curve of level N,
on which Gy = SLy(Z/NZ)/+1 acts naturally. We denote the quotient
map by 7 : X(N) — X(1) = Gy\X(N). Furthermore, let Z = Zy; =
A\(X(N) x X(N)) denote the (singular) modular diagonal quotient surface;
here A = {(g,9) : g € Gn} denotes the diagonal subgroup. Then (as in [9])
the inclusion of the subgroups {1} < A < Gy x Gy induces natural maps

X(N)x X(N) = 7z % X(1) x X(1)

such that Vo ® = 7 x 7 : X(N) x X(N) — X(1) x X(1) is the natural
projection.

Consider the points 7, exp(2i/3) and oo of H*, and let P, (for k = 0, 1, 00)
be their respective images in X (1).

For the remainder of the section, let N = 11. By Theorem 2.1 of [9], we
have:

Proposition 4. If Z = Zy; 1, then



1. The set of singularities of Z decomposes into Yo U X1 U Yoo, where
Y C U (P, Py) for k =0,1,00. All singularities are cyclic quotient
singularities.

2. Yo consists of 6 singularities of type (2,1).

3. ¥4 consists of 2 singularities of type (3,1) and of 2 singularities of type
(3,2).

4. Yoo = {21,..., 25}, where z; is a singularity of type (11,¢q;) with q; =
()i mod 11 and 1 < ¢; < 11.

Let 0 : Z — Z be the minimal desingularization of Z. If C' is a curve on
7, we will denote its proper transform on Z by C.
Recall that the minimal desingularization of a cyclic quotient singularity

of type (n,q) is a (—nq, ..., —n,)-chain, where r and ny,...,n, are deter-
mined by the continued fraction expansion of n/q (cf. [1, § I11.2]). Here, by
a (—n1, ..., —n,)-chain we mean an open chain C' = C} + - - - + C, of smooth
rational curves C; such that C? = —n;, for i =1,...,7.

Let U; = prioW : Z — X(1) = P', where i = 1,2 and pr; is the projection
on the i-th factor of X (1) x X (1). Let ¥; = ¥, o 0.
Proposition 2.5 of [9] implies that:

Proposition 5. For k = 0,1,00, let Ey denote the reduced divisor on Z
whose support is 0~ (3y), and let Ey; be the reduced divisor on Z whose
support is 0~ (z;). Then

1. Ey consists of six (disjoint) (—2)-curves;
2. Ey consists of two (—2)-curves and of two (=2, —2)-chains;
3. Exw = Ex1+ -+ Ex 5, where

Ewq is a (—11)-curve,

Ewp is a (=4, —3)-chain,

Ews is a (—3,—-2,—-2,—2, —2)-chain,

Ewa is a (—2,—2,—2,—2, —3)-chain,

Ewys is a (—3,—4)-chain.

Furthermore, if C~’k~, denotes the proper transform of U (Py) in Z, then each
chain in By, joins Cy 1 to Cko, where k = 0,1, c0.



2.2 The elliptic fibration

Notation. Let n # 0 mod 11 be a positive integer which is a square modulo

11. Fix a k € F}; such that k*n =1 mod 11 and let 7, = (!/*?) € G11. Let
T, = @ ((r, ' x 1)T'(1,n)), where T"(1,n) is the Hecke correspondence of
X (11) x X(11) as defined in §3.3 of [16]. We call such a curve on Z a Hecke

curve.
Remark 6. T, is the curve T, of [9] or one of the curves P of [6].

Proposition 7. a) The (lifted) Hecke curves Ty, Ty and Ty are exceptional
(—1)-curves on Z. Moreover, T meets precisely three components of Ey +
Ei\+Ey:a(—2)-curvel'y < Ey, a (—3)-curve 'y < Ey and Ex ;. In addition,
T, meets each of these components transversely.

b) Let Z be the surface obtained by blowing down Tl, [y, I'y; Tg,’ Ty. Then
7 is minimal.

Proof. The assertions of part (a) follow from Claims 3 and 4 of [9] and Re-
mark 4.9 of [8]—but see also [6]. Part (b) is Claim 8 of [9]. O

Notation. If C' (or C) is a curve on Z, denote its image in Z by C.
Proposition 8. Let Sy (resp. S1) be the (—4)-component of E.o (resp.

E5). Then their images Sy and Sy on Z satisfy S = S; = —3 and
Sp- 51 =1
Proof. See the proof of Claim 4 of [9]. O

Theorem 9. Let f.., be the canonical map of Z. Then
1. foan : Z — P is an elliptic fibration with no multiple fibres.

2. Sy and S, are sections of fean.

3. Let E be the elliptic curve over C(t) corresponding to (Z,S) and let

Q be the point of E corresponding to S1. Then () has infinite order on
E.

