DE GRUYTER

Z. Naturforsch. 2018; 73(10)a: 931-937

Rapid Communication

Oleg Bogoyavlenskij*

Invariants of the Axisymmetric Flows of an Inviscid
Gas and Fluid with Variable Density

https://doi.org/10.1515/zna-2018-0229
Received March 3, 2018; accepted August 1, 2018; previously
published online September 5, 2018

Abstract: Material conservation laws and integral invari-
ants are constructed for the axisymmetric flows of an invis-
cid compressible gas and an ideal incompressible fluid
with variable density p(X, t). The functional independence
of the new invariants from helicity is proven.
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1 Introduction

It is well known that two-dimensional, ideal, incom-
pressible fluid mechanics admits infinitely many integral
invariants [1-3] that are based on material conservation
laws. These laws are constant along the incompressible
fluid streaklines and therefore are also called Lagrangian
invariants [4]. For the axisymmetric flows of an ideal
incompressible fluid with constant density p, the first
material conservation law was discovered by Batchelor in
1967 [1, p. 544]. In 2013, Kelbin et al. [5] presented the mate-
rial conservation laws depending on an arbitrary function
F({) for the helically symmetric and axisymmetric flows of
an ideal incompressible fluid with a constant density p.

In Section 2 we derive for the axisymmetric flows
of an incompressible inviscid fluid with variable density
p(x, t) the material conservation laws containing arbitrary
differentiable functions G(x, y) of two variables x and y.
This result is a generalisation for the case of the variable-
density p(x, t) of the results by Batchelor [1] and by Kelbin
et al. [5] for flows with a constant density p. The mate-
rial conservation laws presented in [5] depend on func-
tion F({) of one variable {. Our method is different from
the methods employed in [1] and [5, 6] and uses only the
rotational invariance of the pressure p(x, t).

In Section 2 we study also inviscid compressible
gas flows (which were not considered in [5, 6]) with an
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arbitrary equation of state. We derive infinitely many mate-
rial conservation laws for the axisymmetric flows of an
inviscid compressible gas.

In Section 3 we derive the integral invariants for the
axisymmetric flows of the inviscid gas and fluid, which are
functions of a real parameter .

In Section 4 we define the maximum vortex rings and
blobs for the axysimmetric flows of the inviscid gas and
fluid and prove that the former are frozen into the gas and
fluid flows. We define their corresponding functional and
integral invariants.

In Section 5 we prove that the new invariants are func-
tionally independﬁnt of the helicity. Serre proved that “any
conservation law ,, ¢(u(x, t), grad u(x, t))dx = constant
of the three-dimensional Euler equations of the incom-
pressible perfect fluid is a linear combination of momenta,
energy, and helicity. Therefore, there are no other invari-
ants of the first order (i.e., involving u and its first spa-
tial derivatives) than those which are already known”
[7, p. 105]. We introduce in this article new invariants of
the first order that do not belong to the class of conserva-
tion laws studied by Serre because they explicitly depend
on the spatial variables x1, x>, x3 and therefore are func-
tionally independent of the momenta, kinetic energy, and
helicity.

As is known [8], helicity is connected with vortex
knots and vortex links. Vortex knots for the axisymmet-
ric fluid equilibria were investigated by Moffatt [8] and by
Bogoyavlenskij [9-11], see also the Corrigendum [12].

Helicity was studied by Kudryavtseva [13, 14] and by
Enciso et al. [15]. The authors stated that “Helicity is the
only integral invariant of volume-preserving transforma-
tions” [15]. This statement is the title of the papers by
Enciso et al. [15] and Kudryavtseva [14]. However, in [5],
in this article, and in [16], new integral invariants are
derived that are different from helicity. Nevertheless, this
does not contradict the statements of Kudryavtseva and
Enciso et al. because these authors studied invariants
that are integrals of certain densities “over compact three-
dimensional manifold M without boundary” [15, p. 2035].
The invariants constructed in [5], in this article, and in [16]
depend explicitly on the Cartesian coordinates x1, x2, x3
in the Euclidean space R® and hence cannot be projected
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onto any “compact three-dimensional manifold M without
boundary”.

