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Abstract: New material conservation laws and conserved

quantities are derived for the helically symmetric flows of

an inviscid compressible gas and an ideal incompressible

fluid with variable density ρ(x, t).
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1 Introduction
It is known for a long time (see [1]) that the two-

dimensional ideal incompressible fluid mechanics pos-

sesses an infinite series of conserved quantities, see also

[2, 3]. These are based on the material conservation laws

which by definition are functions that are constant along

the incompressible fluid streaklines. For the axisymmet-

ric flows of ideal incompressible fluid with constant den-

sity ρ the first material conservation law was discovered

by Hicks [4], p. 97, and rediscovered by Batchelor [2],

p. 544. Later, it was rediscovered again by Kelbin et al.

[5], p. 351, who also presented the material conservation

laws containing an arbitrary function F(ζ ) of one variable
for axisymmetric and helically symmetric flows of ideal

incompressible fluid with constant density ρ.
Investigations of the helically symmetric plasma equi-

libria were initiated by Johnson et al. [6]. Exact helically

symmetric plasma equilibria were found by Bogoyavlen-

skij [7], together with their applications to astrophysical

jets.

Helically symmetric flowswere applied in [8–10] to the

study of tornado-like dynamics of atmospheric gas.

The helically symmetric gas and fluid flows are invari-

ant under the helical transformations Hτ : R3 R3

which are the compositions of translations along the
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axis z and simultaneous rotations around the axis z:

Hτ : z → z + γτ, φ → φ + τ, r → r, (1)

where γ is a non-zero constant and the real parame-

ter τ defines the Lie group of transformations (1). Here

(r, z, φ) are the cylindrical coordinates r =
√︀
x2 + y2, z,

φ = arctan(y/x).
The helically symmetric flows are invariant also under

the discrete subgroup of translations

TN : z → z + 2πγN, φ → φ, r → r, (2)

which are obtained from (1) for τ = 2πN, N =
0,±1,±2, · · · . Therefore, all helically symmetric flows

are periodic in variable z with period 2πγ.

Variable u = z−γφ is invariant under the transforma-

tions (1). All components of the helically symmetric flows

depend on three variables r, u = z − γφ, t and are repre-
sented by some differentiable functions F(r, u, t). The 2π-
periodicity of the angular variable φ implies that the func-

tions F(r, u, t) must be periodic in variable u = z − γφ
with period 2πγ, for γ ̸= 0.

The helically symmetric velocity vector fields V(x, t)
have the form

V(r, u, t) = ũ(r, u, t)êr + ṽ(r, u, t)êz + w(r, u, t)êφ , (3)

where u = z − γφ and êr , êz , êφ are vectors of unit length
in directions of coordinates r, z, φ.

Remark 1: It is evident that anyhelically invariant set S ⊂
R3

is non-compact. Indeed, the invariance under the heli-

cal transformations (1) implies invariance under the infi-

nite subgroup of translations (2). Therefore, any helically

invariant set S contains infinite sequences of points TN(x)
going to ±∞ in variable z as N → ±∞. Hence, any heli-

cally invariant three-dimensional domain D3

has infinite

volume and integral of any helically invariant function

F(r, u, t) over the domain D3

is equal to ±∞ or zero.

In Section 2, we derive material conservation laws

F(Mγ(x, t)) containing an arbitrary differentiable function
F(x) for the helically symmetric flows of the inviscid com-

pressible gas obeying a baroclinic equation of state.
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For the helically symmetric flows of an ideal

incompressible fluid with variable density ρ(x, t), we

present in Section 2 the material conservation laws

G(ρ(x, t),Mγ(x, t)) containing arbitrary differentiable

functions G(x, y) of two variables x and y. This result is
a generalisation for the case of variable density ρ(x, t) of
the results by Kelbin et al. [5] for the helically symmetric

flows with constant density ρ. The material conservation

laws presented in [5] depend on an arbitrary function F(ζ )
of one variable ζ . Our method is different from the meth-

ods employed in [2, 4] and [5, 11] and uses only the helical

invariance of the pressure p(x, t).
In paper [12] we defined conserved quantities for the

axisymmetric gas and fluid flows as integrals over com-

pact three-dimensional axisymmetric domains (frozen

into the flow) of the products of the gas or fluid density

with material conservation laws. The construction [12] is

not applicable to the helically symmetric flows because

any helically invariant set S ⊂ R3

(three-, two- or one-

dimensional) is non-compact and, therefore, an integral of

any helically symmetric function over any helically invari-

ant set S is either ±∞ or zero, see Remark 1.