Proof. We know from (the proof of) [9], Proposition 2.14, that Z is a minimal
smooth surface with geometric genus p,(Z) = 2, Euler-Poincaré characteris-
tic x(Z) = 3 and Kodaira dimension #(Z) = 1. By Proposition 8, Sy and S,
are two rational smooth curves on Z of self-intersection —3 meeting transver-

sally. By the following two lemmata, this suffices to prove the theorem. [
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Lemma 10. Let £ be a smooth minimal compact surface with p,(E) = 2,
X(€) = 3 and k(E) = 1. Suppose that there is a smooth irreducible rational
curve C' of self-intersection —3 lying on €. Then:

1. The canonical map gives an elliptic fibration feum : £ — PL;
2. C is a section of fean;
3. fean has no multiple fibre.

Proof. 1t follows from the Enriques—Kodaira classification of minimal surfaces
that £ admits an elliptic fibration f : £ — B, where B is some smooth curve
of genus g (cf. [1], p. 194). By Kodaira’s formula for the canonical divisor of
an elliptic surface (see Corollary V.12.3 of [1]),

K= (x(€) = 2x(B))F + > (m; — 1)F;

(1+29)F+ > (m;—1)F, W

where F' is any elliptic fibre, the sum is over all singular fibres F; of multi-
plicity m; and = denotes algebraic equivalence.

By the adjunction formula, C'- K = 1; thus, if d = C - F, equation (1)
yields

1:C-K:C-((1+29)F+Z(mi—1)ﬂ)

:d<1+2g+2(m¢—1)>.

Since g, d and m; are all non-negative integers, (2) holds if only if d = 1 and
2g + > (m; — 1) = 0. This proves that C' is a section for f, that ¢ = 0 and
that f has no multiple fibres.

Since the geometric genus of £ is 2, the canonical map is a rational map
fean : € — PL. Since B = P!, (1) becomes K ~ F. Thus, fen = f up to an
automorphism of P! O

(2)

Lemma 11. Let B be a curve defined over a field K of characteristic 0 and
let £ — B be a relatively minimal elliptic fibration defined over K which has
two distinct sections Cy and Cy that meet. Let E be the elliptic curve over the
function field k(B) of B which corresponds to (the generic fibre of) (€, Cy).
Then the point Q) of E corresponding to the section Cy has infinite order.



Proof. Let tg € B be a point over which Cy and C meet, let R be the local
ring of ty on B and k its residue field. By Theorem IV.6.1 of [18], the special
fibre of the Néron model £'/R of E//K(B) is the curve obtained from the fibre
&, by removing all singular points. In particular, C; belongs to the kernel &;
of the reduction map (i.e., the specialization map at to): & /R — &' /k. Now,
by Corollary IV.9.2 of [18], &; is isomorphic to the kernel E; of the reduction
map of a minimal Weierstrass model of E (see Proposition VII.2.2 of [17]),
which, since the ground field has characteristic 0, has no non-trivial torsion
by Proposition 1V.3.2b of [17]. Therefore, ) has infinite order. O

3 Rational models

3.1 The Galois action on X(N)

The purpose of this section is to show that the surfaces Z, Z and Z have
natural models defined over Q and that the fibration and its sections which
were defined in the previous section are actually rational over Q.

As a first step, let us recall some facts about the Galois action on X (N),
following §6.2 of Shimura [16], particularly Theorem 6.6 and Proposition 6.9.

For each positive integer N, let X denote the smooth projective curve
over Q whose function field is the field Fy = Q(j, f, ) of modular functions of
level N. Here j is the modular j-invariant which induces the isomorphism j :
X (1) = Pg, and the f., = fs are the Fricke functions for (r,s) € Z/NZ x
Z/NZ; cf. Lang [13], p. 65ff or Shimura [16], p. 137. If Gy = GLy(Z/NZ) /41,
then we have a natural G ~-action on Fy and hence also on Xy via the rule

g*fr,s - f('r,s)g~

The induced action on the subfield Qy := Q({x) C Fy is via the determi-
nant, i.e. we have g% = 07, forall g € Gy. Here, for any a € (Z/N7Z)*,
o € Aut(Qy) is the unique automorphism such that o%(¢) = (¢, for any
N-th root of unity ¢ € Qy.

Thus, if py : Xy — Spec(Qx) denotes the structure map induced by the

inclusion Qny C Fy, then we have

PN © g = Odet(g) © PN, for all g € G’N. (3)



Note that since the fixed field of Gy is ]—'SN = Q(j), the quotient of Xy with
respect to G is 3
Xo(1) == G\ Xy = Py,

Next, consider the subgroup
Hy = {*+(}%): d € (Z/NZ)*}/{#1} < Gy,

and let Fy = fﬁN be its fixed field. Since Hy -Gy = Gy and HyNGy = {1}
(and since Qy is algebraically closed in Fy), we have the following diagram
of linearly disjoint field extensions:

Thus, if we let
TTQ = TQ,N - X@(N) = HN\XN — XQ(l) = GN\XN

be the map induced on the quotient curves via the inclusion Hy C G, then
the curve Xq(N) (called Shimura’s canonical model of X(N)) is absolutely
irreducible over Q, for we have that Xqo(N) ® C = X(N) and mp ® C = 7.
More precisely, the above field diagram translates into the following cartesian
diagram of curves:

4x(N)

Xo(N) — Xy «— X(N)
o | | may |«
Xo(1) ¥ Xg,(1) —  X(1)
o | | pay l

Spec(Q) <X Spec(Qy) «— Spec(C)



Remark 12. Note that q, gx(1) and gx(n) are Galois covers with Galois group
~ (Z/NZ)* and that mg, is a (ramified) cover with covering group Gy. The
action of Gy does not descend to Xg(N), since Gy does not normalize Hy.
On the other hand, the diagonal (Cartan) subgroup of Gy does normalize
Hy, so that its action descends to Xq(N). In particular, the diamond operator
7, acts on Xq(N).