We study Euler’s equations of the ideal incompressible
fluid mechanics

%’+(V-r)V= %rp+f,
_ op _
r-v=0, —+rp-V=0, 6))]

ot

and Euler’s equations of the inviscid compressible gas
dynamics [1]

oV 1
% r-(pV) =0 €)
ot ’

where V(x, t) is the fluid or gas velocity, p(x, t) is the pres-
sure, p(x, t) is the mass density, f(x, t) is the Newtonian
gravitational force per unit mass, and r is the nabla opera-
tor. The Euler equations (2) and (3) can be completed by an
equation for the entropy density s(x, t) and the equation of
state p = p(p, s). For the study of invariants of the inviscid
gas flows, we use only (2) and (3). Therefore, the results of
this article are applicable to the inviscid gas dynamics with
any arbitrary equation of state.

2 Material Conservation Laws for
Axisymmetric Flows

Any fluid flow that is invariant under rotations around an
axis with direction A evidently becomes a z-axisymmetric
flow in Cartesian coordinates with the z-axis in the direc-
tion of the vector A.

In the cylindrical coordinates r = x2 + y2, z, and
¢ = arctan(y/x), the z-axisymmetric fluid or gas velocity
V(r, z, t) has the following standard form:

(4)

V(r,z, t) = u(r, z, e, + (1, z, )é; + w(r, z, t)éyp,

where &, €;, &, are vectors of unit length in the directions
of coordinates r, z, ¢.

Remark 1: Batchelor had presented in [1, p. 544] for the
ideal incompressible fluid with constant density p the
equation “D(rw)/Dt =0 (7 - 5 - 7) representing the con-
stancy of the circulation round a material curve in the
form of a circle centered on the axis of symmetry and nor-
mal to it”. No other consequences of equation D(rw)/Dt =
0 were derived. Batchelor’s equation D(rw)/Dt = 0 [1] of

DE GRUYTER

1967 was the first material conservation law for the axisym-
metric flows of the ideal incompressible fluid with con-
stant density p. Batchelor did not write in [1] that, for any
differentiable function F({), there exists the composed
material conservation law

DF(rw) _ dF(rw) D(rw) _ 0
Dt~ dw) Dt

probably because for him this was self-evident.

We assume that f(x, t) is the gravitational force that is
z-axisymmetric and satisfies equation &, x - f(x,t)
0, which means f(x, t) is pure poloidal.

(@) Let V(x,t), p(x,t), p(x,t) describe an inviscid
incompressible fluid flow with a variable density p(x, t) and
a z-rotationally invariant pressure p(x, t) = p(r, z, t). Then
for any differentiable function G(x, y) of two variables x and
y, the composed function

G(p(x, t), M(x, t)), Mx,t)= x V(x,t) -& (5

is a material conservation law of the fluid flow, which means
it is constant along the fluid streaklines.
Indeed, the fluid and gas streaklines satisfy the system
of equations
dx

— =V(x,1t).

dt ©)

Let us prove first that the material derivative
DM(x, t)/Dt vanishes. Our proof is equally applicable for
compressible gas flows because we do not use here the
incompressibility condition. Differentiating the function
M(x, t) with respect to system (6), we get

DM(x,t) _ dx DV(x,t) .
Dt  dt Vi, 0 +x Dt €z
" 4
_v ovax L SVdG
ot -~ _ ox dt z
ov .
= §+(V-F)V - @z.

