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Counterexamples to Moffatt’s statements on vortex knots2
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One of the well-known problems of hydrodynamics is studied: the problem of classification of vortex knots
for ideal fluid flows. In the literature there are known Moffatt statements that all torus knots Km,n for all rational
numbers m/n (0 < m/n < ∞) are realized as vortex knots for each one of the considered axisymmetric fluid
flows. We prove that actually such a uniformity does not exist because it does not correspond to the facts.
Namely, we derive a complete classification of all vortex knots realized for the fluid flows studied by Moffatt and
demonstrate that the real structure of vortex knots is much more rich because the sets of mutually nonisotopic
vortex knots realized for different axisymmetric fluid flows are all different. An exact formula for the limit of
the hydrodynamic safety factor qh at a vortex axis is derived for arbitrary axisymmetric fluid equilibria. Another
exact formula is obtained for the limit of the magnetohydrodynamics safety factor q at a magnetic axis for the
general axisymmetric plasma equilibria.
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I. INTRODUCTION17

Euler equations of the dynamics of an ideal incompressible18

fluid with a constant density ρ have the form19

∂V
∂t

+ (V · grad)V = − grad

(
p

ρ
+ �

)
, div V = 0. (1.1)

Here V(t,x) is the fluid velocity vector field, p(t,x) the pres-20

sure, and � the gravitational potential. As known, the vortex21

field curl V is transformed in time by the flow diffeomorphisms22

(or “is frozen in the flow” [1]) and therefore any knot formed23

by a closed vortex line at a time t is transformed by the flow24

into an isotopic knot.25

Since Kelvin’s works there exists the problem of classi-26

fication of all mutually nonisotopic vortex knots for concrete27

solutions to Euler equations (1.1). For the steady axisymmetric28

fluid flows, this problem was studied by Moffatt in [2–4],29

where he claimed that all torus knots Km,n for all rational30

numbers m/n (0 < m/n < +∞) are realized as vortex knots31

for all considered flows. We show in this paper that such32

a uniformity actually does not exist and that the families33

of mutually nonisotopic vortex knots realized for different34

axisymmetric fluid flows are in general different.35

Axisymmetric steady fluid flows have velocity vector fields36

V(r,z) = −1

r

∂ψ

∂z
êr + 1

r

∂ψ

∂r
êz + w(r,z)

r
êϕ, (1.2)

where ψ(r,z) is the Stokes stream function and êr , êz, and êϕ37

are the unit orts in the cylindrical coordinates r , z, and ϕ. The38

steady axisymmetric Euler equations (1.1) are reduced to the39

Grad-Shafranov equation40

ψrr − 1

r
ψr + ψzz = r2 dH

dψ
− C

dC

dψ
, (1.3)

where H (ψ) and C(ψ) are arbitrary smooth functions con-41

nected with the vector field V [Eq. (1.2)] and pressure p by42

the relations [1]43

p

ρ
+ � + 1

2
|V|2 = H (ψ), w(r,z) = C(ψ). (1.4)

The Grad-Shafranov equation (1.3) was first derived for the 44

plasma equilibria 45

curl B × B = grad(μp + ρμ�), div B = 0, (1.5)

where B(x) is the magnetic field and μ the magnetic perme- 46

ability. The hydrodynamics equilibrium equations 47

curl V × V = − grad(p/ρ + ρμ� + |V|2/2), div V = 0
(1.6)

and Eqs. (1.5) are equivalent [5]. 48

Kruskal and Kulsrud [6] proved for Eqs. (1.5) that surfaces 49

p(x) = const “by B · ∇p = 0 are ‘magnetic surfaces’, in the 50

sense that they are made up of lines of magnetic force, and 51

simultaneously by j · ∇p = 0 they are ‘current surfaces’. If 52

such a surface lies in a bounded volume of space and has no 53

edges and if either B or j nowhere vanishes on it, then by a 54

well-known theorem [7] it must be a toroid (by which we mean 55

a topological torus) or a Klein bottle. The latter, however is 56

not realizable in physical space”. 57

Newcomb [8] stated that “it is easy to verify that the lines 58

of force on a pressure surface are closed if and only if ι(P )/2π 59

is rational; if it is irrational, the lines of force cover the surface 60

ergodically”. Here ι(P ) is the rotational transform connected 61

with the safety factor q(P ) [9] by the relation q(P ) = 2π/ι(P ). 62

The safety factor q and the rotational transform ι = 2π/q are 63

connected with stability of the plasma equilibria [9]. 64

The analogous results for the equivalent equations (1.6) 65

were published by Arnold in [10,11], where he added to [6,8] a 66

statement that if a Bernoulli surface M intersects the boundary 67

of the invariant domain D then M has “coordinates of the 68

ring” and “all streamlines on M are closed”. The results of 69

[6,8] imply that for the plasma equilibrium equations (1.5) 70

[and hence for the equivalent hydrodynamics equations (1.6)] 71

all magnetic field knots (and correspondingly all vortex knots) 72

are torus knots Km,n defined by the rational values m/n of 73

the safety factor q(P ). Therefore, to classify the magnetic 74

knots in magnetohydrodynamics (MHD) and vortex knots in 75

steady hydrodynamics it is necessary to know the ranges of 76

the corresponding safety factors. 77
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For the fluid velocity field V(x) [Eq. (1.2)] its vortex78

field is79

curl V = −C(ψ)z
r

êr + C(ψ)r
r

êz − 1

r

(
ψrr − 1

r
ψr + ψzz

)
êϕ.

(1.7)

The surfaces ψ(r,z) = const are invariant for both flows V(x)80

[Eq. (1.2)] and curl V(x) [Eq. (1.7)]. The smooth axisymmetric81

surfaces ψ(r,z) = const are either tori T2
ψ = Cψ × S1 ⊂ R3,82

or spheres S2
ψ or cylinders C2

ψ = Rψ × S1. Here the closed83

curves Cψ and infinite lines Rψ are purely poloidal, lie in the84

plane (r,z), and satisfy equation ψ(r,z) = const. The circle S1
85

corresponds to the angular coordinate 0 � ϕ � 2π and is z86

axisymmetric.87

If a surface ψ(r,z) = const is a torus T2
ψ = Cψ × S1 then88

the fluid streamlines and vortex lines on the T2
ψ are either89

infinite helical curves or closed curves. Moffatt’s definition90

of the pitch (see [2], pp. 128–129) is as follows: “If any91

one vortex line is followed in the direction of increasing ϕ92

the value of z on that line varies periodically; the pitch p of the93

vortex line may conveniently be defined as twice the increase94

of ϕ, between successive zeros of z”. The Moffatt definition is95

not applicable to the vortex lines on tori T2
ψ that are located in96

domains z > 0 or z < 0 because there are no successive zeros97

of z on those vortex lines. The definition is applicable only if98

the poloidal curves Cψ (and hence the tori T2
ψ = Cψ × S1) are99

invariant under the reflection z → −z, because only then the100

words “twice” and “successive zeros of z” become meaningful.101

This is true for the special solutions considered in [2], but not102

for the general case. Therefore, we will use another definition103

of the pitch.104

Definition 1. The pitch p(ψ) of a vortex line on a torus105

T2
ψ = Cψ × S1 is the change of the angle ϕ along the vortex106

line when its poloidal projection makes one complete turn107

around the closed curve Cψ . The formula for the pitch is108

p(ψ) =
∫ t(ψ)

0

dϕ

dt
dt, (1.8)

where the integral is taken along the curl V line and t(ψ) is the109

period of its poloidal projection Cψ . The hydrodynamic safety110

factor qh(ψ) is111

qh(ψ) = p(ψ)

2π
. (1.9)

Note that the pitch function p(ψ) [Eq. (1.8)] is positive if112

the clockwise rotation along the curve Cψ is accompanied by113

the increase of the total angle ϕ and p(ψ) is negative if the114

total change of angle ϕ is negative. Definition 1 conforms to115

Moffatt’s definition [2] when the curve Cψ is invariant under116

the reflection z → −z. Suppose the pitch is p(ψ) = 2πm/n,117

where m and n are integers [i.e., the safety factor qh(ψ) =118

m/n]. Then, after n complete turns of the vortex line around the119

poloidal circle Cψ , the angle ϕ is changed for np(ψ) = 2πm.120

Hence the vortex line is a closed curve because its end and121

starting points coincide. In other words, the vortex line is a122

torus knot Km,n ⊂ R3.123

If a closed magnetic field B line on a torusT2
ψ makes m turns124

the long way S1 around and n turns the short way Cψ around125

then its safety factor q is, as defined in [9,12], q = m/n.126

Definition 2. The safety factor q(ψ) of a magnetic field B 127

line on a torus T2
ψ = Cψ × S1 is the divided by 2π change of 128

the azimuthal angle ϕ along the magnetic field line when its 129

poloidal projection makes one complete turn around the closed 130

curve Cψ . The corresponding formula is 131

q(ψ) = 1

2π

∫ t(ψ)

0

dϕ

dt
dt. (1.10)

Here the integral is taken along the magnetic field B line 132

on the torus T2
ψ and t(ψ) is the period of its poloidal 133

projection Cψ . 134

For the closed magnetic field B-line definition (1.10) 135

conforms to the definition in [9,12]. For the same ψ function 136

ψ(r,z), the two safety factors qh(ψ) and q(ψ) are qualitatively 137

different because they are defined correspondingly for the 138

curl V in (1.6) and the magnetic field B in (1.5) that is 139

analogous to the fluid velocity V in the equivalent equations 140

(1.6). For example, when qh(ψ) [Eq. (1.9)] is a rational number 141

m/n and hence the corresponding vortex line is a torus knot 142

Km,n, the MHD safety factor q(ψ) [Eq. (1.10)] in general is 143

an irrational number and the corresponding magnetic field B 144

line is an infinite curve that is dense on the invariant torus 145

T2
ψ = Cψ × S1 and vice versa. Neither the pitch p nor the 146

safety factor qh is defined for the vortex lines belonging 147

to invariant spheres S2
ψ or cylinders C2

ψ = Rψ × S1 where 148

ψ(r,z) = const. 149

In Sec. II we derive for the general solutions to the Grad- 150

Shafranov equation (1.3) the exact formula for the limit of the 151

hydrodynamic safety factor qh(ψ) [Eq. (1.9)] at the vortex axis 152

S1
ψm

(r = rm, z = zm, 0 � ϕ � 2π ), ψm = ψ(rm,zm): 153

qh(ψm) = − 	ψ(am)

rmC ′(ψm)
√
H(am)