In Section 3 we define new conserved quantities

ΨF(µ), ΨG(µ) for the helically symmetric flows of invis-

cid compressible gas and an ideal incompressible fluid as

integrals over special compact two-dimensional sets D2

µ of

the products of density ρ(x, t) with material conservation

laws F(Mγ(x, t)), G(ρ(x, t),Mγ(x, t)). The sets D2

µ belong

to the plane z = 0 and hence are not frozen into the gas or

fluid flows and are not invariant under the helical transfor-

mations (1). Therefore, the new construction of conserved

quantitiesΨF(µ),ΨG(µ) is completely different from those

defined in [12] for the axisymmetric case. The new invari-

ants ΨF(µ), ΨG(µ) are piece-wise differentiable functions
of a real variable µ.

Serre proved that “any conservation law
∫︀
M ϕ(u(x, t),

gradu(x, t))dx = constant of the three-dimensional Euler
equations of the incompressible perfect fluid is a linear com-
bination of momenta, energy and helicity. Therefore, there
are no other invariants of the first order (i.e. involving u and
its first spatial derivatives) than those which are already
known”, [13], p. 105.We introduce in this paper new invari-

ants “of the first order” which do not belong to the class

of conservation laws studied by Serre because they explic-

itly depend on the spatial variables x
1
, x

2
, x

3
and, there-

fore, are functionally independent of themomenta, kinetic

energy, and helicity.

As known [14], helicity is connected with vortex knots

and vortex links. The vortex knots for the axisymmet-

ric fluid equilibria were investigated by Moffatt [14] and

by Bogoyavlenskij [15–17], see also Corrigendum [18].

We introduced theproblemof classificationof vortex knots

for the barotropic flows of inviscid compressible gas. This

is an extension of Kelvin’s problem [19, 20] on the vor-

tex knots classification for the ideal incompressible fluid

flows with constant density ρ.
We study Euler’s equations of the inviscid adiabatic

compressible gas dynamics [2]

∂V
∂t + (V · ∇)V = −1

ρ∇p, (4)

∂ρ
∂t + ∇ · (ρV) = 0, (5)

∂s
∂t + V · ∇s = 0, (6)

obeying a baroclinic equation of state p = p(s, ρ). Here
and below V(x, t) is the gas or fluid velocity, p(x, t) = the

pressure, ρ(x, t) = themass density, s(x, t) = the entropy

density and ∇ = the nabla operator.

We study also helically symmetric solutions of Euler’s

equations of the ideal incompressible fluid mechanics.

∂V
∂t + (V · ∇)V = −1

ρ∇p, ∇ · V = 0,

∂ρ
∂t + V · ∇ρ = 0

(7)

with variable density ρ(x, t).

2 Material Conservation Laws for
Helically Symmetric Flows

(a) Let V(x, t), p(x, t), ρ(x, t) and a helically invariant pres-
sure p(x, t) = p(r, u, t) describe an inviscid compressible
gas flow. Then for any differentiable functions F(x) the com-
posed functions

F(Mγ(x, t)),

Mγ(x, t) =
[︀
x × V(x, t) + γV(x, t)

]︀
· êz

(8)

are material conservation laws that means they are con-
stant along the compressible gas streaklines.

Indeed, the gas and fluid streaklines satisfy the system

of equations

dx
dt = V(x, t). (9)

Let us prove first that the material derivative

DMγ(x, t)/Dt vanishes. Our proof is equally applicable
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for the compressible gas flows and incompressible fluid

flows because we do not use here the continuity equa-

tion (5). Differentiating function Mγ(x, t) with respect to

system (9) we derive

DMγ(x, t)
Dt

=
[︂
dx
dt × V(x, t) + x × DV(x, t)

Dt + γ
DV(x, t)

Dt

]︂
· êz

=

[︃
V × V + x ×

(︃
∂V
∂t +

3∑︁
i=1

∂V
∂xi

dxi
dt

)︃

+ γ

(︃
∂V
∂t +

3∑︁
i=1

∂V
∂xi

dxi
dt

)︃]︃
· êz

=
[︂
x ×

(︂
∂V
∂t + (V · ∇)V

)︂
+ γ

(︂
∂V
∂t + (V · ∇)V

)︂]︂
· êz .