Substituting here Euler’s equation (2), we find

DM(x, t 1 ”

Me.0) S e )
Applying theidentity (@ b)-c=(c a)-bto(7)and

using the equation &, x -f(x,t) 0, we transform (7)

into

~ 1
€ x) -rp= ) Ux) -rp, (8
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where U(x) = &, x. The vector field U(x) generates the
one-parametric group of rotations around the z-axis with
the unit angular velocity. Therefore, U(X)- rp = rygp =
op/d¢. Substituting this into (8) and using the z-rotational
invariance of the pressure p = p(r, z, t), we get

DM(x, t) _

lop _
Dt pop  °

pogp ©)

Let us use now the incompressibility condition. For
incompressible fluid flow, we see from the third of
the set (1) that Dp(x, t)/Dt = 0, which means that the
fluid density p(x, t) is constant along the fluid streak-
lines. Equation (9) states that DM(x, t)/Dt = 0. There-
fore, the material derivative of the composed function
G(p(x, t), M(x, t)) is

DG(p, M) _ 0G(p, M) Dp(x, 1) , 0G(p, M) DM(x, ) _
Dt op Dt oM Dt

0.
(10)

Hence all functions G(p(x, t), M(x, t)) are the material
conservation laws.

Remark 2: The statement (a) is applicable for any z-
axisymmetric solutions to Euler’s equations (1). However,
in the proof of the statement (a), we use only the z-
rotational invariance of the pressure p = p(r, z, t).

Remark 3: We proved in statement (a) that the function
M(x, t) (5) is constant along the streaklines of the inviscid
gas or fluid. However, it is not constant along the stream-
lines that are defined by the equation dx/dt = V(x, t),
where T is a new parameter and t = const. Streaklines
and streamlines do not coincide for gas or fluid flows that
depend on time t.

(b) For any differentiable functions F(x) and any flow of
an inviscid compressible gas with a z-rotationally invariant
pressure p(x, t) = p(r, z, t), the composed functions
FM(x,0), M, t)= x Vxt) -& (11

are material conservation laws, which means F(M(x, t)) are
constant along the compressible gas streaklines.

Indeed, we proved in statement (a) that DM(x, t)/Dt =
0, see (9). Evidently, for the composed functions
F(M(x, t)), we have

DF(M(x, t)) _ dF(M) DM(x,t) _

Dt dM Dt =0. (12)

Hence the composed functions F(M(x, t)) are the
material conservation laws.
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Remark 4: Statements (a) and (b) imply that the diffeo-
morphisms defined by the axisymmetric fluid and gas
flows preserve the values of function M(x, t) (5). Hence
all associated geometric objects such as the range of func-
tion M(x, t), its level sets M(x, t) = u for any constant y,
and its points of local maxima, local minima, and saddles,
together with the values of function M(x, t) are frozen into
the axisymmetric fluid and gas flows.

3 Integral Invariants for
Axisymmetric Flows

Remark 5: The density of the z-projection of the angular
momentum of gas or fluidis P(x, t) = p(x, t) x V(x,t) -
€. Evidently, the function M(x,t) = x V(x,t) - é&; for
z-axisymmetric flows is different from P (x, t). The latter is
not constant along the compressible gas streaklines.

The level sets of the z-axisymmetric function M(x, t) are
the surfaces
CHGE

M(x,t) = u = const, (13)

which also are z-axisymmetric. The function M(x, t) (11)
evidently vanishes if x = A&,. Therefore, all surfaces Sﬁ(t)
with p & 0 do not intersect the axis of symmetry z. If a sur-
face Sﬁ(t) (13) does intersect the z-axis, then necessarily
u = 0. If the surface Sﬁ(t) is compact and smooth, then
because of its axial symmetry, it is topologically either a
torus T2 or a sphere S2.

Assume that for some u the surface Sﬁ(t) (or some
part of it in case of singularities) is compact. Let Dﬁ(t)
be the compact three-dimensional domain bounded by
the surface Sﬁ(t). The conservation of the function M(x, t)
along the fluid or gas streaklines implies that the surfaces
Sﬁ(tl) of constant levels of the function M(x, t;) = p are
transported by the flow at any time t > ¢t; into the surfaces
Sﬁ (t) of the same constant levels of the function M(x, t) =
. Therefore, the compact domains Dﬁ(tl) are transported
along the gas or fluid streaklines at any time t > t; into the
compact domains Dﬁ(t). In this sense, the domains Dﬁ(t)
and their boundary surfaces Sﬁ (t) are frozen into the flow.