3.2 A Q-rational model for Zy

We now use Shimura’s canonical model Xg(N)/Q (and the modular curve
Xn/Qp) to construct a Q-rational model Zg of the surface Z = Zy ;. More
precisely, we shall construct Zg as a suitable quotient of the surface Yy ; :=
XN Xy Xy and show that Ygp(N) := Xg(N) x Xg(NN) maps to Zg. To this
end we first show:

Proposition 13. The surface Y1 := Xy Xgy XN 18 natuml]y an i[reducible
component of Yn := Xn X Xy, and its stabilizer via the Gy x G y-action
on Yy 18

StabéNX@N(YNJ) =G :={(g1,92) € Gy x Gy : det gy = det g2}
Moreover, we have

(pN X PN) 0 g = Odetg; © (pN X pN)7 if g = (91,92) €G. (4)

Furthermore, the base change maps qy(ny @ Yni — Yo(INV) = Xg(N) x
Xo(N) and qyqy @ Yiq — Yo(l) := Xg(1) x Xg(1) are Galois covers with
covering groups H := {(h,h) : h € Hy} < G and H :== G/(Gy x Gy) ~
H ~ Hpy, respectively.

Proof. Put Y = Yy, and let pry; (resp. pry, ;) denote the projection onto
the i-th factor of Y (resp. Yn). Then there is a unique morphism f = fu; :
Y — Yy such that pry, ; o f = pry,. Clearly, f is a closed immersion. Now
Y is irreducible because it is (smooth and) geometrically irreducible over
Spec(Qp) (because Xy /Qp is), and hence is a component of Yy since both
have dimension 2.

Now let g = (g1,92) € Gy x Gn. Then g € Stab(Y) if and only if g
factors over f, i.e. if and only py o g1 = py © g2. Now by equation (3) we
have py © g; = 04et(g,) © PN, and so we see that g factors over f if and only
Tdet(gy) © PN = Odet(go) © PN, and this is equivalent to det(g;) = det(gs), i.e.
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to g € G. This proves the formula for the stabilizer and equation (4) follows
immediately.
Next we observe that since Xy = Xgo(N) ® Qn, we have the cartesian
diagram
Yo(N) &2y

pxp | | pvxpN

Spec(Q) «— Spec(Qy)

in which p = pg o g : Xg(N) — Spec(Q) is the structure map and gy ()
is the unique morphism such that pry,; o qy(n) = qx(v) © pry;, for i = 1,2.
(Here, pry,,i : Yo(IN) — Xg(V) denotes the projection onto the i-th factor
of Yo(N).)

Now since ¢ is a Galois cover with group {o,} ~ (Z/NZ)*, the same
is true for gy(n); more precisely, gy (ny is Galois with covering group {a,},
where G, € Aut(Y’) is the unique automorphism such that gy (nyo G, = gy
and (py X py) 0 G, = 040 (py X pn). We observe:

04 = (hg,ha), whereh, = (1Y) € Hy. (5)

Indeed, by (4) we have (py X pn) © (ha, he) = 040 (pn X pn). Moreover, since
4x(N) oh = ax(N) for all h € Hy, we see that Dryg,i©qy (N) © (ha) ha) =gx(N)©
pTY,iO(ha, ha) = QX(N)Oha OPTy; = 4dx(N)CPTY,is and so C]Y(N)O(ha, he) = dy (N)
by the defining property of gy (n). Thus, (he, he) satisfies the defining property
of 7,, and so (5) holds. We thus see that Ygp(/V) is the quotient of Y with
respect to the subgroup H.

Clearly, Y, (1) := Xo, (1) Xgy Xou (1) is the quotient of Y with respect
to the subgroup Gy x Gy < G with quotient map mg, X mg,. Now since
Gy <Gy, we have that Gy X Gy <G, and hence H = G/(Gy x Gy) acts
as a group of automorphisms on Yy, (1). Now the quotient map induces an
isomorphism H = H because HN(Gy xGy) = {1} and H-(Gy xGy) = G,
and so by a similar argument as above we see that gy () : Yo, (1) — Yo(1) is
the quotient map with covering group H. O

Theorem 14. Let A = A-H = {(g9,9) : g € Gy} < G, where as before
A = {(g9,9) : g € Gn}. Then the quotient variety Zg = A\Yn1 is a Q-
rational model of Z, and we have morphisms

Xo(N) x Xg(N) =% Zg =% Xg(1) x Xo(1) (6)



such that the base change of ®q and Vo with C is ® and V. In particular,
\IJQO@Q:WQ X Q-

Proof. As before, write Y = Yy ;. Furthermore, let
A Y = Zg, =A\Y and 7mx:Y — Zg:=A\Y

denote the associated quotient maps and spaces; these exist (as varieties)
since we are dealing with quotients of (quasi-) projective varieties by finite
groups.