Substituting here Euler’s equation (4) we find

DMγ(x, t)
Dt =

[︂
−1

ρ (x × ∇p) + γ

(︂
−1

ρ∇p
)︂]︂

· êz . (10)

Applying the identity (a×b) · c = (c×a) ·b to (10) we
transform it into

DMγ(x, t)
Dt = −1

ρ
[︀
(êz × x) + γêz

]︀
· ∇p

= −1

ρ
[︀
U(x) + γêz

]︀
· ∇p, (11)

where U(x) = êz × x. The vector field U(x) generates the
one-parametric group of rotations around the axis z with
the unit angular velocity. Therefore U(x) · ∇p = ∇U(x)p =
∂p/∂φ; analogously êz · ∇p = ∂p/∂z. Substituting this

into (11) and using the helical invariance of the pressure

p = p(r, u, t) where u = z − γφ we get

DMγ(x, t)
Dt = −1

ρ

[︂
∂p
∂φ + γ

∂p
∂z

]︂

= −1

ρ

[︂
−γ

∂p
∂u + γ

∂p
∂u

]︂
= 0. (12)

Equation (12) means that function Mγ(x, t) (8) is a

material conservation law for the helically symmetric gas

and fluid flows.

For the composed functions F(Mγ(x, t)) we find

DF(Mγ(x, t))
Dt =

dF(Mγ)

dMγ

DMγ(x, t)
Dt = 0. (13)

Hence, the functions F(Mγ(x, t)) are the material con-

servation laws.¹

Remark 2: Function Mγ(x, t) (8) does not depend on the

gas density ρ(x, t). Therefore,Mγ(x, t) is not a linear com-

bination of the z-projections of the angular momentum

density [ρ(x, t)x×V(x, t)] · êz and the kinetic momentum

density [ρ(x, t)V(x, t)] · êz.

(b) For any differentiable function G(x, y) of two variables x
and y the composed function

G(ρ(x, t),Mγ(x, t)),

Mγ(x, t) =
[︀
x × V(x, t) + γV(x, t)

]︀
· êz

(14)

is a material conservation law of an incompressible fluid
flow with variable density ρ(x, t).

Indeed, for the incompressible fluid flow we find

from the third of equation (7) that Dρ(x, t)/Dt = 0 that

means the fluid density ρ(x, t) is constant along the

fluid streaklines. We proved in the statement (a) that

DMγ(x, t)/Dt = 0, see (12). Therefore, the material deriva-

tive of the composed function G(ρ(x, t),Mγ(x, t)) is:

DG(ρ,Mγ)

Dt =
∂G(ρ,Mγ)

∂ρ
Dρ(x, t)

Dt

+
∂G(ρ,Mγ)

∂Mγ

DMγ(x, t)
Dt = 0. (15)

Hence, all functions G(ρ(x, t),Mγ(x, t)) are the mate-

rial conservation laws.

Remark 3: The statements (a) and (b) imply that the dif-

feomorphisms defined by the helically symmetric gas and

fluid flows preserve the values of function Mγ(x, t) (8),
(14). Hence, the level sets Γ

2

µ(t) : Mγ(x, t) = µ for any con-
stant µ are transported with the helically symmetric gas

and fluid flows.

Remark 4: For the special values of µ = µk the level

sets Γ

2

µk (t) can be not two-dimensional surfaces but one-

dimensional helically invariant curves – helices which are

transportedwith the gas or fluid flow. These helices satisfy

the equations

Mγ(x, t) = µk , ∇Mγ(x, t) = 0. (16)

1 In the proof of the statement (a) we use only (4) and the helical

invariance of the pressure p = p(r, u, t). The continuity equation (5)

and the entropy equation (6) are not used as well as the baroclinic

equation of state p = p(s, ρ). Therefore the presented proof yields

that the same material conservation laws (8) exist also for the heli-

cally symmetric dynamics of the inviscid gas and incompressible fluid

with possible mass decay due to the radioactive processes and with

possible heat transfer due to the radiation of energy.
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The values µk can be local maximum, or minimum or

saddle values of function Mγ(x, t). For the saddle val-

ues µs the complete level sets Γµs : Mγ(x, t) = µs are two-
dimensional separatrix surfaces. We call the values µk
(k = 1, . . . , n) defined by (16) the functional invariants of
the gas or fluid flows.