. (1.11)

Here 	 is the Laplace operator and H(am) = 154

ψrr (am)ψzz(am) − ψ2
rz(am) � 0 is the Hessian of the 155

function ψ(r,z) at the point am = (rm,zm). 156

Remark 1. Formulas (1.9) and (1.11) prove that Moffatt’s 157

statements of [2–4], that at the vortex axis S1
ψm

the limit of 158

the pitch p(ψm) is always equal to infinity (or twist 0), can be 159

true only for the degenerate solutions to the Grad-Shafranov 160

equation (1.3) for which either C ′(ψm) = 0 or H(am) = 0. 161

For the solutions studied by Moffatt C ′(ψm) = α �= 0 and 162

H(am) �= 0. 163

In Sec. III we derive for the general axisymmetric plasma 164

equilibria (1.5) the exact formula for the limit of the MHD 165

safety factor q(ψ) [Eq. (1.10)] at a magnetic axis 166

q(ψm) = C(ψm)

rm

√
H(am)

. (1.12)

The formulas (1.11) and (1.12) are evidently different. This 167

reflects the fact that for the same stream (or flux) function 168

ψ(r,z) the topological properties of the vortex field curl V(x) 169

and magnetic field B(x) are essentially different. 170

There are two cases for which Eq. (1.3) becomes linear: 171

H (ψ) = H1 + c2ψ2, C(ψ) = αψ, (1.13)

H (ψ) = λψ, C(ψ) = αψ. (1.14)
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Exact solutions for the case (1.13) that are global plasma172

equilibria modeling astrophysical jets are presented in[13–15],173

where also extensive literature for the case (1.13) is quoted.174

In Secs. IV–VII we study solutions to the Grad-Shafranov175

equation (1.3) satisfying the conditions (1.14):176

ψrr − 1

r
ψr + ψzz = α2(ξr2 − ψ), ξ = λ/α2. (1.15)

Substituting formulas (1.14) and (1.15) into Eq. (1.7), we find177

curl V = αV − α2ξr êϕ. (1.16)

Hence vector fields V(r,z) [Eqs. (1.2) and (1.15)] for ξ �= 0178

are not Beltrami flows. They satisfy the Beltrami equation179

curl V0 = αV0 (1.17)

only for ξ = 0. Therefore, the parameter ξ has the following180

physical meaning: It defines the deviation of the fluid flow181

V(r,z) [Eqs. (1.2) and (1.15)] from the Beltrami flow V0(r,z)182

[Eq. (1.17)].183

We study the fluid flows Vξ (r,z) [Eqs. (1.2) and (1.15)] that184

have the Stokes function185

ψ(r,z) = r2[ξ − G2(αR)], R =
√

r2 + z2, (1.18)

where186

G2(u) = u−2(cos u − u−1 sin u). (1.19)

The parameters α �= 0 and ξ take all real values from (−∞,∞).187

The parameter α �= 0 in view of (1.18) specifies the scaling of188

the fluid equilibria Vξ (r,z) and its sign indicates the direction189

of fluid rotation [Vξ (r,z)]ϕ = αr−1ψ [Eqs. (1.2) and (1.14)].190

Substituting the Stokes function (1.18) and w(r,z) = αψ into191

Eq. (1.2), we get the fluid velocity field192

Vξ (r,z) = α2rzG3(αR)êr + {2[ξ − G2(αR)]

−α2r2G3(αR)}êz + αr[ξ − G2(αR)]êϕ, (1.20)

where193

G3(u) = u−1dG2(u)/du = u−4[(3 − u2)u−1 sin u − 3 cos u].

(1.21)

The vortex field corresponding to (1.20) has the form194

curl Vξ (r,z) = α3rzG3(αR)êr + {2α[ξ − G2(αR)]

−α3r2G3(αR)}êz − rα2G2(αR)êϕ. (1.22)

Remark 2. The vector fields (1.20) and (1.22) satisfy Eq. (1.16).195

Both flows have invariant spheres S2
ak

of radii R = ak obeying196

the equation G2(αak) = ξ or ψ(r,z) = 0. The vortex field on197

the invariant spheres S2
ak

is not poloidal for any ξ �= 0 because198

the angular velocity of curl Vξ (r,z) [Eq. (1.22)] on the spheres199

S2
ak

is −rα2G2(αak) = −rα2ξ �= 0. The fluid flow Vξ (r,z) is200

purely poloidal on the invariant spheresS2
ak

because its angular201

velocity is αr[ξ − G2(αak)] = 0 since G2(αak) = ξ .202

To study what vortex torus knots Km,n are realized for the203

fluid flow Vξ (r,z) [Eq. (1.20)] inside the first invariant spheroid204

B3
a1

of radius a1 it is necessary to study the limit behavior of205

the pitch p(ψ) [or the safety factor qh(ψ)] in two cases: (a)206

when the nested tori T2
ψ ⊂ B3

a1
collapse onto the innermost207

vortex axis S1
ψm

having coordinates (r = rm,z = zm,0 � ϕ �208

2π ) and ψm = ψ(rm,zm) and (b) when the invariant tori209

T2
ψ ⊂ B3

a1
approach at ψ → 0 their limit that is the union 210

of the invariant sphere S2
a1

and invariant diameter r = 0. In 211

Moffatt’s works [2–4] it is stated1 that in case (a) the limit 212

value of the pitch p is always equal to infinity and in case 213

(b) the limit value of the pitch p is always equal to zero. In 214

Secs. V and VI we prove that both statements are incorrect for 215

the following physical reasons. 216

For case (a), in spite of the poloidal components of 217

curl Vξ (r,z) tending to zero near a vortex axis S1
ψm

, the angular 218

velocity of rotation of the poloidal projection (of the helical 219

vortex line) around the point am = (rm,zm) has a nonzero limit 220

(in the nondegenerate case). This causes a finite and nonzero 221

limit for the pitch p (and for the safety factor qh) at the vortex 222

axis. 223

For case (b) the invariant set defined by the equation 224

ψ(r,z) = 0 inside the first invariant spheroid B3
a1

is the union 225

of the boundary sphere S2
a1

and its diameter I that satisfies the 226

equation r = 0 and connects two poles N and S on the sphere. 227

Therefore, poloidal curves Cψ at ψ → 0 approach the union 228

of the semicircle
√

r2 + z2 = a1, r � 0, and the diameter I : 229

r = 0 and −a1 � z � a1. Since N and S belong to the sphere 230

S2
a1

where ψ(r,z) = 0 we get from (1.18) that at these points 231

G2(αa1) = ξ .2 When ψ → 0 the poloidal projections of the 232

vortex filaments move along the meridians on the sphere S2
a1

233

to a small neighborhood of the pole N . Then, after staying a 234

long time TN near the pole N the vortex filaments move along 235

the diameter I to a small neighborhood of the pole S and 236

the same dynamics repeats, etc. Formula (1.22) yields that the 237

angular velocity of curl Vξ (r,z) is −α2G2(αR), which near the 238

poles N and S becomes approximately equal to −α2ξ because 239

G2(αa1) = ξ at the points N and S. Therefore, during the long 240

time TN of a vortex line evolution near the poles N and S its 241

pitch p(ψ) [Eq. (1.8)] acquires a big change equal to 242

−2α2G2(αR)TN ≈ −2α2ξTN . (1.23)

The contribution to the pitch p(ψ) [Eq. (1.8)] from the 243

evolution of vortex filament outside the poles N and S is 244

much smaller than (1.23). Therefore, at ψ → 0 the value of 245

the pitch p(ψ) → +∞ if ξ < 0 and p(ψ) → −∞ if ξ > 0. 246

The formula (1.23) becomes an uncertainty when ξ = 0. 247

For this case we prove in Sec. VI that the pitch p(ψ) has a 248

finite limit at ψ → 0 and derive an exact formula for it. 249

Remark 3. For the magnetic field Bξ (r,z) that has the same 250

form as Vξ (r,z) [Eq. (1.20)] the behavior of its pitch p(ψ) at 251

ψ → 0 is completely different. The distinction is connected 252

1In [2] on p. 129 about the pitch: “This quantity clearly increases
continuously from zero to infinity as ψ increases from zero (on R =
a) to ψmax (on the vortex axis)”. In [3] on p. 30 about the spheromak
force-free magnetic field B(x): “Each B-line is a helix and the pitch
of the helices decreases continuously from infinity on the magnetic
axis to zero on the sphere r = R as we move outwards across the
family of toroidal surfaces”.