Since A< A, and H = A/A, we see that m3x = qz(v) o ma, where ¢ :
Zgy — Zg 1s the quotient map with covering group A /A ~ H. Furthermore,
the inclusions of subgroups H < A < G induce quotient maps ®q : Yo(N) =
H\Y — Zg=A\Y and g : Zg = A\Y — Ygy(1) = G\Y which fit into the

following cartesian diagram:

Yo(N) T Y —  X(N)x X(N)
oq | L ma le
Zy 2z Zow — Z
Yo | ! lw
Yo(1) ¥ Yo ()  —  X(1)x X(1)
! ! !

Spec(Q) «  Spec(Qy) «— Spec(C)

Thus, the base change of ®g and Vg is ® and ¥, respectively. Furthermore,
we have W o &g = mp X mg because we have equality for these morphisms
after (faithfully flat) base change with ¢, and so they must be equal. O

Remark 15. The above proof shows that Z = Zy ; has a canonical Q-rational
model Zg = Zn,1/q; this is the only case required here. In a similar way,
however, one can show that every Zy. has a canonical QQ-rational model
Zne)g- Indeed, we can use essentially the same construction if we replace
Y =Yy by Y. := XnXqy.0. Xn, the fibre product of Xy with itself via the
morphisms py : Xy — Spec(Qy) and o, o py. In addition, the group A has
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to be replaced by the twisted diagonal subgroup A, = (1 x h;))A(1 x h.) =
{(g.0:(9)) : g € Gn}, and similarly, A by A, = A_H. (Note that A, < G
and that the group G still acts on Yy ..) Thus, the canonical Q-rational model
of Zy. is )

ZN,E/Q = As\YN,s-

We further observe that each Yy . has a canonical embedding f. : Yy . —
Yn = Xy XXy, which leads to the decomposition of Yy into its irreducible
components:

Yy = Xy XQXN:HYN,E; (7>

note that (1 x k') o fi = f., so Yy ~ Yy and G = Gy x Gy acts
transitively on the components. In fact, since G<G, we see that Stabga (Y ) =
G for all ¢ and hence g(Yy.) = Yy, where a = det(g1)/det(gz) if g =
(gl,gg) € Gy x Gy.

Proposition 16. Every Hecke curve T, on Zg is defined over Q.

Proof. Recall that T,, = @ ((r,' x 1)T"(1,n)), where we have k’n =

mod N. By Proposition 7.7 of [16], T"(1,n) is defined over Q, i.e. we can
view T"(1,n) C Xg(N) x Xgo(N). By Remark 12, the action of 7, com-
mutes with the action of Gal(Q/Q), i.e. 7 is defined over Q, and hence
D ((r; ' x 1)T'(1,n)) is a model for T,, over Q. O

3.3 A model for the elliptic fibration

We now return to the situation of §2, i.e. we assume that N = 11. Here we
have:

Proposition 17. The surface Z admits a rational model ZQ. Moreover, each
component of E, is defined over Q.

Proof. By the uniqueness property of the minimal resolution of singularities,
the morphism ¢ : Z — Z descends to a morphism og : Zg — Zg. This
proves the first part.

Since ¥ is defined over Q, the set ¥, is Galois invariant. By Proposi-
tion 4.4, we see that each singularity of ¥, has a unique type. Since the
singularity type is a Galois invariant, it follows that every singularity z; of
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Yoo 1s Q-rational. Since o is defined over QQ, the chain E, ; is Q-rational. It is
clear that éoo,l is Q-rational as well. Therefore, the component of F.,; which
meets ém,l (which is unique by Proposition 5) is Q-rational, and hence so
are the other components. This proves the second part. O

Proposition 18. The surface Z admits a Q-rational model Zg. If fean is
the canonical map of Zg, then fen : Zg — ]P’(l@ 1s an elliptic fibration which
admits the sections Sy and S.

Proof. Although this statement could be proved by applying the Minimal
Model Theorem of Shafarevich—Lichtenbaum to the canonical map of ZQ, we
prefer to give the following more explicit proof.

Recall from Proposition 7(b), that Z is obtained from Z by blowing down
T 1, Lo, I'y; Ty: Ty. We claim that all of these curves are Q-rational.

It follows from Propositions 16 and 17 that every T}, is Q-rational. Arguing
as in the proof of Proposition 17, we conclude that Ey and E; are Q-rational.
It follows that I'g and I'y are Q-rational, since they are the unique components
of Ey and F, meeting T,—cf. Proposition 7(a). This proves that Z is defined
over Q. Therefore, the canonical class of Z is Q-rational, and thus fe, is
defined over Q.