(c) For z-axisymmetric, ideal, incompressible fluid flows
with variable density p(x, t) and arbitrary differentiable
function G(x,y) of two variables x and y, there exists an
infinite family of integral invariants

z
Iy = G(p(x, t), M(x, t))dx,

D3 (0

(14)

for any compact invariant domain Dﬁ (0.
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Indeed, differentiating the integral I, (14) with
respect to time t and using the incompressibility equation
r-V =0, we get

dIG.y _ DG(P(X, t)a M(X, t))
= dx.
dt Dt
510

Using (10), we find dI; ,/dt = 0, which proves the
statement (d).

For G(x,y) = xky”, where k,n=1,2,3,..., we
et the doubly infinite family of invariants I, =
I:’;(t)p"(x, OM"(x, t)dx. The invariant Ioo, is the

conserved volume of the compact domain DZ(t).

(d) For any z-axisymmetric, inviscid, compressible gas
flows and arbitrary differentiable functions F(x), there
exists an infinite family of invariants

Z
Iry = p(x, )F(M(x, t))dx

D

(15)

for any compact invariant domain Df}(t).

Really, differentiating the function Ir, (15) with
respect to time t and using the material derivatives and the
equation Ddx/Dt = (r - V)dx, see [17], we get

Z
dlpy _ op
Tl §+rp V+p(r-V) F(M)
D3 ()
+ p(x, t)DngM) dx. (16)

Substituting here (3) and (12), we find dIr ,/dt = 0.

The integral (15) with F(M) = 1 defines the conserved
mass of the gas (or fluid) inside the domain Dﬁ(t). For
F(M) = M", where n=1,2,3,..., we get a countable
family of functionally independent invariants (15).

4 Applications of the Invariant
M(x, t)
The function M(x, t) (11) has the form
M(r,z,t)= x V(x,t) -&;
= @& (ré,+zé;) -V

=réy-V=rw(r,z,t).

Hence the function rw(r, z, t) = M(r, z, t) has the fol-
lowing physical meaning: it is the projection of the angular
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momentum vector of the unit-mass particles of gas or fluid
onto the axis of symmetry z.

System (6) in cylindrical coordinates r, z, ¢ takes the
form

dr _ . dz _
a - u(rs z, t)s a - V(T, z, t)s
de _
dar ~w(r, z,t) (17)

The first two equations of (17) define the induced dif-
feomorphisms of the poloidal plane (r, z) that preserve the
function M(r, z, t) (11). Let us consider the points ¢ (t) =
(rm(t), zm(t)), where

Men =0, Mientn=0. 9
r 0z

Equations (18) mean that the point cn,(t) is a critical
point of the function M(r, z, t) restricted to the plane (r, z),
see Figure 1. Since the diffeomorphisms defined by the
system (17) preserve the values of the function M(r, z, t),
we see that points cp(t) satisfying (18) are transported
by the flow diffeomorphisms. Therefore, the values of the
function M(r, z, t) at the points ¢, (t) are constant in time.
Hence, we get another series of invariants

Jm = M(cm(0) = rm(Ow(rm(£), zm(¢), t) = const.  (19)

We call them the functional invariants of the
z-axisymmetric, inviscid fluid or gas flows. The invari-
ants J;; (19) are defined for each point cp(t) where (18)
hold.

The points cm(t) defined by (18) correspond to some
z-axisymmetric circles SL(6): r = rm(t), z = zm(t), O
¢  2m, where the function M(x, t) (11) has its local max-
ima, minima, or saddles. The conservation of the function
M(x, t) along the fluid or gas streaklines implies that the
extremal z-axisymmetric circles S},(¢) are transported by
the flow diffeomorphisms or are frozen into the flow.

For any constant time ¢, consider the poloidal level
curves Cy(t) of the function M(r, z, t)

Cu(t) : M(r, z, t) = u = const, (20)

@ =0.