2The poles N and S are the saddle stagnation points for the fluid
flow Vξ (x) (1.20) inside the spheroid B3

a1
. The diameter I is a fluid

streamline that is a separatrix of the stagnation points N and S. The
same points N and S are the focus-saddle stagnation points for the
vortex field curl Vξ (x).
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with the fact that the vortex field curl Vξ (r,z) [Eq. (1.22)] is not253

poloidal on the invariant sphere S2
a1

, while the fluid velocity254

field Vξ (r,z) [and hence the magnetic field Bξ (r,z)] is purely255

poloidal (see Remark 2 above). Therefore, in MHD the limit256

of the safety factor q(ψ) [Eq. (1.10)] at ψ → 0 is finite for257

any ξ . Its exact formula is not included here.258

Since the Stokes function (1.18) is a first integral of the259

fluid flow Vξ (r,z) [Eq. (1.20)] and its vortex field (1.22), we260

get from (1.18) that roots ak of the equation261

G2(αak) = ξ (1.24)

define spheroidsB3
ak

of radii R = ak that are invariant under the262

flows Vξ (r,z) [Eq. (1.20)] and curl Vξ (r,z) [Eq. (1.22)]. The263

flows possess invariant spheroids B3
ak

only if the parameter264

ξ belongs to the range of function G2(u) since otherwise265

Eq. (1.24) does not have any roots. A calculation shows that the266

range of the function G2(u) is the segment I ∗ = [−1/3,ξ1 ≈267

0.028 72]. Therefore, for ξ < −1/3 or ξ > ξ1 the fluid flow268

Vξ (r,z) [Eq. (1.20)] does not have any invariant spheroids.269

For ξ1 < ξ < ξ 1 ≈ 0.111 82 the flows Vξ (r,z) [Eq. (1.20)]270

and curl Vξ (r,z) [Eq. (1.22)] have K(ξ ) disjoint invariant rings271

R3
i . The number K(ξ ) = 3 when ξ →ξ1, ξ > ξ1 and K(ξ )=1272

for ξ → ξ 1, ξ < ξ 1. We study fluid flows with ξ1 < ξ < ξ 1273

in Sec. VII. For ξ > ξ 1 or ξ < −1/3 the flows Vξ (r,z) and274

curl Vξ (r,z) do not have any invariant tori T2 and any closed275

vortex lines.276

For −1/3 < ξ < ξ1 and ξ �= 0, the flows Vξ (r,z) and277

curl Vξ (r,z) in the whole Euclidean space R3 have a finite278

number N (ξ ) of nested invariant spheroids B3
ak

and a finite279

number K(ξ ) of disjoint invariant rings R3
i .280

For ξ = 0, the exact solution (1.18) describes the sphero-281

mak fluid flow that was discovered first by Woltjer [16] as282

a plasma equilibrium and was applied by him to model a283

magnetic field in the Crab Nebula. The spheromak fluid flow284

V0(r,z) has infinitely many nested invariant spheroids B3
ak

285

with radii ak satisfying the equation tan(αak) = αak and hence286

having the asymptotics ak ≈ |α|−1(k + 1/2)π at k → ∞. For287

ξ �= 0 the number N (ξ ) of Vξ -invariant spheroids B3
ak

is finite288

and N (ξ ) → ∞ when ξ → 0. For positive ξ , 0 < ξ < ξ1,289

the number N (ξ ) is even; for negative ξ , −1/3 < ξ < 0, the290

number N (ξ ) is odd. These facts follow at once from the plot291

of function y1(u) = G2(u) in Fig. 1 and Eq. (1.24).292

The Prendergast exact solution [17] describes plasma293

equilibrium with everywhere vanishing fluid velocity V(x) ≡ 0294

or a hydrostatic model of a magnetic star.295

Section VIII is devoted to a liquid planet model. Here the296

necessary boundary conditions of vanishing of fluid velocity297

Vξ (x) and pressure p(x) on the surface S2
a

(|x| = a) of the298

planet are satisfied for special values of the parameter ξ = ξ.299

The numbers ξ = G2(u) are extremal values of the function300

G2(u) (local maxima and local minima) that are attained at the301

points u satisfying the equation G3(u) = u−1G′
2(u) = 0.302

In Secs. V–VII we give a complete classification of303

all vortex knots for the fluid flows Vξ (r,z) [Eq. (1.20)].304

Additionally, these results provide counterexamples to the305

Moffatt statements of [2–4] on vortex knots.306

The moduli spaces of vortex knots are defined and studied307

in [18] for the exact Beltrami flow having stream function308

ψ(r,z) = −zr2G3(R). Reference [19] is devoted to the investi-309

FIG. 1. Plot of the functions y1(u) = G2(u) and y2(u) =
−[G1(u) + G2(u)]/2.

gation of the moduli spaces of vortex knots for the spheromak 310

fluid flow that has the stream function ψ(r,z) = −r2G2(R). 311

The results of [18,19] are equally applicable to the analogous 312

force-free plasma equilibria. 313

II. LIMIT OF THE PITCH FUNCTION AT A VORTEX AXIS 314

The dynamical system of vortex lines dx/dt = curl V has 315

the form 316

dx
dt

= d

dt
(xêx + yêy + zêz) = ṙ êr + rϕ̇êϕ + żêz = curl V.

(2.1)
This equation by virtue of Eqs. (1.3) and (1.7) yields 317

ṙ = −1

r
C ′(ψ)ψz, ż = 1

r
C ′(ψ)ψr, (2.2)

ϕ̇ = −H ′(ψ) + 1

r2
C(ψ)C ′(ψ). (2.3)

Suppose that the stream function ψ(r,z) has a local non- 318

degenerate maximum or minimum ψm = ψ(am) at a point 319

am = (rm,zm): 320

ψr (am) = 0, ψz(am) = 0,

H(am) = ψrr (am)ψzz(am) − ψ2
rz(am) > 0. (2.4)

Hence the system (2.2) has the center equilibrium point am 321

and the system (2.2) and (2.3) has a stable trajectory-vortex 322

axis Sψm
: r = rm, z = zm, 0 � ϕ < 2π , and ψm = ψ(rm,zm). 323

All trajectories of the system (2.2) near the center are closed 324

curves Cψ , ψ(r,z) = const, encircling the point am. The 325

corresponding trajectories of the system (2.2) and (2.3) are 326

either infinite helices or closed curves (knots) lying on the 327

invariant tori T2
ψ = Cψ × S1, where the circle S1 corresponds 328

to the angular variable ϕ. 329

Substituting Eq. (2.3) into the formula (1.8), we get 330

p(ψ) = −H ′(ψ)t(ψ) + C(ψ)C ′(ψ)
∫ t(ψ)

0

dt

r2(t)
. (2.5)
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In the limit ψ → ψm we have r(t) → rm for all t , hence331

p(ψm) = lim
ψ→ψm

p(ψ)

= t(ψm)
[−H ′(ψm) + C(ψm)C ′(ψm)/r2

m

]
, (2.6)

where t(ψm) = limψ→ψm
t(ψ).332

The dynamical system (2.2) near the equilibrium point333

(rm,zm) is approximated by the system in variations [20]334

dδr

dt
= −a11δz − a12δr,

dδz

dt
= a12δz + a22δr, (2.7)

a11 = cmψzz(am), a12 = cmψrz(am), a22 = cmψrr (am),

cm = C ′(ψm)

rm

, (2.8)

where δr(t) = r(t) − rm and δz(t) = z(t) − zm. From335

Eqs. (2.4) and (2.8) we get336

Dm = a11a22 − a2
12 = c2

mH(am) > 0. (2.9)

The linear system (2.7) has the quadratic first integral337

Q(δr,δz) = a22(δr)2 + 2a12δrδz + a11(δz)2 that in view of338

(2.9) is either positive or negative definite. Hence its level339

curves Q(δr,δz) = const are nested ellipses and therefore all340

solutions to (2.7) are periodic. Due to the scaling invariance of341

the linear system (2.7), all its solutions have the same period342

tm = 2π/
√

Dm.343

From the general theory of dynamical systems [20] it344

follows that the limit at ψ → ψm of the function of periods345

t(ψ) is the period tm of the system in variations (2.7). Using346

formula (2.9) we find347

t(ψm) = lim
ψ→ψm

t(ψ) = 2π√
Dm

= 2πrm

|C ′(ψm)|√H(am)
. (2.10)

Substituting (2.10) into (2.6) we get348

p(ψm) = lim
ψ→ψm

p(ψ)

= 2πrm

|C ′(ψm)|√H(am)

[
−H ′(ψm) + 1

r2
m

C(ψm)C ′(ψm)

]
.

(2.11)

Formula (2.11) shows that the Moffatt statement of [2–4] that349

at the vortex axis the pitch p is always equal to infinity can be350

true only for degenerate solutions with either C ′(ψm) = 0 or351

H(am) = 0.352

Using Eq. (1.3) we find353

−H ′(ψm) + 1

r2
m

C(ψm)C ′(ψm)

= − 1

r2
m

(
ψrr − 1

r
ψr + ψzz

)
(am). (2.12)

At the equilibrium point am in view of ψr (am) = 0 we have354 (
ψrr − 1

r
ψr + ψzz

)
(am) =

(
ψrr + 1

r
ψr + ψzz

)
(am)

= 	ψ(am), (2.13)

where 	 is the Laplace operator. Substituting (2.12) and355

(2.13) into Eq. (2.11) we get, for the safety factor356

qh(ψm) = p(ψm)/2π , 357

qh(ψm) = − 	ψ(am)

rmC ′(ψm)
√
H(am)

. (2.14)

The derivatives ψrr (am) and ψzz(am) have the same sign since 358

the point am is either a local maximum or a local minimum 359

of the function ψ(r,z). Hence, using the standard inequality 360

we find 361√
H(am) =

√
ψrr (am)ψzz(am) − ψ2

rz(am)

�
√

ψrr (am)ψzz(am) � |ψrr (am) + ψzz(am)|/2

= |	ψ(am)|/2.