Since Sp and S; are the unique components of F, of self-intersection —4,
and they meet C’OO 1 and Cu 9, respectively, it follows that they are fixed by
the Galois action. Thus, their images Sy and S; in Zg are Q-rational. O

Notation. The set M = M(Zyn1) of Mazur’s trivial points of Z = Zx; is
defined by

Mizve) = U’ (6 (Xi)(@)).

where &, : Xo( ) — T"(1,n) C X(1) x X(1) is the normalization map and
Xg(n) := Xo(n) \ {cusps} is the non-cuspidal part of Xo(n).

In addition, we put M = o~ '(M) N Zy(Q) and let M denote the image
of M in Zg.

Theorem 19. The canonical map fean : Zy — ]P’(l@ admits infinitely many
sections {S;} such that S;(Q) \ M is infinite for every i.

Proof. By Proposition 18, the elliptic curve E/C(t) of Theorem 9 is actually
defined over QQ, as is the point of infinite order (). Thus, the multiples of ()
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correspond to infinitely many rational sections {S;} of fecan. Since the genus
of Xo(n) is > 1 for n > 16, only finitely many sections can be components
of some U*¢,(Xg(n)). By restricting the index i, we can assume that no
S; is contained in W*¢,(Xo(n)). By a theorem of Mazur and Kenku [11],
X} (n)(Q) = 0 for n > 163. Thus, M is contained in finitely many curves of
Z, and each section S; has a finite intersection with it. Since S; ~ P(b, the
theorem follows. O

4 Modular Interpretation

4.1 Product moduli

Fix a positive integer NV, and let X'y be the contravariant functor
XN . SLh/Q —_— SetS

from the category of schemes over QQ to the category of sets which is defined
as follows. If S is a Q-scheme, then let X (S) be

{({E/S,a): E/S elliptic curve, a: E[N] = (Z/NZ x Z/NZ) s},

where (-) denotes the class of S-isomorphisms, and if f : 7T — S is a mor-

phism of Q-schemes, then Xy (f) : Xn(S) — Xn(T) is the map induced by

base change, i.e. Xn(f)((E/S,®)) = (Ery, a(r)), where By = E xg T and

a(r) = a xs idy : BryN] = E[N] xs T — (Z/NZ), = (Z/NZ)2s x5 T,
We have a natural forget map 7y : Xy — X defined by

7 s((E/S, @) = (E/S);

here we use the obvious fact that the functor X; can be identified with the
functor that classifies isomorphism classes of elliptic curves. Clearly, 7y is
G y-invariant, where the group Gy = GLy(Z/NZ)/ 4+ 1 acts on the left on
Xy by g-(E/S,a) = (E/S,g0a). (Note that (E/S, —a) = (E/S, a), so the
action factors over the quotient group.)

It is well known (cf. [2], [3]) that the affine curve X}, = Xy \ {cusps}, the
non-cuspidal part of the curve X /Q introduced in subsection 3.1, represents
the functor Xy when N > 3, i.e. for every Q-scheme S we have a bijection

Pry.s : Xn(S) — X§(9),
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which is compatible with base change. Moreover, this bijection is Gy-equi-
variant, i.e. we have Py, s(g(E/S, ) = gPxy s((E/S, a)).

For N < 2 the curve X}, only coarsely represents Xy: we then still have
the maps Py, s, but they are only bijections when S = Spec(K), K an
algebraically closed field. In the case N = 1 and S = Spec(K), K any field,
Px, x can be given explicitly; it is the unique map such that the function
J € k(X;1) ~ Q(j) evaluates to the j-invariant j(£/K) of the elliptic curve:

J (P x ((E/K))) = §(E/K).
Note that the above Gy-equivariance of Px, implies the compatibility rela-
tion

PxyxomNk =7N© Py K,

where mx : Xy — X; >~ G ~\Xn denotes the quotient morphism.
Recall from subsection 3.1 that X and hence also X} come equipped
with the structure maps

pn : Xy — Spec(Qy), Py Xy — Spec(Qy).

Viewing Spec(Qy) as the scheme which represents the functor p%™ that
associates to each scheme S/Q its set of primitive N-th roots of unity (i.e. the
set of morphisms Spec(Qy) — S), we see that the morphism p/y, represents
the morphism of functors py : Xy — "™ defined by

Ps((E/S,a)) = ex(a™'(1,0),a71(0, 1)) € py™(S5), (8)

in which ey = e : E[N] x E[N] — Gy,,s denotes the ey-pairing (cf. [15] or
[10]).

