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ABSTRACT
The safety factor q(r, z, t) is proved to be a material conservation law for the time-dependent axisymmetric barotropic compress-
ible gas flows and ideal incompressible fluid flows with constant density ρ. Infinite families of conserved quantities connected
with the safety factor are derived. The existence of maximal vortex rings and vortex blobs which are frozen into the axisymmetric
inviscid gas and fluid flows is demonstrated. A stratification in the space of ideal gas and fluid flows is obtained: if two axisym-
metric states of the barotropic gas or fluid with constant density ρ are dynamically connected, then their total numbers of vortex
rings must be equal (the same for the total numbers of vortex blobs) and the infinitely many corresponding conserved quantities
must coincide.
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I. INTRODUCTION
We study Euler’s equations of the inviscid compressible

gas mechanics1

∂V
∂t

+ (V · ∇)V = −
1
ρ
∇p + ∇Φ,

∂ρ

∂t
+ ∇(ρV) = 0, (1.1)

where V(x, t) is the fluid velocity of class C2, p(x, t) is the
pressure, ρ(x, t) is the gas density, and Φ(x, t) is the Newto-
nian gravitational potential. Equation of state is assumed to
be barotropic: p(x, t) = f(ρ(x, t)), where f(u) is a differentiable
function with df(u)/du > 0. For example, gas can be viewed as
barotropic with p(x, t) = Aργ (x, t), where A and γ are constants,
γ ≥ 1.

As known,2,3 Euler’s equations (1.1) for the barotropic
compressible gas flows imply that the vector field

Ω(x, t) =
∇ × V(x, t)
ρ(x, t)

(1.2)

satisfies the equation

∂Ω

∂t
= (Ω · ∇)V − (V · ∇)Ω. (1.3)

Equation (1.3) yields2,3 that the vector fieldΩ(x, t) (1.2) is trans-
ported in time by the gas flow diffeomorphisms (or is “frozen”

into the compressible gas flow).31 This implies that any closed
trajectory of the vector field Ω (1.2) for time t1 [that is called a
“vortex knot” because vector field Ω (1.2) is proportional to the
vorticity field ∇ × V] is transformed by the gas flow at a time
t > t1 into an isotopic vortex knot. Therefore the frozenness of
the vector fieldΩ(x, t) (1.2) into the barotropic gas flow leads to
the preservation in time of the discrete topological invariants
of vortex knots and the integer valued Gauss linking number
for any two closed and linked vorticity field lines. These facts
are true for the inviscid barotropic gas flows and are well-
known for the ideal incompressible fluid flows with constant
density ρ;4 however, they are not true for the viscous gas and
fluid flows.

The z-axisymmetric velocity field V(x, t) in the cylindrical
coordinates r, z, ϕ has the form

V(r, z, t) = u(r, z, t)êr + v(r, z, t)êz + w(r, z, t)êϕ , (1.4)

where êr, êz, êϕ are vectors of unit length in directions of
coordinates r, z, ϕ. The corresponding vorticity vector field is

∇ × V = −
(rw)z
r

êr +
(rw)r
r

êz + (uz − vr)êϕ . (1.5)

Therefore the vector field Ω(x, t) (1.2) (that is frozen into the
barotropic compressible gas flow) takes the form
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Ω(r, z, t) = −
(rw)z
ρr

êr +
(rw)r
ρr

êz +
uz − vr
ρ

êϕ . (1.6)

We study also Euler’s equations of the ideal incompress-
ible fluid mechanics

∂V
∂t

+ (V · ∇)V = −
1
ρ
∇p + ∇Φ, ∇ · V = 0, (1.7)

where the fluid density ρ is supposed to be constant. For the
case of incompressible fluid, Eq. (1.3) is true if ρ = const and
implies that the vorticity vector field ∇ × V = ρΩ is frozen into
the fluid flow1,3 and hence all topological invariants of vortex
knots are preserved along the incompressible fluid flows.4

In our paper,5 we proved that functions rw(r, z, t) and
F(rw(r, z, t)) are material conservation laws for the inviscid
compressible gas flows with arbitrary equation of state [here
F(u) is an arbitrary differentiable function of u].

Remark 1. Function rw(r, z, t) has the form

rw(r, z, t) = (x × V(x, t)) · êz. (1.8)

The z-projection of the density of gas angular momentum is
P(x, t) = ρ(x, t)(x ×V(x, t)) · êz. Therefore function rw(r, z, t) (1.8)
is different from the z-projection of the density of gas angular
momentum P(x, t). The latter is not a material conservation
law.

Remark 2. The material conservation law (1.8) is invariant
under the transformations

V(x, t) −→ V(x, t) + Uêz, (1.9)

where U is an arbitrary constant. This invariance is connected
with the special form of the Galilean invariance of Euler’s
equations (1.1) for the z-axisymmetric flows.