Applying this inequality in (2.14) we derive 362

|qh(ψm)| � 2

rm|C ′(ψm)| . (2.15)

For C(ψ) = αψ we get the simple formula |qh(ψm)| � 363

2(|α|rm)−1. 364

Formulas (2.14) and (2.15) prove that for the case of 365

arbitrary functions H (ψ) and C(ψ) in Eq. (1.3) the safety 366

factor qh(ψ) has a finite and nonzero limit at ψ → ψm 367

provided the nondegeneracy conditions C ′(ψm) �=0,H(am) �=0 368

are met. The limit (2.14) is one of the two bounds of the range 369

of safety factor qh(ψ). Hence we get one of the two bounds 370

qh(ψm) for the range of the rational values m/n corresponding 371

to the torus knots Km,n that can be realized as vortex knots for 372

the considered fluid flow V(x) [Eq. (1.2)]. 373

III. LIMIT OF THE SAFETY FACTOR 374

AT A MAGNETIC AXIS 375

Equations of magnetohydrodynamics have the form 376

∂V
∂t

+ curlV × V = −grad

(
p

ρ
+ 1

2
|V|2 + �

)

+ 1

ρμ
curlB × B + ν	V,

∂B
∂t

= curl(V × B), divV = 0, divB = 0,

(3.1)

where B is the magnetic field, μ the magnetic permeability, ν 377

the kinematic viscosity, and 	 the Laplace operator. As known 378

since the Newcomb paper [21], Eqs. (3.1) imply that magnetic 379

field B(t,x) is transformed in time by the flow diffeomorphisms 380

or is frozen in the flow. Therefore, in the MHD any magnetic 381

field B knot is transformed in time into an isotopic B knot. 382

Plasma equilibrium equations follow from (3.1) for V = 0: 383

curl B × B = grad(μp + ρμ�), div B = 0. (3.2)

The hydrodynamics equilibrium equations follow from (3.1) 384

for B = 0: 385

curl V × V = grad

(
−p

ρ
− � − 1

2
|V|2

)
, div V = 0.

(3.3)
Since Eqs. (3.2) and (3.3) are equivalent [5], we get that for 386

the axisymmetric solutions the same ψ functions satisfying 387

Eq. (1.3) describe axisymmetric equilibria of ideal fluid and 388
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plasma. Topological invariants of the equilibrium of fluid are389

defined by the curl V knots, while the topological invariants of390

plasma equilibrium are defined by the B knots.391

Let us show that these topological invariants for the ideal392

fluid and for plasma are completely different, for the same ψ393

function ψ(r,z). Indeed, the axisymmetric magnetic field B(x)394

has a form analogous to (1.2),395

B(r,z) = −1

r

∂ψ

∂z
êr + 1

r

∂ψ

∂r
êz + C(ψ)

r
êϕ, (3.4)

where we used the second of Eqs. (1.4), which follows from396

(3.2). The corresponding dynamical system of magnetic field397

lines dx/dt = B(x) is398

ṙ = −ψz/r, ż = ψr/r, (3.5)

ϕ̇ = C(ψ)/r2. (3.6)

For closed magnetic field lines on an invariant torus T2
ψ399

that go around the torus m times the long way around and400

n times the short way around, the safety factor q is defined401

as q = m/n [9,12,22]. Mercier had demonstrated in [9] that402

the value of the safety factor q is connected with stability of403

the MHD equilibria: For example, if q = 1/n, where n is an404

integer, then the MHD equilibrium is unstable.405

For the axisymmetric magnetic fields the definition of406

[9,12,22] conforms to the definition (1.10), which after407

substituting Eq. (3.6) gives408

q(ψ) = 1

2π
C(ψ)

∫ t(ψ)

0

dt

r2(t)
. (3.7)

The analogous safety factor in hydrodynamics qh(ψ) =409

p(ψ)/(2π ) due to Eq. (2.5) is410

qh(ψ) = 1

2π

[
−H ′(ψ)t(ψ) + C(ψ)C ′(ψ)

∫ t(ψ)

0

dt

r2(t)

]
.

(3.8)

For the same closed trajectory Cψ , ψ(r,z) = const, the two411

safety factors q(ψ) and qh(ψ) are qualitatively different. For412

example, when q(ψ) [Eq. (3.7)] is a rational number m/n413

and hence the corresponding magnetic field B line is a torus414

knot Km,n [9,12], the safety factor qh(ψ) [Eq. (3.8)] in general415

is an irrational number and the corresponding curl V line is416

an infinite curve dense on the invariant torus T2
ψ = Cψ × S1

417

and vice versa. Here the circle S1 corresponds to the angular418

variable ϕ. Another possibility appears when both safety419

factors are rational numbers, q(ψ) = m/n and qh(ψ) = p/q,420

and therefore define topologically nonequivalent torus knots:421

the magnetic field B knot Km,n and the vortex knot Kp,q .422

Let the magnetic field B(x) have a family of nested invariant423

toriT2
ψ defined by the equation ψ = const. Then the innermost424

torus T2
ψm

is a circle S2
ψm

, which is called a magnetic axis425

ψ = ψm. The magnetic axis corresponds to a center equilib-426

rium point am = (rm,zm) of the system (3.5), which is defined427

by the same equations (2.4) as for the stable vortex axis in428

hydrodynamics. The safety factor (3.7) at ψ → ψm due to429

r(t) → rm has the limit430

q(ψm) = lim
ψ→ψm

q(ψ) = 1

2πr2
m

t(ψm)C(ψm), (3.9)

where t(ψm) = limψ→ψm
t(ψ). To derive the limit value t(ψm) 431

we consider the system in variations for the system (3.5) near 432

its stable equilibrium am: 433

dδr

dt
= −b11δz − b12δr,

dδz

dt
= b12δz + b22δr, (3.10)

b11 = ψzz(am)/rm, b12 = ψrz(am)/rm, b22 = ψrr (am)/rm.

(3.11)

Here δr(t) = r(t) − rm and δz(t) = z(t) − zm. From (2.4) and 434

(3.11) we find 435

Dm = b11b22 − b2
12 = H(am)/r2

m > 0. (3.12)

Due to the inequality (3.12) and the scaling invariance of the 436

linear system (3.10), all its trajectories have the same period 437

tm = 2π/
√

Dm = 2πrm/
√
H(am). 438

From the general theory of dynamical systems [20] we get 439

that the limit at ψ → ψm of the function of periods t(ψ) is the 440

period tm of the system in variations (3.10). Hence t(ψm) = 441

limψ→ψm
t(ψ) = tm = 2πrm/

√
H(am). Substituting into (3.9) 442

we get the limit value of the safety factor 443

q(ψm) = C(ψm)

rm

√
H(am)

(3.13)

at the magnetic axis ψ = ψm. 444

At the vortex axis ψ = ψm, the hydrodynamic safety factor 445

qh(ψ) = p(ψ)/2π in view of (2.11) and (3.13) has the limit 446

qh(ψm) = q(ψm) − rmH ′(ψm)

C ′(ψm)
√
H(am)

. (3.14)

The limit safety factors (3.13) and (3.14) are evidently 447

different. 448

For the solutions satisfying Eqs. (1.14) and (1.15) we find 449

q(ψm) = αψm

rm

√
H(am)

, qh(ψm) = α
(
ψm − ξr2

m

)
rm

√
H(am)

. (3.15)

Formulas (3.15) show that the two safety factors q(ψm) and 450

qh(ψm) are different if ξ �= 0 and coincide if ξ = 0. 451

IV. MAIN DYNAMICAL SYSTEM 452

Moffatt studied in [2] vortex lines for the exact solutions to 453

Eq. (1.15): 454

ψ(r,z) = r2

[
λ

α2
+ A

( a

R

)3/2
J3/2(αR)

]
, R =

√
r2 + z2,

(4.1)
where Jν(u) is the Bessel function of order ν. The solutions 455

[Eq. (54) of [2]] are considered in [2] for 456

λ

α2
= −AJ3/2(αa) (4.2)

[Eq. (57) of [2]] in the first invariant spheroid Ba (R � a), 457

where the vortex lines on the invariant tori T2
ψ ⊂ Ba are either 458

infinite helices or torus knots Km,n. The solutions (4.1) and 459

(4.2) are matched continuously with an irrotational flow for 460

R > a having the stream function 461

ψ(r,z) = −1

3
AJ5/2(αa)r2

(
1 − a3

R3

)
.
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The solutions (4.1) and (4.2) with J5/2(αa) = 0 were derived462

by Prendergast [17] as a model of equilibrium of a magnetic463

star; the continuously matched exterior magnetic field B464

vanishes in view of the condition J5/2(αa) = 0. For λ = 0,465

the flux function (4.1) describes the spheromak magnetic field466

B [by the same formula as (1.2)] that was discovered first by467

Woltjer [16] and applied by him to model the Crab Nebula (see468

also [23]).469

In Ref. [2] (pp. 128–129) Moffatt writes about the pitch470

p(ψ) of the helical vortex lines: “This quantity clearly471

increases continuously from zero to infinity as ψ increases472

from zero (on R = a) to ψmax (on the vortex axis)”. Thus473

Moffatt states here that for all values of the parameters A, α,474

and λ/α2 = −AJ3/2(αa) [formula (57) of [2]] the limits of the475

pitch function p(ψ) at ψ → 0 and at ψ → ψmax are476

p(0) = lim
ψ→0

p(ψ) = 0, p(ψmax) = lim
ψ→ψmax

p(ψ) = ∞.

The same results for the Beltrami vector fields [having stream477

functions (4.1) with λ = 0] are stated in [3] (pp. 30–31).478

Our formula (2.11) limψ→ψm
p(ψ) = p(ψm) < ∞ is rig-479

orously proven in Sec. II for any axisymmetric flows (1.2).480

Formula (2.11) demonstrates that presented in [2,3] Moffatt’s481

statement that limψ→ψmax p(ψ) = ∞ does not correspond to482

the facts.483

The known formula for the Bessel functions Jn+1/2(u)484

yields (see [24], p. 56)485

J3/2(u) = − 1√
π/2

√
u

(
cos u − sin u

u

)
.

Therefore, the solution (54) of [2] [formula (4.1) above] takes486

the form487

ψ(r,z) = r2

[
λ

α2
− A(|α|a)3/2

√
π/2(αR)2

(
cos(αR) − sin(αR)

(αR)

)]
.