Next, consider the product functor Yy = Xy x Xy, as well as the sub-
functor Yy of Yy defined for € € (Z/NZ)* by

Ine(S) = {(El/S, a1; By /S, as) € Yn(S) :
eno((az' o) x (ay' o)) = exv };
like X, these are functors from Sch /g to Sets. We have:

Proposition 20. [f N > 3, the Q-schemes Yy = X} xq Xy and Yy, =
XN Xqy Xy represent the functors Yy and Vw1, respectively; i.e. we have
natural isomorphisms of functors

Pyy i YN = hyy  and Pyy, = Pyyjyn, 1 Yn1 — hYXI’l’
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Proof. Since Yy is just the product functor, the first assertion is obvious. For
the second notice that the condition that eﬁl = efﬁ o(ag X ag) to(a; xay)is
by equation (8) equivalent to the condition that py ((E1, a1)) = p/y((E2, az)),
which means that V1 = Xy Xq, An is the fibre product of Xy with itself
over Spec(Qy) via ply, and hence is represented by the fibre product Yy, =
XN Xqy Xy over Spec(Qn) (viewed as a Q-scheme). O

Remark 21. The same argument shows that Vy. = Xy Xqu... Xn is the
fibre product of Xy with itself via the maps p’y and o. o py, and hence is
represented by the scheme Yy, . = X} Xqy 0. X (cf. Remark 15). Thus, Py,
restricts to an isomorphism

PyN,g = PyN‘yN,s : vae - hYJ(/,e'

Note that although Yy _ is a scheme over Qu, we view it here as a scheme
over Q; in particular, Y _ /Q is not geometrically connected.

4.2 Quotient moduli
Let Zy be the contravariant functor of Q-schemes defined by

Zn(S) = {{E1/S,Ey/S,¢) :
E1/S, E,/S elliptic curves, ¢ : E1[N] — E5[N]}.

We have natural maps of functors ® : Yy — Zy and ¥ : Zy — Y; defined
for each Q-scheme S by the rules

Py s((Er,a1; B, q0)) = (Ey, Eo, a5 oay),
Us((Ey, By, ¢)) = (B, Ey).
Clearly, ¥ o &y = 7wy X 7wy while &y is G y-invariant with respect to

the diagonal action on Yy, and so ®y factors over the quotient functor
IIy : Vv — YN := Gy \Vy, i.e. we have an induced map

6N : yN = GN\yN — Zn

such that ®y = ®y o IIy. It is easy to see that ®y is an injection. Unfortu-
nately, ® is not bijective, so Zy is not quite the quotient functor. (However,
both functors have the same sheafifications in the étale topology). Neverthe-
less, Zy still is coarsely represented by the quotient scheme Z}, := G N\Y3s
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the non-cuspidal part of Zy = G ~\Yn. This means that we have a natural
map (of functors) Pz, : Zy — hZEw where hZﬁv denotes the functor associ-
ated to the Q-scheme Z}; (i.e. hy (S) = Zy(S) = Homsa (S, Zy)), which is
bijective on geometric points and which is “best possible” in a certain sense.
(In particular, it then follows that the above functor ®y : Yy — Zy is com-
patible with the quotient morphism ®y : Y% — Gn\Y} = Z4.) Since the
proof of this general fact is somewhat technical (cf. [7]), we content ourselves
with the following result which suffices for our purposes.

Proposition 22. For every field K D Q there is a unique map
PZNJ( . ZN(K) — Z],V(K)
which is compatible with base change (of fields) such that the diagram

PyN,K

In(K) == Y{(K)
®n K | | e~
Z(K) 2 71 (K) 9)
T | Lw
Pyvi

Mi(K) —  Y{(K)
commutes. Furthermore, Pz, i 1s a bijection if K s algebraically closed.

Proof. Suppose first that K = K is algebraically closed. Then the map @y j
Yn(K) = Gy\Yn(K) — Zy(K) is bijective.

Indeed, since we already know that @y f is injective, it is enough to show
that @ ;¢ (and hence @y i) is surjective. For this, let (E}, Ey,¥) € Zy(K).
Since K is algebraically closed (and char(K) = 0), there is a K-rational
level N structure ay : FEy[N| = Z/NZ x Z/NZ on Ey. Put a; := ay o 1.
Then (E1,a1; Fa,az) € Yn(K) and @y g ((E1, 15 By, a0)) = (B, Ea, 1)),
This means that ®y x is surjective and so Zy(K) is the Gy-quotient of
In(K) by @y k. .

On the other hand, since Z) = Gy \Y} is the geometric quotient of Y},
we know (since K is algebraically closed) that Z (K) is the (set-theoretic)
G n-quotient of Y}, (K). Thus, since Py, x : Yn(K) — Y4 (K) is bijective, it
follows that (Zn(K), ®y k) and (Zy(K), Py o Py, k) are both set-theoretic
quotients of Yy (K), so there is a unique bijection Pz, x : Zn(K) = Zy(K)
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such that Pz, x o ®n x = Py o Py, k, i.e. such that the top part of diagram
(9) commutes.
We observe that this bijection is Aut(K)-equivariant, i.e. we have

Pz, k((Er, Ea,0)7) = Pz, k((Ey, Ea,¢))?, for o € Aut(K).

Here o acts (on the right) on Zy(K) by functoriality (i.e. by Zy(0)) and on
Z'(K) by the usual action on K-rational points.