Remark 5: Equation (6)means that the density of entropy

s(x, t) is a material conservation law for the adiabatic gas

flows. Hence, we get that for any differentiable function

G(x, y) of two variables x and y the composed function

G(s(x, t),Mγ(x, t)) (17)

is a material conservation law for the helically symmet-

ric adiabatic gas flows. The proof is the same as for the

statement (b), see (15).

3 Conserved Quantities for
Helically Symmetric Gas and
Fluid Flows

For the helically symmetric velocity vector field V(x, t)
the function Mγ(x, t) =

[︀
x × V(x, t) + γV(x, t)

]︀
· êz (8) is

invariant under the Lie group of helical transformations

(1). Therefore, its level sets

Γ

2

µ(t) : Mγ(x, t) = µ (18)

also are invariant under the group (1) and hence under

its infinite discrete subgroup of translations (2). Therefore,

the surfaces Γ

2

µ(t) (18) always are non-compact and go to

infinity in variable z. Assume that for t = const the inter-

section of the set Γ

2

µ(t) with plane z = 0 is a union of sev-

eral closed curves C1µ(t)which bound a compact set D2

µ(t).
The set D2

µ(t) consists of all points (x, y, z = 0) satisfying

equation Mγ(x, t) ≤ µ.
(c) For any helically symmetric flow of inviscid com-

pressible gas and any differentiable function F(x) there
exists an infinite family of conserved quantities

ΨF(µ) =
∫︁

D2

µ(t)

ρ(x, t)F(Mγ(x, t))ds, (19)

which are functions of the real parameter µ.Here x ∈ D2

µ(t)
and ds is the element of area in the plane z = 0.

Let the surface 𝒞2

µ (t) ⊂ Γ

2

µ(t) be the image of the curve

C1µ(t) under the action of the Lie group of helical transfor-
mations (1) and𝒟3

µ(t)be the image of the compact setD2

µ(t)
under the action of the Lie group (1). Both the surface 𝒞2

µ (t)

and the domain𝒟3

µ(t) are invariant under the discrete sub-
group of translations TN (2) and hence are infinite. Surface
𝒞2

µ (t) is the boundary of the three-dimensional domain

𝒟3

µ(t). Intersection of domain𝒟3

µ(t)with plane z = 0 is the

two-dimensional set D2

µ(t) bounded by the curve C1µ(t).
The proven in Section 2 existence of the material con-

servation law Mγ(x, t) (8) for the helically symmetric gas

and fluid flows implies that the surface 𝒞2

µ (t1) and the

domain 𝒟3

µ(t1) are transformed by the gas or fluid flow

at time t > t
1
into the surface 𝒞2

µ (t) and domain 𝒟3

µ(t).
Hence, the surface 𝒞2

µ (t) (on which Mγ(x, t) = µ) and its

interior domain 𝒟3

µ(t) are frozen into the gas and fluid

flows.

Consider the compact domain 𝒟3

µ.N(t) ⊂ 𝒟3

µ(t) that is
the part of domain 𝒟3

µ(t) between the two planes z = 0

and z = 2πγN. The domain 𝒟3

µ.N(t) is bounded by a part

of surface 𝒞2

µ (t) and by the two-dimensional sets D2

µ(t) at
z = 0 and TN(D2

µ(t)) at z = 2πγN. Here TN is the transla-

tion (2): z → z + 2πγN. The helical transformations Hτ
(1) preserve the area in the planes z = C and z = C +
γτ. Therefore using the helical invariance of ρ(x, t) and
Mγ(x, t) we get∫︁

𝒟3

µ.N (t1)

ρ(x, t
1
)F(Mγ(x, t1))dx

= 2πγN
∫︁

D2

µ(t1)

ρ(x, t
1
)F(Mγ(x, t1))ds. (20)

Let Ft
1
.t be the diffeomorphism of R3

defined by the

compressible gas or incompressible fluid flow between

the time t
1
and t > t

1
. The diffeomorphism Ft

1
.t trans-

forms domain 𝒟3

µ.N(t1) into domain Ft
1
.t(𝒟3

µ.N(t)). Using
the material conservation law (8) and conservation of

mass ρ(x, t)dx we get∫︁
Ft

1
.t(𝒟3

µ.N (t1))