(4.3)

Instead of Bessel’s functions Jn+1/2(u) we will use the488

elementary functions489

G0(u) = − cos u, G1(u) = d

udu
G0(u) = sin u

u

=
√

π/2

u1/2
J1/2(u),

G2(u) = d

udu
G1(u) = 1

u2

[
cos u− sin u

u

]
= −

√
π/2

u3/2
J3/2(u),

G3(u) = d

udu
G2(u) = 1

u4

[
(3 − u2)

sin u

u
− 3 cos u

]

=
√

π/2

u5/2
J5/2(u),

G4(u) = 1

u

dG3(u)

du

= 1

u6

[
(6u2 − 15)

sin u

u
− (u2 − 15) cos u

]
. (4.4)

All functions Gn(u) are analytic everywhere and have the490

values491

G1(0) = 1, G2(0) = −1/3, G3(0) = 1/15,

G4(0) = −1/105. (4.5)

The functions Gn(u) [Eq. (4.4)] satisfy the easily verifiable 492

identities 493

G0 + G1 + u2G2 = 0, G1 + 3G2 + u2G3 = 0. (4.6)

The general identity is Gn + (2n + 1)Gn+1 + u2Gn+2 = 0, 494

with Gn+1 = u−1dGn/du. 495

The stream function (4.3) in view of (4.4) takes the form 496

ψ(r,z) = Br2[ξ − G2(αR)], B = A(|α|a)3/2

√
π/2

,

ξ = λ

α2B
= λ

√
π/2

A|α|7/2a3/2
. (4.7)

Hence we get, for H (ψ) = λψ and C(ψ) = αψ , 497

− H ′(ψ) + 1

r2
C(ψ)C ′(ψ) = −λ + α2

r2
ψ = −α2BG2(αR).

(4.8)

Substituting C(ψ) = αψ and (4.8) into the system (2.2) and 498

(2.3) we get, for the main dynamical system (2.1), 499

ṙ = −α

r
ψz, ż = α

r
ψr, ϕ̇ = −α2BG2(αR).

Substituting here formulas (4.7) and (4.4) we get 500

ṙ = α3BrzG3(αR),

ż = 2αB[ξ − G2(αR)] − α3Br2G3(αR), (4.9)

ϕ̇ = −α2BG2(αR). (4.10)

The parameters α and B are nonessential here because they 501

can be removed by the scaling transformation r1 = |α|r , 502

z1 = |α|z, and the time change dτ/dt = α2B. Therefore, we 503

assume B > 0, which means A > 0 [Eq. (4.7)]. The only 504

essential parameter of the problem is the parameter ξ = λ/α2B 505

[Eq. (4.7)]. 506

Let us consider the system (4.9) and (4.10) in the first 507

spheroid Ba (R � a) that is invariant under the system. That 508

means ψ(r,z) = 0 on the sphere S2
a of radius R = a. Hence 509

we get the condition |α|a = u1(ξ ) where u1(ξ ) is the first root 510

of the equation 511

G2(u) = ξ. (4.11)

Figure 1 shows that the range of the function G2(u) for 512

all positive u is the segment I ∗, [−1/3,ξ1], where ξ1 is the 513

maximal value of the function G2(u). The maximum is attained 514

at a point u1 where the derivative G′
2(u) vanishes, ξ1 = G2(u1). 515

Hence, from (4.4) we get G3(u1) = u−1
1 G′

2(u1) = 0. The first 516

root of the equation G3(u) = 0 is u1 ≈ 5.7635. Hence we 517

find the value of ξ1 = G2(u1) ≈ 0.028 72. As a consequence 518

we get that Eq. (4.11) has no solutions if ξ < −1/3 or ξ > ξ1. 519

Hence the fluid flow (1.2) and (4.1) does not have any invariant 520

spheroid Bc (R � c) if ξ < −1/3 or ξ > ξ1. 521

From Fig. 1 we see that u1(ξ ) ∈ [0,u1 ≈ 5.7635]. Figure 1 522

yields that Eq. (4.11) for ξ �= 0 has a finite number N (ξ ) 523

of roots and that N (ξ ) → ∞ when ξ → 0. This means that 524

the system (4.9) and (4.10) in the whole space R3 can have, 525

for ξ �= 0, a finite number N (ξ ) of invariant spheroids BRi
526

and has infinitely many invariant spheroids when ξ = 0. We 527

consider the systems (4.9) and (4.10) in the spheroid BR1 , 528
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FIG. 2. Poloidal contours of stream surfaces inside the first
invariant spheroid B3

a1
for −1/3 < ξ � ξ1. Rotation of contours

around the z axis defines V-invariant toriT2. Rotation of the separatrix
S1 gives the V-invariant sphere S2

a1
. Rotation of point a3 produces the

stable vortex axis a3 × S1.

R1 = a, corresponding to the first root u1(ξ ) of Eq. (4.11);529

then |α| = u1(ξ )/a. The first zero of the function G2(u) is530

u1(0) = u1 ≈ 4.4931.531

For ξ ∈ I ∗ the system (4.9) and (4.10) has an invariant532

spheroid Ba , |α|a = u1(ξ ). The system (4.9) in the invariant533

semidisk D1 [ψ(r,z) � 0,r � 0,R � a] has three equilibrium534

points: a1(r = 0,z = a), a2(r = 0,z = −a), a3(r = um/|α|,535

z = 0). The equilibria a1 and a2 are nondegenerate saddles536

if G3[u1(ξ )] �= 0. Their separatrices are the interval I1, (r =537

0,−a < z < a), and the arc S1, (r2 + z2 = a2,r > 0) (see538

Fig. 2). The equilibrium a3 is a center, its coordinate r =539

Rm = um(ξ )/|α|, where um(ξ ) is the first positive root of the540

equation 2G2(u) + u2G3(u) = 2ξ (the condition that ż = 0 in541

(4.9) at the point [a3(r = Rm,z = 0),u = αR]). The latter in542

view of the second identity (4.6) takes the form543

−[G1(u) + G2(u)]/2 = ξ. (4.12)

All equilibrium points of the system (4.9) with r �= 0 satisfy544

the equation z = 0 and Eq. (4.12) for u = |α|r .545

From Fig. 1 it follows that the range of the func-546

tion −[G1(u) + G2(u)]/2 for all positive u is the segment547

[−1/3,ξ 1] where ξ 1 is its maximum that is attained at548

a point v1; hence we have G′
1(v1) + G′

2(v1) = 0. Equa-549

tions (4.4) yield G′
1(u) + G′

2(u) = u[G2(u) + G3(u)]; there-550

fore G2(v1) + G3(v1) = 0. The first root of this equation is551

v1 ≈ 4.2329. Hence we get ξ 1 = −2−1[G1(v1) + G2(v1)] ≈552

0.111 82.553

V. KEY FUNCTION f (ξ ) 554

Let us derive exact formulas for p(ψm) [Eq. (2.11)] for 555

solutions (4.7). Substituting r2 = R2 − z2 into (4.7) and using 556

the first identity (4.6) we find 557

ψ(r,z) = B

[
ξr2 + 1

α2
[G0(αR) + G1(αR)] + z2G2(αR)

]
.

(5.1)

Differentiating the function ψ(r,z) [Eq. (5.1)] and using 558

formulas (4.4) we get 559

∂ψ

∂r
= rB[2ξ + G1(αR) + G2(αR) + α2z2G3(αR)],

(5.2)
∂ψ

∂z
= zB[G1(αR) + 3G2(αR) + α2z2G3(αR)].

The function ψ(r,z) [Eq. (4.7)] achieves its maximal in 560

the semidisk D1 value ψm at the point a3 = (rm,zm). Since 561

ψr (a3) = 0 and ψz(a3) = 0, we get from (5.2) zm = 0 and 562

um(ξ ) = |α|rm satisfies Eq. (4.12). For the second derivatives 563

of the function ψ(r,z) at the point a3 we find from (5.2) 564

ψrr (a3) = u2
mB[G2(um) + G3(um)],

ψzz(a3) = B[G1(um) + 3G2(um)], (5.3)

with ψrz(a3) = 0. Hence we get the Hessian (2.4), 565

H(am) = u2
mB2[G2(um) + G3(um)][G1(um) + 3G2(um)].

(5.4)

Using formula (4.8) we find, on the vortex axis Sm [αR = 566

um(ξ ),z = 0], 567

−H ′(ψm) + 1

r2
m

C(ψm)C ′(ψm) = −α2BG2(um(ξ )). (5.5)

Substituting (5.4) and (5.5) and rm = um(ξ )/|α| into (2.11), 568

we find for the exact solutions (4.7) 569

p(ψm) = lim
ψ→ψm

p(ψ)

= − 2πG2(um)√
[G2(um) + G3(um)][G1(um) + 3G2(um)]

.

(5.6)

It is evident that formula (5.6) does not contain the two 570

nonessential parameters α and B. Therefore, expression (5.6) 571

is a function of the parameter ξ only, since um = um(ξ ) is a 572

function of ξ defined as the first root of Eq. (4.12). Thus we 573

arrive at the key function f (ξ ) = p(ψm(ξ ))/2π = qh(ψm(ξ )). 574

Applying the second identity (4.6), we get from (5.6) 575

f (ξ ) = − G2(um(ξ ))

um(ξ )
√−G3(um(ξ ))[G2(um(ξ )) + G3(um(ξ ))]

.