To prove that the bottom square of diagram (9) commutes, observe that
the outer rectangle of (9) commutes because W o ®y =y X 7wy, Vo Oy =
TN X 7N, and Py, ny 0 Ty g = Ty © Pay i, and so the assertion follows by a
diagram chase since ®y  is surjective (when K is algebraically closed).

Now consider the case of an arbitrary field K with algebraic closure K and
let G = Gal(K /K) denotes its absolute Galois group. Then we can identify
Z\(K) as the subset of Gg-invariant elements of Z4(K), i.e. ZjN(K) =
7 (K)¢%. The inclusion i* : K — K induces a morphism i : Spec(K) —
Spec(K) and hence a map Zx(i) : Zy(K) — Zy(K). Now the image of
Zn(1) is actually G g-invariant because i o o = i, for all o € G, and so we
can define Pz, k as the composition

Pzyk =Pz, 5% 0 Zn(i) :

ZN(K) — Zy(K)9% — Zy(K)% = Zy(K).

It is then clear that the diagram (9) commutes and that the Pz, x commute
with base change. Furthermore, Pz, x is unique, for compatibility with base
change (which includes Galois invariance) forces the above definition. t

Remark 23. The above proof shows that we have the following formula for
,sz K-

Pzy.k((Er, Ea, ) = On(Py, g((E1 © K, 3 095 By @ K, ),

in which vy : Eo[N] %z — (Z/NZ)? is any level N-structure of E, ® K.

Note that for a non-algebraically closed field K the map Pz, i is not
injective. Indeed, for any (Ey, Es, 1) € Zx(K) and any quadratic character
X : Gg — {£1} we have

PZN,K(<E17 Es, ¢>) = PZN,K«ELX? EQ,X: 77Z)X>)7
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where E;, = (E;), denotes the quadratic twist of E;/K, and
Uyt By [N] — By [N]

is the x-twist of 1, i.e. the unique isomorphism such that ¢, ® K = f; ' o
(YR K)o frig vy, where fi 2 B\ ® K 5 E; ® K is the twist isomorphism
associated to x. (Thus, f; is a K-isomorphism such that f;(idg, x o) =
x(0)(idg, x o), for all o € Gk.) Note that it follows from the definition that
Uy @ K o (idp, , x 0) = (idp, X 0) 01y, s0 1y, exists by descent theory.

However, we do have that Pz, x is always surjective. For simplicity, we
prove the following slightly weaker assertion in which we replace Z f_v by the
open subscheme Z% := @y (X% x X%), where X% = Xy \ 75 ({ Py, P1, Pso}).

Proposition 24. For every field K we have Z{(K) C Im(Pz, k).
Before proving this, we first establish the following two facts.

Lemma 25. Let z € Z\(K). Then there exist elliptic curves Ey/K and
Ey/K and level N structures o; : Ei[N] 7 = Z/NZ x ZJNZ fori = 1,2
such that

CDN(PJ)N,F(<E1 X K, Qaq; E2 (%9 K, OQ))) = Z.

Proof. Since @y : Y} — Zj is a geometric quotient, there exists y €
Y} (K) such that ®y(y) = 2. Then by Proposition 20 there are elliptic
curves E;/K and level N structures o; : E;j[N] — (Z/NZ)? such that
Py ((B1/ K, 015 By [ K az)) = .

Since z € Z)(K), we have that U(z) € X} (K)x X (K) ~ AY(K)xA'(K).
But ¥(z2) = Udy(y) = (j(E/K),j(Ey/K)), so we see that j(E;/K) € K.
This means that there exist elliptic curves E!/K such that E! @ K ~ E;.
Taking these as representatives of the isomorphism class (and adapting the
«; accordingly) yields the assertion. O

Lemma 26. Suppose that Ey and Es are elliptic curves over a field K D Q
and ¢ : Er[N] % = Eu[N] % is an isomorphism such that

Pzy({(BL @ K, B, ® K, ) € Z{(K).
Then there is a character x : Gxg — {£1} such that

Yo = oy (o), for all 0 € Gk. (10)
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Proof. Let oy : Eu[N|z — Z/NZ x Z/NZ be a level N-structure and
put oy = as o ¢. Then, Writing_Ei/F_in place of E; ® K/K, we have
@N(<E1/K,051;E2/K,062>) = <E1/K,E2/K,’¢> and thU.S, if we let

2 =Pzy((E\/K, Ey/K,¥)) and y = Py, ((E1/K, o1; B2 /K, ),
then ®x(y) = z. Since z is Gg-invariant, we have for any ¢ € Gx that
Y’ € dy'(2), so Y7 = 9o + Y, for some g, € GLyo(Z/NZ). Note that g, is
unique up to £1 because Gy = GLo(Z/NZ)/ £ 1 acts freely on @' (z); here

we use the fact that z € Z{(K).
On the moduli problem, this means that

(E1/K, o0, EsJK, )’ = g, - (B /K, a1; B2 /K, ).
Hence, since F;/K and F,/K are Gg-invariant,
<E1/F7 00, EQ/K7 0620'> = <E1/R7 JoQ1; E2/K7 goa2>-