For the z-axisymmetric ideal incompressible fluid flows
with constant density ρ, Hicks had shown in Ref. 6 on p. 97
that the function rw(r, z, t) satisfies the equation

∂(rw)
∂t

+ u
∂(rw)
∂r

+ v
∂(rw)
∂z

= 0. (1.10)

In modern terminology, Eq. (1.10) means that the function
rw(r, z, t) is a material conservation law since it is conserved
along the fluid streaklines. Batchelor had presented in Ref. 1
on p. 544 the equation “D(rw)/Dt = 0 (7·5·7)” that is equiva-
lent to Eq. (1.10). Kelbin, Cheviakov, and Oberlack presented
in Ref. 7 on p. 351 the equation d(ruϕ )/dt = 0 that coincides
with Eq. (1.10) and derived from it for the axisymmetric fluid
flows with constant density ρ the material conservation laws
F(rw(r, z, t)) [where F(x) is an arbitrary differentiable function
of x]. In Ref. 5, we demonstrated that for the z-axisymmetric
flows of incompressible fluid with variable density ρ(r, z, t) the
functions G(ρ(r, z, t), rw(r, z, t)) are material conservation laws
[here G(x, y) is an arbitrary differentiable function of x, y].

We apply the results of Ref. 5 to construct in Sec. II the
maximal vortex rings and vortex blobs for the axisymmetric
flows of the inviscid compressible gas and ideal incompress-
ible fluid.32

The time-independent safety factor q(r, z) was studied
before only for steady axisymmetric magnetic fields and for
steady axisymmetric flows of ideal incompressible fluid. The
magnetic safety factor for the z-axisymmetric steady mag-
netic fields B(r, z) is widely used in plasma physics.11,14–19 For
the steady flows of ideal incompressible fluid with constant
density ρ, the safety factor for the vorticity vector field ∇ × V
(1.5) was studied in Refs. 4, 6, 12, and 13 where it was called a
“pitch.”

Remark 3. To the best of our knowledge, this work is the
first where the safety factor q(r, z, t) is studied for the time-
dependent barotropic flows of compressible gas and incom-
pressible fluid. The time-dependent magnetic safety factor
qm(r, z, t) for the z-axisymmetric magnetic fields B(r, z, t) was
studied in our paper.20

In Sec. IV, we define the time-dependent safety factor
q(r, z, t) for the unsteady vector fieldΩ(r, z, t) [(1.2), (1.6)] for the
barotropic compressible gas flows and time-dependent ideal
incompressible fluid flows with constant density ρ and prove
in Sec. V that the safety factor q(r, z, t) is a new material con-
servation law [this means that q(r, z, t) is preserved along the
gas and fluid streaklines].

New conserved quantities and functional invariants of the
axisymmetric gas and fluid flows are presented in Secs. VI and
VII together with the proof of their functional independence
from the helicity. An extension of the classical Kelvin’s problem
is presented in Sec. VIII.

II. VORTEX RINGS AND VORTEX BLOBS
For the z-axisymmetric flows of inviscid gas, we consider

for any constant time t the surfaces rw(r, z, t) = rw = const.
Due to their z-rotational symmetry, the surfaces are either tori
T2
rw = Crw × S1

⊂ R3 or spheres S2
rw or cylinders B2

rw = Rrw × S1.
The closed curves Crw and infinite lines Rrw lie in the plane (r, z)
(that means they are purely poloidal) and satisfy the equation
rw(r, z, t) = rw = const. The circle S1 corresponds to the angular
coordinate 0 ≤ ϕ ≤ 2π and is z-axisymmetric.

The vector field Ω(r, z, t) (1.6) and the vorticity field
∇ × V(r, z, t) (1.5) evidently are tangent to the surfaces
rw(r, z, t) = rw = const.

If a surface rw(r, z, t) = rw = const is a torus T2
rw = Crw×S1,

then the vorticity lines on T2
rw are either infinite helical curves

or closed curves.
Dynamics along the vector field Ω(r, z, t) integral lines is

defined by the system (t = const)

dx
dτ
=

dx
dτ

êx +
dy
dτ

êy +
dz
dτ

êz =
dr
dτ

êr + r
dϕ
dτ

êϕ +
dz
dτ

êz = Ω(r, z, t),

which by virtue of Eq. (1.6) has the form

dr
dτ
= −

(rw(r, z, t))z
ρr

,
dz
dτ
=

(rw(r, z, t))r
ρr

, (2.1)

dϕ
dτ
=

uz − vr
ρr

. (2.2)
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After the time change τ → τ1:dτ1/dτ = 1/(ρr), system (2.1) for
t = const becomes an autonomous in the time τ1 Hamiltonian
system with the Hamiltonian function H(r, z) = rw(r, z, t),

dr
dτ1
= −

∂H(r, z, t)
∂z

,
dz
dτ1
=
∂H(r, z, t)