ρ(x, t)F(Mγ(x, t))dx

=
∫︁

𝒟3

µ.N (t1)

ρ(x, t
1
)F(Mγ(x, t1))dx. (21)

Domain Ft
1
.t(𝒟3

µ.N(t1)) belongs to the domain 𝒟3

µ(t)
and is bounded by a part of surface 𝒞2

µ (t) and by the

two-dimensional compact surfaces

𝒮
1

= Ft
1
.t(D2

µ(t1)), 𝒮N = TN [Ft1 .t(D
2

µ(t1))]. (22)

Let z
1
and zN be correspondently the maximum of

coordinate z on the surface 𝒮
1
and the minimum of z on
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the surface 𝒮N . Let K be the minimal integer satisfying

condition 2πγK ≥ z
1
and L be the maximal integer sat-

isfying condition 2πγL ≤ zN . Invariance of the gas flow

with respect to all translations TN (2) implies that for suffi-

ciently large N we have L > K and

(L − K)
N → 1 as N → ∞. (23)

Let the set𝒟3

µ.K.L(t)be thepart of the set Ft1 .t(𝒟
3

µ.N(t1))
between the two planes z = 2πγK and z = 2πγL. It is
bounded by a part of surface 𝒞2

µ (t) and the two sets:

TK(D2

µ(t)) (z = 2πγK) and TL(D2

µ(t)) (z = 2πγL). By the

construction of the set 𝒟3

µ.K.L(t) and formula (20) for time

t we have ∫︁
𝒟3

µ.K.L(t)

ρ(x, t)F(Mγ(x, t))dx

= 2πγ(L − K)
∫︁

D2

µ(t)

ρ(x, t)F(Mγ(x, t))ds. (24)

Equation (23) implies that for N → ∞ domain

𝒟3

µ.K.L(t) becomes the dominating part of the domain

Ft
1
.t(𝒟3

µ.N(t1)). Therefore, we get

Z =

∫︀
𝒟3

µ.K.L(t)
ρ(x, t)F(Mγ(x, t))dx∫︀

Ft
1
.t(𝒟3

µ.N (t1))
ρ(x, t)F(Mγ(x, t))dx

→ 1 as N → ∞.

(25)

Substituting into (25) formulas (24) and (21) and using

(20) we find

Z =
2πγ(L − K)

∫︀
D2

µ(t)
ρ(x, t)F(Mγ(x, t))ds∫︀

𝒟3

µ.N (t1)
ρ(x, t

1
)F(Mγ(x, t1))dx

=
(L − K)

N

∫︀
D2

µ(t)
ρ(x, t)F(Mγ(x, t))ds∫︀

D2

µ(t1)
ρ(x, t

1
)F(Mγ(x, t1))ds

. (26)

Equations (23) and (25) show that (L − K)/N → 1 and

Z → 1 as N → ∞. Therefore, from (26) we get∫︀
D2

µ(t)
ρ(x, t)F(Mγ(x, t))ds∫︀

D2

µ(t1)
ρ(x, t

1
)F(Mγ(x, t1))ds

= Z N
L − K → 1 (27)

asN → ∞. The left hand side of (27) does not depend onN.
Therefore it is equal to its limit at N → ∞. Hence, we find

from (27): ∫︀
D2

µ(t)
ρ(x, t)F(Mγ(x, t))ds∫︀

D2

µ(t1)
ρ(x, t

1
)F(Mγ(x, t1))ds

= 1.

This equation means that function ΨF(µ) =∫︀
D2

µ(t)
ρ(x, t)F(Mγ(x, t))ds (19) does not depend on time

t and, therefore, for each µ is a conserved quantity for the
helically symmetric gas flows.