Analogous to the surfaces Sﬁ(t), the curves Cy(t) (20)
with y & 0 lie entirely in the domain r > 0, and if a curve
Cu(t) (20) does intersect the axis z (r = 0), then necessarily
u=0.

It is evident that the z-axisymmetric surfaces Sﬁ (H(13)
are obtained by rotating the curves C,(t) (20) around the
z-axis. Hence, if a curve Cy(t) lies in the domain r > 0, is
closed, and has no self-intersections, then the correspond-
ing surface Sﬁ(t) topologically is a torus Tﬁ (t) = Cu(®) st
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Figure 1: Poloidal section D; of the maximal blob B3 (blue) and poloidal sections D,, D3, D of the m&ximal rings Ri (pink) for the exact

z-axisymmetric fluid equilibrium with M(r, z) = r>[ 0.0237 + R 2(R 'sinR

cos R)], where R = r2 + 22 (we suppose that variables

r, z, Rare made dimensionless by the standard scaling transform). Rotation of the domain D; around the z-axis defines the maximal vortex
blob B3. Rotation of the domains D, D3, D4 around the z-axis defines the maximal vortex rings R?, R3, R3.

where S is the circle 0 ¢ 27 If Cy(f) is an infinite
curve in the domain r > 0 and has no self-intersections,
then the corresponding surface Sﬁ(t) (13) is an infinite
cylinder C;(¢).

If a curve Co(t) (20) for u = O or some closed part of
it has no self-intersections and has two intersections with
the z-axis at the points A(r =0,z =z;)and B(r =0,z =
Z>), then its rotation around the z-axis defines a deformed
sphere S3(t) with two poles A and B.

If a curve Cy(t) has no self-intersections and only one
intersection with the z-axis at a point C(r = 0, z = zj),
then its rotation around the z-axis defines a deformed
paraboloid-like surface P(z)(t) with a pole C.

Let a curve Cy(t) (20) or some part of it (in case of self-
intesections) is closed and bounds a compact set Dy (t). It is
evident that all level curves M(r, z, t) = const lying inside
the set D, (t) are also closed.

Let Ci(t) : M(r, z, t) = uy = const is a closed curve or
a closed part of it (in case of self-intersections) that is not
contained in any other compact set Dy (t) bounded by
another closed curve M(r, z, t) = uc, see Figure 1. Let Dy (t)
be the compact set bounded by the closed curve C;(t).
Rotation around the z-axis of the compact set Dy (t) defines
a three-dimensional compact set D3 (t) R>. If the set
D,f(t) lies in the domain r > 0 (for example, if yy & 0),
then topologically it is a solid torus which we call a ring
R:(t) = Di(t) S

If a compact set D-(t) bounded by a curve C-(f):
M(r, z, t) = u- = 0 has a non-empty intersection I-: (r =
0,z1(t) =z z(t)) with the z-axis, then its rotation
around the z-axis defines a deformed solid ball which we
call (in a loose sense) a blob B2(t) with two poles (r =
0,z=2zi(t) and (r =0, z = z,(¢t)).

Remark 6: The z-axisymmetric compact rings Ri(t) and
blobs B2 (t) are maximal in the sense that they are not con-
tained in any larger sets for which all surfaces Sﬁ(t) (13)
inside them are compact.

Suppose that the fluid or gas flow in an invariant domain
O has no singularities or discontinuities (no shock waves).
Then, the fluid or gas flow in O defines a time-dependent
family of diffeomorphisms. The conservation of the func-
tion M(x, t) along the fluid or gas streaklines implies
that the surfaces Sﬁ(tl) of constant levels of the function
M(x, t1) = u are transported by the flow at any time t > t;
into the surfaces S,f(t) of the same constant levels of the
function M(x, t) = u. Hence we get that the maximal rings
Rz(tl) and blobs B2(t;) are transformed by the flow dif-
feomorphisms at any time ¢ > ¢; into the maximal rings
R;(t) and maximal blobs B3(¢). In this sense, the rings
R;(t) and blobs B2(¢) are frozen into the fluid or gas flows
and therefore never intersect each other.