∂r
. (2.3)

We will use the following properties of any autonomous
Hamiltonian system (2.3) in R2:21 (a) its Hamiltonian func-
tion H(r, z) is a first integral; (b) it preserves the area drdz;
(c) all its non-degenerate equilibria are either saddles s` or
centers ck. These properties imply that every closed trajec-
tory Crw (rw(r, z, t) = rw = const) of system (2.1) belongs to
one of the poloidal sets Dk(t) ⊂ R2 satisfying the following
conditions:

1. Dk(t) is invariant with respect to system (2.1) and (2.3);
2. a dense open subset of Dk(t) is filled with closed trajecto-

ries of system (2.1) and (2.3);
3. all trajectories of system (2.1) and (2.3) in the set Dk(t) have

a finite Euclidean length and are either closed curves or
separatrices of the equilibrium points in Dk(t);

4. the set Dk(t) is connected and compact;
5. the set Dk(t) is the largest among the sets satisfying con-

ditions 1–4 and having a non-empty intersection with
Dk(t).

We will call each set Dk(t) satisfying conditions 1–5 a
maximal invariant compact set (the term “maximal” refers to
condition 5).

The boundary ∂Dk(t) is a 1-dimensional set Ck(t) that is
invariant with respect to the dynamical system (2.1) and (2.3)
and therefore satisfies the equation rw(r, z, t) = bk = const.

The closed trajectories Crw(t) of system (2.1) (t = const)
define after rotation around the axis of symmetry z the 2-
dimensional tori T2

rw = Crw × S1
⊂ R3 that are invariant

with respect to system (2.1) and (2.2) and therefore are called
Ω(r, z, t)-invariant. Rotation of a maximal set Dk(t) around
the axis z defines a 3-dimensional Ω(r, z, t)-invariant closed
set D3

k(t) = Dk(t) × S1
⊂ R3. Rotation of the boundary

curve Ck(t) = ∂Dk(t) around the axis z defines the boundary
∂D3

k(t) = Ck(t) × S1.
The total mass of gas inside the invariant domain D3

k is

Mass D3
k(t) =

∫
D3

k (t)
ρ(r, z, t)rdrdzdϕ = 2π

∫
Dk(t)

ρ(r, z, t)rdrdz.

(2.4)
Remark 4. If Ck(t) is a closed curve lying in the domain

r > 0, then the closed set D3
k(t) is a maximal Ω(r, z, t)-invariant

ring R3
k(t) which we call a vortex ring because it is invari-

ant also with respect to the vorticity field ∇ × V = ρΩ. It is
bounded by the torus T2

k(t) = Ck(t) × S1. Otherwise the closed
and bounded set D3

k(t) is a spheroid S3
` (t) (which we call a vor-

tex blob) containing a segment S` (t) of the axis of symmetry
z (r = 0).

Example 1. Let us consider an ideal incompressible fluid
equilibrium defined by the exact formula

V(r, z) = r−1(−ψzêr + ψrêz + ψêϕ ). (2.5)

Assume that the streamfunction ψ(r, z) has the form

ψ(r, z) = r2[ξ − zG3(R)], G3(R) =
1
R4

[
(3 − R2)

sinR
R
− 3 cosR

]
,

(2.6)
where R =

√
r2 + z2 and ξ is an arbitrary parameter. It is easy to

verify that the function ψ(r, z) (2.6) satisfies the special case of
the Grad-Shafranov equation

ψrr −
1
r
ψr + ψzz = r2 dF

dψ
− GdG

dψ
,

for which the arbitrary functions F(ψ) and G(ψ) have the form
F(ψ) = ξψ and G(ψ) = ψ. Therefore the function ψ(r, z) (2.6)
defines an ideal incompressible fluid equilibrium. Figure 1
demonstrates the phase portrait of the dynamical system (2.1)
with ρ(r, z) = 1 for the exact fluid equilibrium (2.5) that has the
function rw(r, z) = ψ(r, z) = r2[0.01 − zG3(R)], corresponding to
ξ = 0.01 in Eq. (2.6). The plot in Fig. 1 contains four maximal

FIG. 1. Poloidal projections of vortex rings D2 and D4 and vortex blobs D1 and D3
for the exact fluid equilibrium with the streamfunction ψ(r, z) = rw(r, z) = r2[0.01
− zG3(R)] (2.6).
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invariant compact sets Dk which are densely filled with closed
trajectories Crw (rw(r, z) = const) encircling the center equi-
librium points ck, k = 1, 2, 3, 4. The maximal sets D1, D3 (blue)
contain the equilibrium points c1 and c3 and are bounded by
the two separatrices of the saddle equilibria (a1, a2), (a3, a4),
respectively. Rotation of the sets D1, D3 around the axis of
symmetry z defines two vortex blobs S3

k ; on their boundaries,
the equation rw(r, z) = 0 holds. The maximal invariant compact
sets D2, D4 (pink) contain the equilibrium points c2 and c4 and
are bounded by the loop separatrices L1, L2 of the saddle equi-
libria s1, s2. Rotation of the sets D2, D4 around the axis z defines
two vortex rings R3

j that are bounded by the tori T 2
j = Lj × S1,

j = 1, 2.