Remark 6: Intersection of the helically invariant set

Γ

2

µ(t) : Mγ(x, t) = µ with a plane z = C = γτ contains the
closed curve Hτ(C1µ(t)) that bounds the compact domain

Hτ(D2

µ(t)). The helical transformations Hτ (1) preserve

the area in the planes z = 0 and z = C = γτ. Therefore
using the helical invariance of ρ(x, t) and Mγ(x, t) we
find ∫︁

D2

µ(t)

ρ(x, t)F(Mγ(x, t))ds

=
∫︁

Hτ(D2

µ(t))

ρ(x, t)F(Mγ(x, t))ds. (28)

The equality (28) implies that the conserved quantities

ΨF(µ) calculated for z = 0 and for z = C = γτ coincide

and do not depend on the constant value of z = C.
(d) For any helically symmetric incompressible fluid

flow with variable density ρ(x, t) and any differentiable
function G(x, y) of two variables x and y there exists an
infinite family of conserved quantities

ΨG(µ) =
∫︁

D2

µ(t)

G(ρ(x, t),Mγ(x, t))ds, (29)

which are functions of the real parameter µ. Here x ∈ D2

µ
and ds is the area element in the plane z = 0.

The proof follows the same way as for the state-

ment (c), by substituting G(ρ(x, t),Mγ(x, t)) instead of

ρ(x, t)F(Mγ(x, t)) andusing the result of statement (b) that
incompressible fluid flows preserve the three-dimensional

volume dx and have two functionally independent mate-

rial conservation laws ρ(x, t) and Mγ(x, t).

Remark 7: For the adiabatic flows of compressible gaswe

proved that functions G(s(x, t),Mγ(x, t)) (17) are material

conservation laws. Therefore, using the same arguments

as in the statements (c) and (d) we get that functions

ΨG(µ) =
∫︁

D2

µ(t)

ρ(x, t)G(s(x, t),Mγ(x, t))ds

for arbitrary differentiable functions G(x, y) are con-

served quantities for the helically symmetric adiabatic gas

flows.
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4 An Example
Consider an ideal incompressible fluid flow with velocity

V(x, t) (3) having at t = 0 the form

V(x) = f (r, u)êr + r exp(−r2) cos(z/γ − φ)êz

+ r exp(−r2)êφ , (30)

f (r, u) =
1

2γ

⎛⎝1

r

r∫︁
0

e−x2
dx − e−r2

⎞⎠
sin(z/γ − φ), (31)

where u = z − γφ. Vector field V(x) (30), (31) satisfies
the incompressibility equation ∇ · V = 0 and is smooth

everywhere in R3

.

Vector field V(x) (30) evidently is invariant under the
Lie group of helical transformations (1). Using formulax =
rêr + zêz we find [x × V(x)] · êz = [êz × (rêr + zêz)] ·
V(x) = r2 exp(−r2). Therefore, the material conservation

law Mγ(x, t) (8) at t = 0 takes the form

Mγ(x) =
[︀
x × V(x) + γV(x)

]︀
· êz

= exp(−r2)
[︁
r2 + γr cos(z/γ − φ)

]︁
. (32)

Function Mγ(x) (32) is invariant under the helical

transformations (1). On the plane z = 0 function Mγ(x)
takes the form in the Cartesian coordinates x, y:

Mγ(r, φ) = exp(−r2)
[︁
r2 + γr cos(φ)

]︁
= exp(−x2 − y2)(x2 + y2 + γx).

The level curves of this function for γ =
√
3/2 are

shown in Figure 1: they all are either smooth closed

curves or three points c
1
, c

2
, s

1
of extrema of function

M√
3/2

(r, φ) or two separatrices of the saddle point s
1
.

The range of functionM√
3/2

(r, φ) is the segment [µ
1
, µ

2
],

where the minimal value µ
1

= −((

√
3 − 1)/4) exp(−1 +√

3/2) ≈ −0.1601 is achieved at the point c
1
: (x =

−(

√
3 − 1)/2, y = 0) and the maximal value µ

2
=

(3/2) exp(−3/4) ≈ 0.7085 is achieved at the point c
2
: (x =√

3/2, y = 0). Function M√
3/2

(r, φ) has one saddle point
s
1
: (x = −(

√
3 + 1)/2, y = 0) where M√

3/2

(s
1
) = µ

3
=

((

√
3 + 1)/4) exp(−1 −

√
3/2) ≈ 0.1057.

Remark 8: The values

Mγ(c1) = µ
1
≈ −0.1601, Mγ(c2) = µ

2
≈ 0.7085,

Mγ(s1) = µ
3
≈ 0.1057

are the functional invariants (16) for the fluid flow (30), (31)

with γ =
√
3/2.