(5.7)

The function f (ξ ) describes one of the two boundaries of the 576

range of fractions m/n that correspond to the vortex knots 577

Km,n realized for the fluid flow (1.2) defined by the stream 578

function ψ(r,z) [Eq. (4.7)] for the given ξ . 579

Equation (4.12) for ξ = ξ 1 ≈ 0.111 82 has the root 580

um(ξ 1) = v1 ≈ 4.2329 < u1(0) = u1 ≈ 4.4931. Hence we 581
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FIG. 3. Plot of the function f (ξ ).

get G2(um(ξ 1)) = G2(v1) < 0. Numerical calculation gives582

G2(v1) ≈ −0.0140. Since um(ξ ) is a monotonically increasing583

function of ξ ∈ [−1/3,ξ 1 ≈ 0.111 82] [see the plot of the584

function y2(u) in Fig. 1] and G2(u) is a monotonically increas-585

ing function of u ∈ [0,u1 ≈ 5.7635], we find that G2(um(ξ ))586

is a monotonically increasing function of ξ ∈ [−1/3,ξ 1].587

Hence, from G2(um(ξ 1)) = G2(v1) ≈ −0.0140 < 0 it follows588

that for all ξ ∈ [−1/3,ξ 1] we have G2(um(ξ )) < 0. Hence589

formulas (5.6) and (5.7) give p(ψm) > 0 and f (ξ ) > 0 for all590

ξ ∈ [−1/3,ξ 1 ≈ 0.111 82].591

In view of the formulas (4.4) we get that Eq. (4.12) near592

ξ = −1/3 is u2
m(ξ ) ≈ 15(ξ + 1/3) and um(−1/3) = 0. From593

(4.5) we find594

G2(0) = −1/3, G2(0) + G3(0) = −4/15, G3(0) = 1/15.

Hence we get from (5.7) the asymptotic formula595

f (ξ ) ≈
√

5/3

2
√

ξ + 1/3
≈ 0.6455√

ξ + 1/3
, ξ → −1

3
. (5.8)

Hence f (ξ ) → ∞ at ξ → −1/3.596

The point um(ξ 1) = v1 is the point of maximum of the597

function −[G1(u) + G2(u)]/2 (see Fig. 1). Hence, using598

Taylor’s formula we get that Eq. (4.12) near ξ 1 takes the form599

ξ 1 − ξ ≈ 1
4v2

1[G3(v1) + G4(v1)][um(ξ ) − v1]2. We have from600

(4.4) G2(v1) + G3(v1) = v−1
1 [G′

1(v1) + G′
2(v1)] = 0. There-601

fore, for um(ξ ) ≈ v1 we have G2(um(ξ )) + G3(um(ξ )) ≈602

v1[G3(v1) + G4(v1)][um(ξ ) − v1]. Substituting this into (5.7),603

we find the asymptotes604

f (ξ ) ≈ − G2(v1)

v1
√

2G3(v1)[G3(v1) + G4(v1)]1/4(ξ 1 − ξ )1/4
,

ξ → ξ 1. (5.9)

Substituting v1 ≈ 4.2329, G2(v1) = −G3(v1) ≈ −0.0140,605

and G4(v1) ≈ −0.0031 into (5.9), we find f (ξ ) ≈606

0.0612(ξ 1 − ξ )−1/4 → ∞ at ξ → ξ 1. The plot of the function607

f (ξ ) is shown in Fig. 3.608

To find the minimum of the function f (ξ ) we consider609

the equation df (ξ )/dξ = 0. The equation in view of (5.7)610

and (4.4) has the form 611

[G1(u) + 3G2(u)]
[
G2

3(u) − G2(u)G4(u)
]

= [G2(u) + G3(u)]
[
G2

2(u) − G1(u)G3(u)
]
,

where u = um(ξ ). The latter equation has the root ξ0 ≈ 0.1085; 612

the corresponding value f (ξ0) ≈ 0.5079 is the minimal value 613

of the function f (ξ ) on the segment −1/3 � ξ � ξ 1 ≈ 614

0.111 82. 615

Substituting numerical values ξ1 ≈ 0.028 72 and um(ξ1) = 616

u∗ ≈ 2.9570 into (5.7), we find f (ξ1) ≈ 0.7502, which is the 617

minimal value of the function f (ξ ) on the segment I ∗: −1/3 � 618

ξ � ξ1 ≈ 0.028 72 (see Fig. 3). Substituting the value um(0) = 619

v1 ≈ 2.7437 into formula (5.7), we get f (0) ≈ 0.825 24. The 620

corresponding value of p(ψm) is p(ψm) = 2πf (0) ≈ 5.1849. 621

VI. LIMIT OF THE PITCH FUNCTION p(ψ) AT ψ → 0 622

All trajectories of the system (4.9) inside the domain D1 for 623

−1/3 < ξ � ξ1 are closed curves Cψ , ψ(r,z) = ψ = const, 624

0 < ψ < ψm, encircling the center equilibrium point a3 and 625

having periods t(ψ). The corresponding trajectories of the 626

system (4.9) and (4.10) are helices moving on invariant tori 627

T2
ψ = Cψ × S1 ⊂ R3 (the circle S1 corresponds to the angle 628

ϕ). In view of (4.10), the pitch p(ψ) of the helices is 629

p(ψ) =
∫ t(ψ)

0

dϕ

dt
dt = −α2B

∫ t(ψ)

0
G2(αR(t))dt. (6.1)

For ξ ∈ I ∗, the closed trajectories Cψ at ψ → 0 approach 630

the cycle of two separatrices I1 and S1 that satisfy the 631

equation ψ(r,z) = 0 (see Fig. 2). Since the dynamics along 632

each separatrix takes an infinite time [20] we get 633

lim
ψ→0

t(ψ) = ∞. (6.2)

At the saddle equilibrium points a1 and a2 we have G2(ai) = ξ . 634

Let Oε(a1) and Oε(a2) be small neighborhoods of the points 635

a1 and a2 such that inside them |G2(αR) − ξ | < ε. The 636

velocity v of the dynamics of any trajectory Cψ outside 637

Oε = Oε(a1) ∪ Oε(a2) satisfies |v| > const > 0. Hence any 638

trajectory Cψ spends, during one period t(ψ), only a limited 639

time tout(ψ) < C � t(ψ) outside Oε and time tin(ψ) inside 640

Oε. In view of (6.2) we have tin(ψ) = [t(ψ) − tout(ψ)] → ∞ 641

at ψ → 0 and tout(ψ) < const. Therefore, using (6.1) with 642

B > 0 and G2(αR) ≈ ξ in Oε we get 643

lim
ψ→0

p(ψ) =
{+∞ for −1/3 < ξ < 0
−∞ for 0 < ξ � ξ1.

(6.3)

For −1/3 < ξ < 0 the function p(ψ) monotonically de- 644

creases from its limit p(0) = +∞ at ψ = 0 to its positive limit 645

value p(ψm) = 2πf (ξ ) [Eq. (5.6)] at ψ = ψm (see Fig. 4). 646

Hence all vortex knots for the fluid flow (1.2) with a given ξ 647

(−1/3 < ξ < 0) are torus knots Km,n for which the rational 648

numbers m/n are not arbitrary and satisfy the inequalities 649

f (ξ ) <
m

n
< +∞. (6.4)

For 0 < ξ � ξ1, the function p(ψ) monotonically increases 650

in view of (6.3) from its limit p(0) = −∞ at ψ = 0 to its 651

positive limit value (5.6) at ψ = ψm (see Fig. 5). Hence, for 652

the fluid flow (1.2) with 0 < ξ � ξ1 all vortex knots are torus 653
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FIG. 4. Plot of the pitch function p(ψ) for −1/3 < ξ < 0.

knots K|m|,n (where the integer m can be negative) with the654

ratio m/n satisfying the inequalities655

−∞ <
m

n
< f (ξ ). (6.5)

656

In Sec. V we proved that p(ψm) = 2πf (ξ ) > 0 for all ξ (see657

Fig. 3). Hence the function p(ψ) vanishes at some point ψ0:658

p(ψ0) = 0. At some point ψ1 < ψ0 we have p(ψ1) = −p(ψm)659

FIG. 5. Plot of the pitch function p(ψ) for 0 < ξ � ξ1.

(see Fig. 5). For ψ = ψ0 all trajectories of the dynamical 660

system (4.9) and (4.10) on the torus T2
ψ0

are closed curves 661

that are embedded into R3 as unknots because p(ψ0) = 0. 662

All torus knots Km,n for 0 < m/n < f (ξ ) are realized on two 663

different tori T2
ψ : one for ψ in the interval (ψ0,ψm), where 664

p(ψ) = 2πm/n > 0, and another one on torus T2
ψ̃

for ψ̃ in 665

the interval (ψ1,ψ0), where p(ψ̃) = −2πm/n < 0. The torus 666

knots Km,n corresponding to p(ψ) = 2πm/n > 0 and p(ψ̃) = 667

−2πm/n < 0 are nonisotopic mirror images of each other. 668

For the special case ξ = λ = 0 the vector field V [Eq. (1.2)] 669

satisfies the Beltrami equation curl V = αV and the analo- 670

gous magnetic field B is force-free. This is the well-known 671

spheromak equilibrium solution derived by Woltjer [16] and 672

Chandrasekhar [23] and later studied in [25–30]. The term 673

“spheromak” was first introduced in [25]. For ξ = 0, the 674

parameter u1(0) = u1, where u1 ≈ 4.4931 is the first positive 675

root of the equation G2(u) = 0. 676

The evaluation of the limit of p(ψ) at ψ → 0 by formula 677

(6.1) for ξ = 0 leads to an uncertainty because G2(αR) = 0 at 678

the equilibrium points a1 and a2 and on the separatrix S1. To 679

resolve this uncertainty we use another method based on the 680

invariance of the pitch function p(ψ) under the rescaling of 681

r , z, and a reparametrization of time t . In the new coordinates 682

r1 = |α|r , z1 = |α|z, and u =
√
r2

1 + z2
1 = |α|R the system 683

(4.9) and (4.10) for ξ = 0 is transformed into [σ = ±1 = 684

sgn(α)] 685

σ ṙ1 = α2Br1z1G3(u),
(6.6)

σ ż1 = −2α2BG2(u) − α2Br2
1 G3(u),

ϕ̇ = −α2BG2(u). (6.7)

After the change of time dτ/dt = −α2BG2(u) the system 686

(6.6) and (6.7) turns into a system that does not depend on the 687

parameters α and B: 688

σ
dr1

dτ
= −r1z1

G3(u)

G2(u)
, σ

dz1

dτ
= 2 + r2

1
G3(u)

G2(u)
,

dϕ

dτ
= 1.