III. DYNAMICS IN THE POLOIDAL COORDINATES (r, z)

Suppose a z-axisymmetric vector field Ω(r, z, t1) at t = t1
has a closed integral curve L ⊂ R3. Then its poloidal projection
P(L) (ignoring variable ϕ) is a closed trajectory of system (2.1) in
the plane (r, z) and hence has no self-intersections and satis-
fies the equation rw(r, z, t1) = const. Therefore from the above,
we get that there exists a maximal invariant set D(t1) ⊂ R2

that contains the curve P(L) and is densely filled with closed
trajectories Crw(t1).

For the z-axisymmetric flows, we get that the induced
diffeomorphisms defined in the poloidal plane (r, z) by the
poloidal projection of the velocity field V(r, z, t) preserve
the axis of symmetry z (r = 0) and the invariant domain r
> 0. The frozenness of the vector field Ω(r, z, t) into the
barotropic gas flows2,3 implies for the z-axisymmetric case
that the poloidal projection of the vector field Ω(r, z, t) is
frozen into the induced dynamics of fluid in the poloidal coor-
dinates (r, z). Therefore the phase portrait of dynamical system
(2.1) is changed in time t by the induced diffeomorphisms of the
poloidal plane (r, z).

Let Ft1 ·t be the induced diffeomorphism defined by the
fluid dynamics from time t1 to time t > t1. Any closed trajec-
tory Crw(t1) of system (2.1) at time t1 in the invariant domain
r > 0 is transformed by the diffeomorphism Ft1 ·t into another
closed trajectory Crw(t) of system (2.1) at time t in the domain
r > 0. The corresponding constant values of the function
rw(r, z, t) are the same because the function rw(r, z, t) is the
material conservation law.5 Since any maximal invariant com-
pact set Dk(t1) [that is densely filled with the closed trajecto-
ries Crw(t1)] is transformed by the diffeomorphism Ft1 ·t into the
maximal set Dk(t), the frozenness of the vector field Ω(r, z, t)
into the fluid flow implies that the image Ft1 ·t(Dk(t1)) coincides
with the set Dk(t).

Any compressible gas flow preserves the total mass of gas
inside any domain transported with the flow; this follows from
the second of Eqs. (1.1). Hence we get the conservation of mass
(2.4),

Mass D3
k(t) = Mass D3

k(t1). (3.1)

Since the induced diffeomorphisms Ft1 ·t preserve the axis of
symmetry z (r = 0) and the domain r > 0, we get that the total
number Nr of vortex rings R3

k(t) = Dk(t) × S1 and their masses

(3.1) are constant in time. The same is true for the total number
Ns of closed vortex blobs S3

` (t) = D` (t) × S1 and their masses
(3.1). No collapses or touching between vortex rings or blobs
can occur during the axisymmetric ideal gas or fluid dynamics.
The above results mean that the vortex rings R3

k(t) and vortex
blobs S3

` (t) are transported with the fluid flow or are “frozen
in the flow.”

IV. SAFETY FACTOR FOR THE TIME-DEPENDENT
AXISYMMETRIC BAROTROPIC GAS FLOWS

In this paper, we investigate the safety factor q for the
time-dependent axisymmetric barotropic gas flows. The term
“safety factor” was first introduced in 1964 by Mercier in
plasma physics11 where q was connected with the stability
(and hence safety) of axisymmetric plasma equilibria. In fluid
dynamics, the term “pitch” p = 2πq was first introduced for
the stationary axisymmetric flows of ideal incompressible fluid
with constant density ρ by Hicks6,12 and was reintroduced
later by Moffatt.4

Let us define the safety factor q(x, t) for the time-
dependent axisymmetric vector fields Ω(x, t) (1.6) and prove
its conservation along the barotropic compressible gas streak-
lines. Any closed integral curve of the vector field Ω(r, z, t)
lies on a torus T2

= C × S1. Let the curve go m times a
long way (along the circle S1) and n times a short way (along
the closed curve C). The safety factor q for such a curve
is defined in Ref. 11 as q = m/n. Other definitions of the
pitch p = 2πq for the fluid equilibria are given in Refs. 4
and 6.