Figure 1: Level curves of the material conservation law Mγ(r, u) =
exp

(︀
−r2

)︀[︀
r2 + γr cos(z/γ − φ)

]︀
at t = 0 on the plane z = 0. Here

γ =
√
3/2.

FunctionM√
3/2

(r, φ) is negative in the disk (x +
√
3/4)

2+
y2 ≤ 3/16 (shown in blue colour in Fig. 1). The domain

where µ
3

≤ M√
3/2

(r, φ) ≤ µ
2
is shown in pink colour

in Figure 1. In the (infinite) white domain we have 0 <

M√
3/2

(r, φ) < µ
3
.

Let D2

µ be the set of all points (r, ϕ) where

M√
3/2

(r, φ) ≤ µ. The set D2

µ
1

consists of the single point

c
1
; the set D2

µ
2

is the whole planeR2

. Assume that the fluid

density ρ = 1 and consider two functions of parameter µ:

Ψ
1
(µ) =

∫︁
D2

µ

M√
3/2

(r, φ)rdrdφ,

Ψ
2
(µ) =

∫︁
D2

µ

(︁
M√

3/2

(r, φ)
)︁
2

rdrdφ. (33)

Functions Ψ
1
(µ), Ψ

2
(µ) (33) are special cases of

functions ΨG(µ) (29) for which ρ = 1 and respectively

G(ρ,Mγ) = Mγ and G(ρ,Mγ) = (Mγ)
2

.

It is sufficient to consider functions Ψ
1
(µ) and Ψ

2
(µ)

only for µ ∈ [µ
1
, µ

2
], because for all µ ≥ µ

2
we have

Ψj(µ) = Ψj(µ2) and for all µ ≤ µ
1
we have Ψj(µ) =

Ψj(µ1) = 0, j = 1, 2. The values of functions Ψ
1
(µ) and

Ψ
2
(µ) at the point µ

2
are the integrals (33) over the

whole planeR2

. After the integrationswe get:Ψ
1
(µ

2
) = π,

Ψ
2
(µ

2
) = 11

32

π. The plots of functions (33) are shown in

Figure 2. Functions Ψ
1
(µ) and Ψ

2
(µ) (33) are invariants of

the helically symmetric dynamics of an ideal incompress-

ible fluid with initial (at t = 0) velocity V(x) of the form
(30), (31) with γ =

√
3/2.

During the helically symmetric dynamics of fluid the

phase portrait of the level sets M√
3/2

(r, φ, t) = µ does

depend on time t but remains topologically equivalent to
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Figure 2: Plots of invariant functions Ψ1(µ) and Ψ2(µ) for the
incompressible fluid flow with velocity (30), (31), γ =

√
3/2.

that in Figure 1. The plots of the corresponding functions

Ψ
1
(µ) and Ψ

2
(µ) in Figure 2 do not depend on time t and

therefore are new invariants of fluid dynamics.

5 Conclusion
The following main results were obtained in this work:

– We derived new material conservation laws F(Mγ(x, t))
(8) and functional invariants µk (16) for the helically

symmetric flows of inviscid compressible gas satisfying

Euler’s equation (4).

– We obtained for the helically symmetric flows of invis-

cid incompressible fluid with a variable density ρ(x, t)
the material conservation laws G(ρ(x, t),Mγ(x, t)) (14).
These contain an arbitrary differentiable function

G(x, y) of two variables x and y and generalize the laws
F(ζ ) (where F(ζ ) is an arbitrary function of one variable)
derivedbyKelbin et al. in [5] for the incompressible fluid

flows with constant density ρ.
– We introduced new conserved quantities ΨF(µ) (19)

and ΨG(µ) (29) for the helically symmetric flows of

inviscid compressible gas and an ideal incompressible

fluid which are integrals over special compact two-

dimensional sets D2

µ of the products of density ρ(x, t)
with the material conservation laws F(Mγ(x, t)) and
G(ρ(x, t),Mγ(x, t)).

– The new invariantsΨF(µ) (19) andΨG(µ) (29) are piece-
wise differentiable functions of the real parameter µ. If
two helically symmetric states of inviscid compressible

gas or incompressible fluid are dynamically connected

then the corresponding to them functions ΨF(µ) (19)
and ΨG(µ) (29) must coincide.
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