(6.8)
As above, the closed trajectories Cψ at ψ → 0 are ap- 689

proximated by the interval I1 (r1 = 0 and −u1 < z1 < u1) 690

and the arc S1 (r2
1 + z2

1 = u2
1 and r1 > 0). The system (6.8) 691

yields, on the interval I1, r1 = 0 and |dz1/dτ | = 2. Hence the 692

dynamics of the trajectory Cψ along the interval I1 takes the 693

time τ1(ψ) ≈ 2u1/2 = u1. 694

The dynamics of Cψ along the arc S1 takes an infinitesimally 695

small time τ2(ψ). Indeed, since G3(u1) = (u2
1

√
1 + u2

1)−1 �= 0 696

and G2(u) → 0 as u → u1, we get, for the velocity v of the 697

dynamics near the arc S1 (u = u1), |v| → ∞ when ψ → 0. 698

Hence τ2(ψ) → 0. Therefore, we get, for the pitch function 699

p(ψ) and for the function of periods τ (ψ) = τ1(ψ) + τ2(ψ), 700

lim
ψ→0

p(ψ) =
∫ τ (ψ)

0

dϕ

dτ
dτ = lim

ψ→0
τ (ψ) = u1 ≈ 4.4931.

(6.9)

The stream function ψ(r,z) [Eq. (4.7)] for ξ = 0, B = 1, 701

and α = 1 attains its maximal value ψm ≈ 1.0631 at the point 702

rm ≈ 2.7437, zm = 0. Numerical integration of the system 703

(6.8) shows that on the interval (0,ψm) the pitch function p(ψ) 704
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FIG. 6. Numerical calculation of the pitch function p(ψ)
for ξ = 0.

monotonically increases from its value p(0) = u1 ≈ 4.4931705

[Eq. (6.9)] at ψ = 0 to its value p(ψm) = 2πf (0) ≈ 5.1849706

[Eq. (5.9)] at ψ = ψm (see Fig. 6). These results prove that707

for the spheromak Beltrami flows corresponding to ξ = 0 [or708

λ = 0 in (4.1)] only those torus knots Km,n are realized for709

which the fractions m/n satisfy the inequalities710

1

2π
4.4931 ≈ 0.7151 <

m

n
< f (0) ≈ 0.8252. (6.10)

VII. FLUID FLOWS (1.2) AND (4.7) WITH711

INVARIANT RINGS712

For ξ1 < ξ < ξ 1, Eq. (4.11) does not have any roots. Hence713

the flow (1.2) and (4.7) does not have invariant spheroids Bc.714

Equation (4.12) for the same ξ has two roots um = αrm and715

us = αrs , um < us (see Fig. 1). Therefore, the corresponding716

dynamical system (4.9) has two equilibrium points: a stable717

center a3 [(r = rm,z = 0)] and an unstable saddle a4 [(r =718

rs,z = 0)]. The saddle equilibrium a4 has a loop separatrix S2719

that begins and ends at the point a4 and satisfies the equation720

ψ(r,z) = Br2[ξ − G2(αR)] = Br2
s [ξ − G2(us)] = ψs.

(7.1)

The phase portrait of the system (4.9) for ξ = (ξ1 + ξ 1)/2 ≈721

0.070 27 is shown in Fig. 7, where rm = 3.374 02 and722

rs = 5.189 61.723

The loop separatrix S2 bounds a domain D2 that is filled with724

closed trajectories Cψ , which define invariant tori of the dy-725

namical system (4.9) and (4.10), T2
ψ = Cψ × S1 ⊂ D2 × S1.726

Here the circle S1 corresponds to the angular variable ϕ: 0 �727

ϕ � 2π . The closure of the product D2 × S1 is an invariant728

ring R3 ⊂ R3.729

Let us study the structure of the vortex knots inside the ring730

R3. The first root of the function G2(u) [Eq. (4.4)] is u1 ≈731

4.4931. Let ξc = −[G1(u1) + G2(u1)]/2 ≈ 0.1088. From732

Fig. 1 it follows that for ξc < ξ < ξ 1 the roots of Eq. (4.12)733

satisfy the inequalities um < us < u1 and hence G2(us) <734

0. For ξ1 < ξ < ξc the inequalities are um < u1 < us735

and hence G2(us) > 0. Using formula (6.1) for the pitch p(ψ)736

and the fact that the dynamics along the loop separatrix S2737

takes an infinite time, we get (the proof is the same as in738

FIG. 7. Poloidal contours of stream surfaces for ξ = 0.070 27.
Rotation of closed contours around the z axis defines the V-invariant
ring R bounded by the V-invariant torus T2 = S2 × S1. Rotation of
points a3 and a4 gives the stable vortex axis a3 × S1 and the unstable
one a4 × S1. All vortex knots are located inside the ring R.

Sec. VI) the following limits of the pitch function p(ψ) for 739

trajectories in the domain D2 at ψ → ψs [Eq. (7.1)]: 740

lim
ψ→ψs

p(ψ) =
{+∞, ξc < ξ < ξ 1
−∞, ξ1 < ξ < ξc.

We proved in Sec. V that near a center equilibrium point of the 741

system (4.9) at which the function ψ(r,z) has its maximum or 742

minimum ψm the limit of the pitch function p(ψ) at ψ → ψm 743

is a finite positive number p(ψm) = 2πf (ξ ). Hence we get 744

that for the vortex knots Km,n realized in the ring R3 the ratios 745

m/n satisfy the inequalities 746

f (ξ ) <
m

n
< +∞, ξc < ξ < ξ 1 (7.2)

− ∞ <
m

n
< f (ξ ), ξ1 < ξ < ξc, (7.3)

where f (ξ ) � f (ξ0) ≈ 0.5079. 747

The equilibria a3 and a4 define, respectively, the stable 748

and unstable vortex axes of the flow (1.2) and (4.7) in the 749

invariant ring R3; both axes are also the exact streamlines 750

because the tori T2
ψ = Cψ × S1 are invariant under both flows 751

curl V(x) and V(x). All trajectories of the system (4.9) outside 752

the domain D2 are infinite curves satisfying the equation 753

Br2[ξ − G2(αR)] = ψ = const. Hence, for these trajectories 754

at t → ±∞ we have z → ±∞ and r → rξ = √
ψ/Bξ (see 755

Fig. 7). 756

For ξ > ξ 1 or ξ < −1/3 both Eqs. (4.11) and (4.12) have 757

no solutions (see Fig. 1). Therefore, the dynamical system 758

(4.9) has no equilibrium points and no closed trajectories. 759

For all its trajectories at t → ±∞ we have z → ±∞ and 760

r → rξ = √
ψ/Bξ . Hence the fluid flows (1.2) and (4.7) for 761

ξ > ξ 1 or ξ < −1/3 have no vortex knots. 762
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VIII. LIQUID PLANET MODEL763

The fluid velocity field Vξ (r,z) [Eq. (1.20)] for −1/3 <764

ξ � ξ1 ≈ 0.028 72, ξ �= 0, has a finite number N (ξ ) of765

invariant spheres S2
ak

of radii R = ak satisfying the equation766

G2(αak) = ξ . On each sphere S2
ak

the flow takes the form767

Vξ (r,z) = α2rG3(αak)[zêr − r êz] (8.1)

and is evidently tangent to the sphereS2
ak

. Hence each spheroid768

B3
ak

defined by the inequality R � ak is invariant under the769

flow (1.20).770

The velocity field (8.1) vanishes for the special val-771

ues of ξ when G3(αa) = 0. Since G3(u) = u−1dG2(u)/du772

[Eq. (4.4)], the equation G3(u) = 0 means that u is a point773

of extremum of the function G2(u). Using formula (4.4) we774

find that the equation G3(u) = 0 is equivalent to the equation775

tan u = 3u

3 − u2
. (8.2)

Hence the roots u of the equation G3(u) = 0 or Eq. (8.2) have776

the asymptotes u ≈ ( + 1)π and u < ( + 1)π at  → ∞.777

The first eight roots of Eq. (8.2) are778

u1 ≈ 5.7635, u2 ≈ 9.0950, u3 ≈ 12.3229,

u4 ≈ 15.5146, u5 ≈ 18.6890, u6 ≈ 21.8539,

u7 ≈ 25.0128, u8 ≈ 28.1678.

Let us define ξ = G2(u). Substituting G3(u) = 0 into779

the second identity (4.6), we find ξ = −G1(u)/3 =780

−(3u)−1 sin u. Formula (8.2) yields −(3u)−1 sin u =781

cos u/(u2
 − 3). Hence we get the exact formula782

ξ = cos u

u2
 − 3

. (8.3)

Using u ≈ ( + 1)π , we find from (8.3) the asymptotes783

ξ ≈ (−1)+1(u)−2 at  → ∞.784

The first eight values of ξ = G2(u) [Eq. (8.3)] are785

ξ1 = G2(u1) ≈ 0.02872, ξ2 ≈ −0.0119, ξ3 ≈ 0.0065,

ξ4 ≈ −0.0041, ξ5 ≈ 0.0029, ξ6 ≈ −0.0021,

ξ7 ≈ 0.0016, ξ8 ≈ −0.0013.