The physical meaning of the maximal rings Ri(t)
and blobs B3(t). The vorticity vector field corresponding
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to the velocity V(r, z, t) (4) has the form

r V(26 = %agj)éﬁ%a(a’:”éz
o oV .
S5 or é,. (21)

Formula (21) implies that the vorticity lines at any con-
stant time ¢ lie on the surfaces of constant levels of the
function rw(r, z, t) = M(r, z, t) = u. Therefore, the vortic-
ity lines belong to the surfaces Sﬁ(t) (13). All surfaces Sﬁ(t)
lying inside the maximal rings Ri(t) and blobs B3(¢) are
compact, and all surfaces lying outside of them in the
Euclidean space R®> are non-compact. Hence, the Ri(t)
and B3(t) have the following physical meaning for the
fluid or gas flows in the Euclidean space R?: R}(f) and
B?(t) are the maximal, compact, three-dimensional sets
invariant for the vorticity lines. Therefore, we call them
the maximal vortex rings Rz(t) and maximal vortex blobs
B3(t). Each extremal z-axisymmetric circle Sk,(t) corre-
sponding to a non-degenerate local maximum or mini-
mum of function M(r, z, t) (11) is a vortex axis frozen into
the flow.

The maximal vortex rings Ri(t) and blobs B3(¢) lead
to the integral invariants

Z
Rin=  plx OM"(x, t)dx,
R (®
Z
B, = p(x, ) M"(x, t)dx, (22)
B2(6)
where n=1,2,3,..., and to the functional invariants

Jm (19). The proof is given in the statements (c) and (d)
because the function M(x, t) = const on the boundaries of
the maximal vortex rings and blobs.

5 Functional Independence of
Integral Invariants (22)
from the Helicity

Integrals (22) for any maximal domain D,f(t) =Di(t) St
have the form

Jen= p(r,z, ) M"(r, z, )rdrdzde

Di(0)
Z

=2n

p(r, z, Or" I W(r, z, )drdz,  (23)

Dy (8)

where we substituted M(r, z, t) = rw(r, z, t), see Section 4.

DE GRUYTER

The z-axisymmetric velocity (4) of the ideal incom-
pressible fluid is

V(r,z, )= 1 ".(r,z, 08 +1 "Pu(r, z, D&,

+w(r, z, )&y, (24)

where (r, z, t) is the stream function. The corresponding
vorticity (21) becomes

r Low).e +r ow)e, 1t

Yrr 1 1ll)r + 1 €p.

r V=

Therefore, the helicity integral [8] over the domain
Di(t)is

Z
Hy= V-(r Vdx
D (®)
Z
=2r % Yr(rw), + Y (rw),

Dy(8)

w Pn %l/ir + 1z, drdz. (25)

Let us show that the integral invariants (22) are func-
tionally independent from the helicity (25). Indeed, for any
vortex ring or blob D,3((t), the integral invariants (22) and
(23) as functions of the velocity V(r, z, t) (24) are mutu-
ally functionally independent because the integrals of the
power functions r(rw)" and r(rw)™ for n & m are indepen-
dent. Therefore, if for a fixed k all integrals Ji , (23) with
arbitraryn 1 were functionally dependent on the helic-
ity Hy (25), then J; ,, would have been mutually function-
ally dependent on each other, but they are not. This proves
that the integral invariants J , (22) and (23) foralln 1
with possibly one exception are functionally independent
from the helicity H; (25).

6 Conclusion

The following main results were obtained in this work:

— Material conservation laws (5) were derived for the
axisymmetric flows of an inviscid, incompressible
fluid with a variable density p(x, t). The material con-
servation laws (5) contain an arbitrary differentiable
function G(x,y) of two variables x and y and gen-
eralise the laws F({) derived by Keblin et al. [5] for
incompressible fluid flows with constant density p.

— For the axisymmetric flows of an inviscid, compress-
ible gas, we derived the new material conservation
laws (11).
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