Vector Formulas

a-(bxc)=b-(cxa)=c-(axh)
ax(bxc)=(@a-ch—(a-b)
(@xb)<(exd)y=(a-c)b-d)—(a-d)b-c)
VxVyg=0
V-(Vxa)=0
V x(Vxa)=V(V-a) — Va
V.(¢ya)=a-Vy + ¢yV-.a
VX (ya)=V¢yxa+ gV xXa
Va:b)=(@-Vb+(b-Via+ax (Vxb)+bx(Vxa)
Ve(axb)=b-(Vxa)—a:(Vxb)
Vx(axb)=aV:b)-b(V.-a)+(b-V)a-(a-V)b
If x is the coordinate of a point with respect to some origin, with magnitude

r = |x|, m = x/r is a unit radial vector, and f(r) is a well-behaved function of r,
then

V.x=3 Vxx=0
Vil =2f+ 2 v xmi) =0
£0)

(a-V)nf(r) = ==
V(x-a) =a+ x(V-a) +i(L X a)

[a—n(a-n)]+n(a-n)‘;—]:

where L = % (x x V) is the angular-momentum operator.

In the following ¢, ¢, and A are well-behaved scalar or vector tunctions, V 1s a
three-dimensional volume with volume element d°x, S is a closed two-
dimensional surface bounding V, with area element da and unit outward normal

n at da.
L V-Adx= L A-nda (Divergence theorem)
3 =
Jv Vi d'x J; yn da
JVxAd’x=jnxAda
v s
JV (¢V¢ + Vo - Vy) d'x = L én -V da (Green’s first identity)

L (Vi — yV?) d’x = L (¢Vy — ¢yV¢) -n da (Green’s theorem)

In the following S is an open surface and C is the contour bounding it, with line
element dl. The normal n to S is defined by the right-hand-screw rule in relation
to the sense of the line integral around C.

L (VX A):-nda = § A-dl (Stokes’s theorem)
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Lnwida=i_¢dl



Cartesian
(xlr x2: x3 =X, y’ Z)

Cylindrical
(p &, 2)

(r, 6, ¢)

Spherical

Explicit Forms of
Vector Operations

Let e, e,, e; be orthogonal unit vectors associated with the coordinate directions
specified in the headings on the left, and A,, A;, A, be the corresponding com-
ponents of A. Then

o ad f4'A
=6~ + e +
vw - ox X1 i ox Xy ©s oxs (913
(9 0x2 ox3
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oxy axs 3X3 ox; ox, ax,
Jxl ¢7x2 dx;
Wy 1 W l[l
vy = +ep- ot + ey
y=e — ap p 3 €5
1 194, 6‘A3
v.a=-2 e
pa (P ) + p 3¢ oz

1045 dA, dA; JA; 1{9g A,
VxA=e|l-—"-—)+el——-—")+te—-|— - =
en( 9 9z ) ez( 9z o €3 o \ap (pA,) i

V2w=1i( a¢)+1az¢ A

pdp\ dp 0?2 3p? 972
) oy 1a¢ 1 9y
e 3, 2 1 e A Ay
Ll or 4 r a0 -4 rsin @ d¢
1 9 ; l _ 1 dA,
V- A==S—(rA = A
el )+ 7 sin 6 30 T (sin ) + rsin 0 d¢

1 Az
V X = — = 5
A=e¢e im0 [ (sin 6A4;) ¢7¢]

1 04, 194 114 dA,
+ — - +e-|— - =
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[Nute lhdl = (r 3—‘5) 71—2 (r). ]




x0 = v(xo — Bxy)
xy = y(x - Bxy) (11.16)
X{r = Xz ;

X3 =1x;

where we have introduced the suggestive notation x, = c, X, = 2Z,x =x
X3 = y and also the convenient symbols,

»

\ 7
y=@0-p)"
The inverse Lorentz transformation is
Xo = y(xg + Bxy)
- x' + !
Xy Y,( 1 Bxp) (Il.18)
Xy = X2
X3 = x3

o ps
X =x+ l[?—— B-x)p - yBx,

Ay = y(Ay - B - A)
= Y(A) — BAy) (11.22)
A=A,
where the parallel and perpendicular signs indicate components relative to the
velocity v = ¢B. The invariance from one inertial frame to another embodied

through the second postulate in (11.15) has its counterpart for any 4-vector in
the invariance, :

A‘:)Z - IAIIZ — A‘Z) — IAIZ (1123)



For Lorentz transformations between S’ and S reference frames, this refers to the S’
frame that is moving with velocity B relative to reference frame S.

Transforming E and B fields:

E =y(E+BxBc)— L —B(B-E)
y+1

B =y(B-BxE/c)-L—B(B-B)
y+1

2
. h 7/ — /)/_1 -f f
you might use ¥y +1 ﬁz if you prefer.

The electromagnetic field tensor:

0 —E./c —E,/c —E_/c

E,Jce 0  —B,
E,/c B. 0
E.,)c -B, B,

Fo8 =

By
—B,
0



Thus the gradient drift velocity is given by
Vg = a__z_l__ (§>(wo X n)
2 By \dé/fo
An alternative form, independent of coordinates, is
\ a

a=ﬁ(va*B)

PR

ymn , R x B,
v 3 (' — v e ———
< e ' R2B?

With the definition of wg = eBy/ymc, the curvature drift can be written

(I)BR RB() i

(12.57)

, B(z)
v = Uy — Vo B,