We propose the following definition of the safety factor of
the helical integral curves of the vector field Ω(r, z, t) (1.6) on
the time-dependent tori T2

rw(t) = Crw(t) × S1, where t = const.
Let τ(rw(t)) be the period of the corresponding closed poloidal
trajectory Crw(t) of system (2.1). The safety factor q(r, z, t) of the
helical integral curve is equal to the increment of the angle ϕ
during one period τ(rw(t)), divided by 2π,

q(r, z, t) =
1

2π
O
∫
Crw(t)

dϕ
dτ

dτ =
1

2π

∫ τ(rw(t))

0

(uz − vr)[r(τ), z(τ), t]
ρ(τ)r(τ)

dτ.

(4.1)

Formula (4.1) defines the safety factor for both the infinite heli-
cal trajectories of system (2.1) and (2.2) on the torus T2

rw(t) and
for the closed ones. The safety factor q(r, z, t) has the same
value for all integral curves of the vector field Ω(r, z, t) on a
given torus T2

rw(t) because the circle integral in (4.1) does not
depend on the starting point. If the number q(r, z, t) is rational
=m/n, then during n periods τ(rw(t)), the angle ϕ increases for
n · 2πm/n = 2πm. Therefore the corresponding curve on the
torus T2

rw(t) = Crw(t) ×S1 is closed and makes m complete turns a
long way and n turns a short way. Hence for the closed integral
curves of the vector field Ω(r, z, t), our definition (4.1) is equiv-
alent to the one of Ref. 11. Such closed curves are called torus
knots Km ,n.22 The torus knots Km,n ⊂ T2

rw(t) have a topological
invariant that is the ratio m/n.22
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V. SAFETY FACTOR q(r, z, t) IS A MATERIAL
CONSERVATION LAW FOR THE BAROTROPIC
GAS FLOWS

Since the vector fieldΩ(r, z, t) is frozen into the barotropic
compressible gas flow, the same is true for the correspond-
ing torus knots Km ,n. Hence during the dynamics of fluid, the
main characteristic of the knots m/n = q(r, z, t) is conserved
because it is a topological invariant. Therefore all rational val-
ues of the safety factor q(r, z, t) (4.1) are conserved along the
fluid streaklines.

The continuity of function q(r, z, t) (4.1) implies that tori
T2
rw(t) with rational values of q(r, z, t) are everywhere dense

in each closed set D3
k(t). Any irrational value of q(r, z, t) = ξ

is a limit of certain rational values q` (r, z, t) = m`/n` :ξ
= q(r, z, t) = lim`→∞m`/n` . Therefore the conservation dur-
ing the barotropic gas dynamics of the rational values q` (r, z, t)
= m`/n` and the continuity of function q(r, z, t) (4.1) yield that
all its irrational values q(r, z, t) = ξ also are conserved. Hence
the safety factor q(r, z, t) and any continuous function of it,
F(q(r, z, t)), are conserved along the compressible gas streak-
lines. Therefore the functions F(q(r, z, t)) form an infinite family
of material conservation laws {for example, cos[nq(r, z, t)] and
qn(r, z, t)} which are defined inside the maximal vortex rings
R3

k(t) and blobs S3
k(t) that are frozen into the fluid flow.

Remark 5. The safety factor q(r, z, t) is constant on each
torus T2

rw(t) = Crw(t) × S1 because the circle integral in Eq. (4.1)

does not depend on the starting point. The torus T2
rw(t) ⊂ R3

is defined by the equation rw(r, z, t) = rw = const. Hence
the function q(r, z, t) (4.1) is constant on the compact level
sets of function rw(r, z, t). Nevertheless this does not auto-
matically imply that the function q(r, z, t) is a material
conservation law. Indeed, for any differentiable functions
g(t) and G(t, x), the differentiable functions g(t)F(rw(r, z, t))
and G(t, rw(r, z, t)) for any fixed t are constant on the level
sets of function rw(r, z, t). However the functions g(t)F(rw(r,
z, t)) and G(t, rw(r, z, t)) evidently are not conserved along the
fluid streaklines. Therefore the above presented proof is nec-
essary. It implies that functions q(r, z, t) and rw(r, z, t) inside
the vortex rings R3

k(t) and vortex blobs S3
` (t) are connected by

some functional relations.

VI. NEW FUNCTIONAL INVARIANTS
The boundary ∂Dk(t) is a 1-dimensional set Ck(t) that is

invariant with respect to dynamical system (2.1) and hence
satisfies the equation rw(r, z, t) = const where the constant
value does not depend on time because the function rw(r, z, t)
is a material conservation law. Thus we arrive at the new
invariants

bk = rw(r, z, t)���Ck(t)
. (6.1)

Invariants bk are zeros at the boundaries of the vortex blobs
B3
` (t).