The positive values ξ > 0 are local maxima of the function786

G2(u) and the negative values ξ < 0 are local minima (see787

Fig. 1).788

For the special values of ξ = ξ flow (8.1) vanishes on789

the sphere S2
a

of radius a = α−1u, because G3(u) = 0.790

Therefore, the flow inside the invariant spheroid B3
a

, R � a,791

can be continuously matched with empty space. Indeed, from792

the equilibrium equations (1.6) we find, on the sphere S2
a

,793

ρ−1p(x) + ρμ�(x) + |Vξ
(x)|2/2 = C, (8.4)

where C is an arbitrary constant. Since the fluid density ρ is794

constant by assumption, we get that the Newtonian potential795

�(x) is spherically symmetric and therefore �(x) = �(a) on796

the sphere |x| = a. Therefore, using the vanishing of velocity797

Vξ
(r,z) [Eq. (8.1)] on the sphereS2

a
and choosing the arbitrary798

constant C =ρμ�(a), we get from (8.4) that pressure p(x)=0799

on the sphere S2
a

. Therefore, all conditions at the boundary800

with empty space are satisfied and thus the flow (1.2) for ξ = ξ801

is correctly matched with empty space outside the invariant 802

spheroid B3
a

. We propose these exact solutions as a liquid 803

planet model. 804

The fluid flow Vξ1 (r,z) [Eq. (1.20)], ξ1 = G2(u1), has no 805

other invariant spheroids inside the B3
a1

, where a1 = α−1u1. 806

For all other flows Vξ
(r,z) [Eq. (1.20)] there exists at least one 807

interior invariant spheroid B3
ak

⊂ B3
a

. The plot of the function 808

y1(u) = G2(u) in Fig. 1 shows that for ξ > 0 the number of in- 809

terior invariant spheroids is even; for ξ < 0 the number is odd. 810

Remark 4. The first invariant sphere S2
ak

⊂ B3
a

can be 811

considered as the interior boundary of the flow, for  > 1. 812

In this case the fluid moves with velocity Vξ
(r,z) [Eq. (1.20)] 813

in the spherical shell ak < R � a and the spheroidB3
ak

(where 814

R � ak) is the rigid core of the planet with a spherically 815

symmetric distribution of mass. For the ideal fluid model the 816

no-slip condition at the interior boundary S2
ak

can be relaxed 817

because it is necessary only for viscous fluids. 818

The problem of equilibrium of magnetic stars with a 819

dipole field outside was studied by Chandrasekhar and Fermi 820

in [31]. The first example of the magnetic field that is 821

continuously matched with an empty space was derived 822

by Prendergast under the condition J5/2(αa) = 0 [17]. Our 823

condition G3(αa) = 0 coincides with the Prendergast one in 824

view of the formula for the Bessel function 825

J5/2(u) = 1√
π/2u3/2

[
(3 − u2)

sin u

u
− 3 cos u

]

= u5/2

√
π/2

G3(u),

which follows from [24] (p. 56). 826

IX. CONCLUSION 827

As known [32,33], the torus knots Km,n are nontrivial unless 828

m/n = N or m/n = 1/N , where N is an integer. All other 829

torus knots are mutually nonisotopic. A torus knot Km,n with 830

m/n �= N,1/N and its mirror image [which corresponds to 831

the pair (−m,n)] are nonisotopic to each other. Therefore, we 832

obtain from (6.4) that the set of mutually nonisotopic vortex 833

torus knots Km,n for fluid flows (1.2) and (4.7) inside the 834

first invariant spheroid Ba1 with the parameter ξ in the range 835

−1/3 < ξ < 0 is equivalent to the set of all rational numbers 836

m/n satisfying relations 837

f (ξ ) <
m

n
< +∞,

m

n
�= N, (9.1)

where N is any integer. Here the lower bound f (ξ ) > 838

f (0) ≈ 0.8252 and f (ξ ) ≈ 0.6455(ξ + 1/3)−1/2 → ∞ when 839

ξ → −1/3 [see (5.8)]. Formula (9.1) implies that all flows 840

(1.2) and (4.7) for −1/3 < ξ < 0 in view of f (ξ ) > 0.8252 are 841

counterexamples to the Moffatt statement (see [2], p. 129): “It 842

is interesting that every torus knot is represented once and only 843

once among all the vortex lines of each member of the family 844

of flows represented by the stream function (54), together with 845

circulation (52)”. 846

From Fig. 3 it follows that for any real number x > 0.8252 847

there exist ξ (x) ∈ [−1/3,0] such that f (ξ (x)) = x (see Fig. 3). 848

For the flow (1.2) and (4.7) with the parameter ξ = ξ (x) only 849

torus knots Km,n with m/n > x are realized as vortex knots 850

and all torus knots Km,n with m/n � x are not realized. 851
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If the parameter ξ is in the range 0 < ξ < ξ1 ≈ 0.028 72852

then Eq. (6.5) yields that the set of mutually nonisotopic853

vortex torus knots Km,n for the flows (1.2) and (4.7) inside the854

first invariant spheroid Ba1 is equivalent to the set of rational855

numbers m/n defined by the conditions856

−∞ <
m

n
< f (ξ ),

m

n
�= ±N,

m

n
�= ± 1

N
, (9.2)

where N is any integer and f (0) ≈ 0.8252 > f (ξ ) > f (ξ1) ≈857

0.7502. Note that torus knots K|m|,|n| with |m|/|n| < f (ξ )858

appear as vortex knots twice: For the positive rational numbers859

m/n satisfying 0 < m/n < f (ξ ) and for the negative ones860

satisfying −f (ξ ) < −m/n < 0, the corresponding knots Km,n861

and K−m,n are nonisotopic mirror images of each other.862

These results also are counterexamples to the above Moffatt863

statement. Indeed, here we have torus knots K|m|,|n| realized864

on infinitely many pairs of different tori T2
ψ and T2

ψ̃
on that the865

pitch function p(ψ) = −p(ψ̃), so realized twice and not “once866

and only once” as it is claimed in [2]. Note that the existence867

of the pitch functions p(ψ) changing their sign on the segment868

0 � ψ � ψm (as in Fig. 5) was never discussed in [2–4].869

For ξ = 0 the fluid flow (1.2) and (4.7) coincides with the870

spheromak Beltrami field [16,23,25]. From Eq. (6.10) we get871

that the set of mutually nonisotopic vortex torus knots Km,n872

inside the first invariant spheroid Ba1 is equivalent to the set of873

all rational numbers m/n satisfying the inequalities874

0.7151 <
m

n
< f (0) ≈ 0.8252. (9.3)

This result is a counterexample to the Moffatt statement in [3]875

(pp. 30–31): “It is an intriguing property of this B-field that876

if we take a subset of the B-lines consisting of one B-line on877

each toroidal surface, then every torus knot is represented once878

and only once in this subset, since p/2π passes through every879

rational number m/n once as it decreases continuously from880

infinity to zero”.881

Note that here the magnetic field B knots are discussed,882

but since the considered field satisfies the Beltrami equation883

curl B = αB, the B lines coincide with the curl B lines.884

Therefore, the above statement of [3] is applicable also to885

the vortex knots of the steady fluid flow with V(x) ≡ B(x)886

[Eqs. (1.2) and (4.7)] with ξ = 0 (and also is incorrect).887

Since the function f (ξ ) [Eq. (5.7)] for −1/3 < ξ < ξ1 is888

monotonically decreasing (see Fig. 3), we get that all families889

of nonisotopic vortex torus knots Km,n [Eqs. (9.1)–(9.3)] are890

different for flows (1.2) and (4.7) with different values of the 891

parameter ξ . Among these families of vortex knots in view of 892

f (ξ ) � 0.5079 for all ξ no one family coincides with Moffatt’s 893

description in [2,3]. Therefore, Moffatt’s statements of [2,3] 894

on vortex knots do not correspond to the facts. 895

For any axisymmetric steady fluid flows [defined by 896

arbitrary smooth functions H (ψ) and C(ψ) in Eq. (1.3)] for 897

which the function ψ(r,z) has a nondegenerate maximum or 898

minimum ψm at a point am(rm,zm), we have proved in Sec. II 899

that the pitch function p(ψ) has a finite and nonzero limit at 900

ψ → ψm: 901

p(ψm) = lim
ψ→ψm

p(ψ)

= 2πrm

|C ′(ψm)|√H(am)

[
−H ′(ψm) + 1

r2
m

C(ψm)C ′(ψm)

]
.

(9.4)

Formula (9.4) demonstrates that presented in [2,3] Moffatt’s 902

statements that for the special flows (1.2) and (4.1) 903

limψ→ψmax p(ψ) = ∞ are incorrect because for these flows 904

C ′(ψm) = α �= 0 and H(am) �= 0. 905

Formula (9.4) yields a plethora of counterexamples to the 906

concluding part of Moffatt’s statement of [4] (p. 29): “The 907

streamlines within these vortices are topologically similar to 908

those of the special case when F (ψ) and G(ψ) are linear in 909

ψ , [i.e.,] they are helices wrapped on the family of nested tori 910

[ψ = const(0 < ψ < ψmax)], the pitch of the helix varying 911

continuously from zero . . . to infinity . . .”. Indeed, for the 912

generic functions F (ψ) and G(ψ) [or H (ψ) and C(ψ) in (1.3)] 913

the limit value p(ψm) [Eq. (9.4)] evidently is nonzero and is 914

one of the two exact bounds for the range of the function p(ψ). 915

Since the bound p(ψm) �= 0 we get that the pitch function p(ψ) 916

does not change “continuously from zero to infinity”. 917

For some functions H (ψ) and C(ψ) the stream function 918

ψ(r,z) satisfying Eq. (1.3) can have no maxima or minima at 919

all. Then the fluid flow (1.2) does not have invariant tori T2
ψ , 920

vortex knots, or pitch function p(ψ). This is realized for the 921

exact fluid flows (1.2) and (4.7), with the parameter ξ < −1/3 922

or ξ > ξ 1 ≈ 0.111 82, and for some exact solutions to the 923

Grad-Shafranov equation (1.3) derived in [13,14]. 924
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