In other words, there are automorphisms ;, of E;/K (which depend on the
choice of g,), such that g,a;x;, = a;0, for i = 1,2. Now since z € Z}(K),
we have j(E;/K) # 0,1728, so Aut(E;/K) = {idg,} ~ {£1}, and hence
Xio € {£1}. By replacing g, with —g, if necessary (and hence replacing x; »
by —Xi.), we may suppose that x2, = 1, for all ¢ € Gx. Write x(0) = Xx1.0-
We now have, for all o € G,

Vo =0y oo = 0y goonx(0) = 0oy anx(0) = ovx(0),
which is (10). Note that it follows from this equation that x is a character. [
of Proposition 24. Let 2 € Z(K). Then by Lemma 25 there are elliptic
curves F;/ K_ and livel N structures a; on E; ® K for ¢ = 1,2 such that
Pz, x((E1/K, Ey /K 1)) = z, where ¢ = a; ' 0 ;. Let x be the correspond-
ing quadratic character given by Lemma 26. If Ey, /K is the twist of Ey/K
by xand 7: Eh @ K = Eo, @ K the corresponding isomorphism such that
7x(0)o = o7, then we have (E\/K, Ey, /K, 7)) = (E1/K, Ey/K, ). By
equation (10) we have 7o = Tx(0)op = o1, for every 0 € Gg. Thus,
71 descends to K and so (Ey/K, Ey, /K, mY) € Zy(K). We thus have (cf.
Remark 23)
Pzyx((EV/ K, Eyy JK ) = Pz g(By/K, By /K, 7))
= Pz, x(E2/K, B2/ K 4)) = 2,

which shows that z € Im(Pz, k), as claimed. O
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For each € € (Z/NZ)*, we also have the following subfunctor Zy . of Zx
which is defined by

Zno(S) = {(E1/S, Ey/S, ) € Zn(S) s enoth = €5 ).

It is then clear that Z(S) = [[ Zn.(95).
Restricting the above (functor) morphisms ®y and Py, (cf. Remark 21
and Prop. 22) to the component Yy . of Vy yields morphisms

‘I’N,a = ‘I’N\yNﬁ : yN,a - ZN,a and PyNﬁ = PyND;N,e : yN,a = hYI’V’g
On the other hand, we also have the quotient morphism
(I)N,E : Y](f,s - Z;V,s/(@ - AE\YJ(f,e

where Z}y o denotes the non-cuspidal part of the surface Zy,./q defined in
section 3.2 (cf. Theorem 14 and Remark 15). These morphisms are connected
as follows:

Theorem 27. For every field K D Q there is a unique map
Payox t Zne(K) — Ziy oK)
which is compatible with base change (of fields) such that
OneoPyy.x =Pzy.xk©Pye. (11)

In addition, Pz, x is a bijection if K is algebraically closed, whereas for an
arbitrary field K we have

Zy(K) CIm(Pzy. k)

Proof. Define Pz .k = Pzy k2, (k) Zn:(K) — Z\(K). Then it is clear
from Proposition 22 that Pz, i is compatible with base change and that
equation (11) holds. In addition, it follows that if K is algebraically closed,
then Pz, _x is a bijection onto its image. Now by (11), this image has to
be Zn /oK) because it is the image of ®y. (and because @y i is surjec-
tive). From this we see in particular that for any K, the image of Pz, _ x is
contained in Zy(K) N Zy./o(K) = Znejo(K), and so Pz, x satisfies the
requirements of the theorem. O
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4.3 Proof of Theorem 2

Lemma 28. Let (E,/Q, Ey/Q,v) € Zy1(Q). If Ey and Ey are Q-isoge-
neous, then Pz, , o({(E1, Fa,)q) € M(Zn,), i.¢., it is a Mazur trivial point.

Proof. Since E; and Fy are Q-isogeneous, there is a cyclic Q-isogeny between
them. If n is its degree, then by the modular description of X/ (n) we have
Py, o((Er, E2)g) € &n(X((n)(Q)), where &, is the normalization map as in
section 3.3. By Proposition 22, this implies that ¥ o Py o((E1, E3,v)q) €
£,(X{(n)(Q)) and so the assertion follows from the definition of M (Zx,1) (cf.
section 3.3).

0

of Theorem 2. Consider the infinite number of sections of S; : P(b — 7 given
by Theorem 19. By Propositions 4 and 7, the proper transform S; in Z/Q of
cach S; is a curve S; ~ P, on Z; by construction, [S;(Q) \ M| = oo, where
M = M(Z1,). By Theorem 27 and Lemma 28, the points of 5;(Q)NZ'(Q)\
M correspond to a one-parameter family of isomorphism classes of pairs of
elliptic curves over Q with symplectically isomorphic 11-structure which are
not Q-isogeneous, and so we have proved the theorem. O
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