The function rw(r, z, t) (t = const) of class C2 has at least
one point ck(t) = (rk(t), zk(t)) of its local maximum or minimum

in the interior of each maximal invariant compact set Dk(t). The
point ck(t) is an equilibrium point of system (2.1) and therefore
is transported with the compressible gas flow as well as the
corresponding vortex axis Sk(t) = ck(t) × S1. Hence the values
of the material conservation law rw(r, z, t) at the points ck(t)
are new functional invariants,

ak = rk(t)w(rk(t), zk(t), t). (6.2)

Using the methods in Ref. 5, one can show that invariants
bk (6.1) and ak (6.2) exist also for the inviscid compress-
ible gas flows with arbitrary equation of state (not neces-
sarily barotropic) and for the incompressible fluid flows with
variable density ρ(r, z, t).

Let Ak(t) and Bk(t) be the limits of the safety factor q(r, z, t)
at the point ck(t) and at the boundary Ck(t) = ∂Dk(t), respec-
tively. Since the safety factor q(r, z, t) is conserved along the
barotropic gas streaklines, we get that its limits Ak(t) and Bk(t)
are also conserved. Therefore the limits do not depend on time
t and hence are the new invariants Ak and Bk of the axisymmet-
ric barotropic gas flows (we call them the functional invari-
ants). In Ref. 23, we have demonstrated by formulas (6.5) that
the limits Bk can be ±∞.

Let us derive an exact formula for the invariants Ak. Sup-
pose that for some constant time t the function rw(r, z, t) has a
non-degenerate local maximum or minimum at a point ck(t)
= (rk(t), zk(t)). This means that (rw)r(ck(t)) = 0, (rw)z(ck(t))
= 0, and the Hessian H(ck(t)) = (rw)rr(ck(t))(rw)zz(ck(t)) −
[(rw)rz]

2(ck(t)) > 0. Then the neighboring curves rw(r, z, t) = rw
= const are closed curves Crw(t) encircling the point ck(t). The
curves Crw(t) are closed trajectories of system (2.1). Let τ(rw(t))
be their periods. In the limit rw(r, z, t) → rw(ck(t)), the closed
curves Crw(t) tend to the equilibrium point ck(t):(r = rk(t), z =
zk(t)). Applying formula (4.1), we find

Ak = lim
(r,z)−→(rk(t),zk(t))

q(r, z, t) = τ(rw(ck(t)))
(uz − vr)(ck(t))
2πρ(ck(t))rk(t)

, (6.3)

where τ(rw(ck(t))) = lim τ(rw(t)) when rw(t)→ rw(ck(t)).
Dynamical system (2.1) near the equilibrium point (rk(t),

zk(t)) is approximated by the system in variations21

dδr
dτ
= −a11(t)δz − a12(t)δr,

dδz
dτ
= a12(t)δz + a22(t)δr, (6.4)

a11(t) = hk(rw)zz(ck(t)), a12(t) = hk(rw)rz(ck(t)),

a22(t) = hk(rw)rr(ck(t)),
(6.5)

where δr(τ) = r(τ) − rk(t), δz(τ) = z(τ) − zk(t), and hk =

[ρ(ck(t))rk(t)]−1. From formulas (6.5), we get

a11(t)a22(t) − a2
12(t) = Fk(t) = h2

kH(ck(t)) > 0. (6.6)

Linear system (6.4) has quadratic first integral Q(δr, δz)
= a22(t)(δr)2 + 2a12(t)δrδz + a11(t)(δz)2 which in view of (6.6)
is either positive or negative definite. Hence its level curves
Q(δr, δz) = const are nested ellipses and therefore all solutions
to system (6.4) are periodic. Due to the scaling invariance of
the linear system (6.4), all its solutions have the same period

τk(t) = 2π/
√
Fk(t).21
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From the general theory of dynamical systems,21 it fol-
lows that the limit at rw(r, z, t) → rw(ck(t)) of the function
of periods τ(rw(t)) is the period τk(t) of the linear system in
variations (6.4). Using formula (6.6), we find

τ(rwk(t)) = lim
rw(r,z,t)−→rw(ck(t))

τ(rw(t)) =
2π√
Fk(t)

=
2πρ(ck(t))rk(t)√

H(ck(t))
.

(6.7)
Using formulas (6.3) and (6.7) for the limit of the periods

τ(rw(t)) at rw(r, z, t)→ rk(t)w(ck(t)), we get

Ak =
(uz − vr)(ck(t))√

((rw)rr(rw)zz − [(rw)rz]2)(ck(t))
. (6.8)

Formula (6.8) defines the explicit form of the new functional
invariants of the axisymmetric barotropic gas flows.

New invariants bk (6.1), ak (6.2), Ak (6.8) evidently are func-
tionally independent and do not depend on the gas density
ρ(x, t).

Remark 6. The same invariants bk (6.1), ak (6.2), Ak (6.8)
exist for the ideal incompressible fluid flows. For the latter, the
incompressibility equation ∇ · V = 0 implies the existence of
the flux function ψ(r, z, t) and the relations u = −r−1ψz, 3 = r−1ψr
in Eq. (1.4). Substituting these formulas into Eq. (6.8), one gets
the explicit form of invariants Ak for the ideal incompressible
fluid flows with constant density ρ,

Ak = −

(
ψrr −

1
rψr + ψzz

)
(ck(t))

rk(t)
√

((rw)rr(rw)zz − [(rw)rz]2)(ck(t))
. (6.9)

Invariants bk (6.1) and ak (6.2) are the same.

VII. INFINITE FAMILIES OF CONSERVED QUANTITIES
AND LOCAL CONSERVATION LAWS

From the fact that the safety factor q(x, t) for the
barotropic gas flows and function rw(x, t) are material conser-
vation laws, we get that for any differentiable function G(x, y)
of two variables x and y the composed function G(q(x, t),
rw(x, t)) also is a material conservation law and hence satisfies
the equation

∂[G(q(x, t), rw(x, t))]
∂t

+
3∑
i=1

Vi(x, t)
∂[G(q(x, t), rw(x, t))]

∂xi
= 0, (7.1)

where Vi(x, t) are components of the compressible gas
velocity.

The second equation (1.1) has the form

∂ρ(x, t)
∂t

+
3∑
i=1

∂[ρ(x, t)Vi(x, t)]
∂xi

= 0. (7.2)

Multiplying Eq. (7.1) with ρ(x, t), Eq. (7.2) with G(q(x, t), rw(x, t)),
then adding the results, and applying the Leibnitz formula, we
get an infinite family of local conservation laws

∂[ρ(x, t)G(q(x, t), rw(x, t))]
∂t

+
3∑
i=1

∂[ρ(x, t)Vi(x, t)G(q(x, t), rw(x, t))]
∂xi

= 0. (7.3)

For any differentiable function G(x, y) of two variables x
and y, the formulas

IkG =
∫
D3

k (t)
ρ(x, t)G(q(x, t), rw(x, t))dx (7.4)

define an infinite family of conserved quantities for the
axisymmetric Euler’s equations (1.1). Indeed, the barotropic
compressible gas flow preserves the composed material con-
servation laws G(q(x, t), rw(x, t)); it transforms the set D3

k(t1)
into D3

k(t) for t > t1 and preserves the mass ρ(x, t)dx of any
infinitesimal domain transported with the gas flow. Hence the
local conservation law (7.3) implies that the integral (7.4) is
preserved by the gas dynamics. For example, let us consider
Eq. (7.4) for G(x, y) = cos(nx). The functionals

Ikn =
∫
D3

k (t)
ρ(x, t) cos(nq(x, t))dx (7.5)

are defined for any integers n ≥ 0 and form an infinite family
of conserved quantities for Eqs. (1.1). The conserved quantities
|Ikn | (7.5) for all n ≥ 0 are bounded by the conserved masses
(2.4) of gas in the domain D3

k(t) because |cos(nq(x, t)) | ≤ 1. We
get another infinite set of conserved quantities from Eq. (7.4)
for G(x, y) = ym,

Jkm =
∫
D3

k (t)
ρ(x, t)[rw(x, t)]mdx. (7.6)

In view of Eqs. (2.1) and (2.2), the helicity integral4 over the
domain D3

k(t) has the form

Hk =

∫
D3

k (t)
V · (∇ × V)dx. (7.7)

Let us show that the integral invariants (7.5) are functionally
independent from the helicity (7.7). Indeed, for any vortex ring
or blob D3

k(t), the integral invariants (7.5) as functions of the
velocity V(r, z, t) (2.1) are mutually functionally independent
because the integrals of the functions cos(ny) and cos(n1y) for
n , n1 are independent. Therefore if all integrals Ikn (7.5) with
arbitrary n ≥ 1 were functionally dependent on the helicity Hk
(7.7), then Ikn would have mutually been functionally depen-
dent on each other, but they are not. This proves that the inte-
gral invariants Ikn (7.5) for all n ≥ 1 with possibly one exception
are functionally independent from the helicity Hk (7.7).

VIII. AN EXTENSION OF KELVIN’S PROBLEM
The problem of classification of vortex knots for incom-

pressible fluid flows with constant density ρ was first formu-
lated and studied by Kelvin24,25 and is now one of the classical
problems of fluid mechanics.

The results of this paper imply that Kelvin’s problem has
an extension as a more general problem of classification of
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vortex knots for the barotropic flows of compressible gas.
Indeed, as known,2,3 the vector fieldΩ(x, t) = curlV(x, t)/ρ(x, t)
(1.2) is frozen into the barotropic gas flows. Therefore its
closed trajectories (knots) are transported with the gas flow.
Since vector fields Ω(x, t) and curlV(x, t) are proportional, the
closed trajectories of the vector field Ω(x, t) simultaneously
are vortex knots. Hence the topological invariants of knots for
the vector fields Ω(x, t) and curlV(x, t) are invariants of the
barotropic gas flows.

The moduli spaces of vortex knots were first introduced
in our papers27,28 for the steady flows of incompressible fluid
with constant density ρ. They are also well defined for arbi-
trary time-dependent barotropic flows of compressible gas
and ideal fluid. The moduli spaces in general are different
for different time-dependent gas and fluid flows because the
invariants bk (6.1), ak (6.2), and Ak [(6.8) and (6.9)] evidently
depend on the particular flow.

The recent progress in the study of the classical Kelvin’s
problem is connected with the existence of many exact solu-
tions to Euler equations (1.7) for the ideal incompressible fluid
flows. The problem for the axisymmetric fluid and plasma
equilibria was studied by Moffatt in Refs. 4, 13, and 15 where
it was stated that for the axisymmetric fluid and plasma equi-
libria the limits of the pitch p = 2πq at the vortex and mag-
netic axes are always infinite and the limits of p = 2πq at the
boundaries of the spheroids S3

k are always zero. These two
statements were incorrect and had led Moffatt to the erro-
neous conclusions4,13,15 that all torus knots Km ,n for all values
of the parameter q = m/n are realized as vortex and mag-
netic knots for the axisymmetric fluid and plasma equilibria.
The correction was performed in Ref. 23; see also the Corri-
gendum.26 We proved in Ref. 23 that by far not all torus knots
are realized as vortex knots because the parameter q = m/n
of torus knots Km ,n for different fluid equilibria takes values
in certain subintervals of the axis R1. Therefore the moduli
spaces of non-isomorphic vortex knots depend on concrete
equilibria.

We presented in Refs. 27 and 28 the detailed studies
of the moduli spaces of vortex knots for two different ideal
fluid equilibria. The first of them27 is the well-known sphero-
mak Beltrami flow initially discovered and studied by Hicks6

and later rediscovered as a plasma equilibrium by Chan-
drasekhar29 and Woltjer30 and studied by Moffatt in Refs. 4
and 15. We proved in Ref. 27 that for the spheromak flow in the
first invariant spheroid the safety factor q takes values only
in the interval 0.7152 < q < 0.8252 and for the whole space
R3 only in the interval 0.5 < q < 0.8252. The sets of all ratio-
nal points m/n = q in these intervals form the correspond-
ing moduli spaces of vortex knots. The second of the studied
examples28 belongs to a new family of the ideal incompressible
fluid and plasma equilibria. The corresponding moduli spaces
of vortex knots are the sets of all rational points in the inter-
vals 0.4586 < q < 0.5847 and 0.25 < q < 0.5847, respectively,
for the first invariant spheroid and for the whole space R3.

IX. CONCLUSION
The following main results were obtained in this article:

• We proved that the time-dependent safety factor
q(r, z, t) is a new material conservation law for the
axisymmetric flows of barotropic compressible gas and
ideal incompressible fluid with constant density ρ.

• We demonstrated the existence of the vortex rings
R3

k(t) and vortex blobs S3
` (t) which are frozen into the

axisymmetric gas and fluid flows.
• We constructed the infinite series of invariants

Mass R3
k(t), Mass B3

` (t), Nr, Ns, ak, bk, Ak, Ikn, Jkm,

(9.1)

defined by Eqs. (2.4), (6.1), (6.2), (6.8), (6.9), (7.5), and
(7.6) for the axisymmetric dynamics of the barotropic
compressible gas and the ideal incompressible fluid.
Here Nr and Ns are the total numbers of vortex rings
R3

k(t) and vortex blobs S3
` (t), respectively. Invariants

MassR3
k(t) and MassB3

` (t) are their masses (2.4).
• The existence of invariants (9.1) implies that the

axisymmetric dynamics of barotropic compressible gas
and the ideal incompressible fluid between two given
states is possible only if the corresponding total num-
bers Nr of vortex rings are equal and their masses
MassR3

k(t) are equal (the same for the total numbers
Ns of vortex blobs and their masses), and all new
invariants bk (6.1), ak (6.2), Ak (6.8), Ikn (7.5), and Jkm
(7.6) for them coincide. This evidently yields a strat-
ification in the space of axisymmetric gas and fluid
flows.
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