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Abstract—Analog electronic and optical computing exhibit
tremendous advantages over digital computing for accelerating
deep learning when operations are executed at low precision.
Although digital architectures support programmable precision
to increase efficiency, analog computing architectures today only
support a single, static precision. In this work, we characterize
the relationship between the effective number of bits (ENOB)
of precision of analog processors, which is limited by noise, and
digital bit precision for quantized neural networks. We propose
extending analog computing architectures to support dynamic lev-
els of precision by repeating operations and averaging the result,
decreasing the impact of noise. To utilize dynamic precision, we
propose a method for learning the precision of each layer of a
pre-trained model without retraining network weights. We evaluate
this method on analog architectures subject to shot noise, thermal
noise, and weight noise and find that employing dynamic precision
reduces energy consumption by up to 89% for computer vision
models such as Resnet50 and by 24% for natural language pro-
cessing models such as BERT. In one example, we apply dynamic
precision to a shot-noise limited homodyne optical neural network
and simulate inference at an optical energy consumption of 2.7
aJ/MAC for Resnet50 and 1.6 aJ/MAC for BERT with <2% accu-
racy degradation, implying that the optical energy consumption is
unlikely to be the dominant cost.

Index Terms—Neural networks, signal-to-noise ratio, analog
computing, optical computing.

I. INTRODUCTION

ANALOG electronic and optical computing have demon-
strated significant promise for accelerating matrix multi-

plications, the dominant computational cost in deep learning [1].
Common approaches include resistive crossbar arrays [2], [3],
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[4] and passive linear optical circuits, such as homodyne photo-
electric multiplication and broadcast-and-weight [5], [6], [7],
[8], [9]. By minimizing data movement costs (either using
in-memory processing or moving data optically), amortizing
energy over a large matrix multiplication, and completing entire
matrix multiplications in a single clock cycle, analog processors
can exhibit improvements over digital electronics in energy
(>102), speed (>103), and compute density (>102) [1]. These
performance improvements are critical as deep learning models
double in size every 3.4 months [10], outpacing the growth of
Moore’s law and stretching the limits of digital hardware. How-
ever, analog computing exhibits these tremendous advantages
over digital computing only when operations can be executed at
low precision [1].

Fortunately, empirical research has demonstrated the robust-
ness of deep learning at low bit precision. Despite being trained
with 32 bit floating point representations, deep learning models
can be deployed using just 4-8 bit integers without substantial
accuracy degradation [11], [12], [13]. The minimum attainable
precision is dependent on the network; larger neural networks,
such as Resnet50, can be run at lower precision than compressed
networks such as MobilenetV2 [12]. In addition, different layers
of neural networks are tolerant to different levels of bit precision,
and uniformly quantizing all layers to the same low precision
leads to accuracy degradation. Using mixed bit precision, which
executes precision-sensitive layers at high precision and insen-
sitive layers at lower precision, enables inference with as few
as 2-3 bits [13], [14], [15], [16], [17], [18], [19], [20], [21].
Digital hardware supports the execution of neural networks at
dynamically varying bit precision; for example, NVIDIA A100
GPUs enable 1-64 bit integer arithmetic and 16-64 bit floating
point arithmetic depending on the program or layer precision
requirements [22].

By contrast, analog architectures for deep learning have not
exploited dynamic precision to the extent that digital architec-
tures have. Precision in analog computers is limited by various
types of noise, such as shot noise, thermal noise, and weight
read noise. We analyze the effective number of bits (ENOB)
of precision of analog computing architectures in Section III.
We find a surprising observation: because the dynamic range of
outputs at each network layer varies, the effective number of bits
of precision of an analog computing architecture is different for
each layer. Unfortunately, precision-sensitive layers do not tend
to have a higher ENOB by default. Despite this, analog matrix
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Fig. 1. Three different approaches to analog electronic and optical computing that are used as case studies in this work. (a) Resistive crossbar arrays perform
computing in-memory by applying inputs as voltages to rows of the array, and storing weights in flash, memristors, or phase change memory as the conductance
between two points [2], [3], [4], [29], [30], [31], [32], [33], [34], [35]. Ohm’s law yields a sum of products of these input voltages and weight conductances to
produce a current that is proportional to the matrix-vector multiplication. (b) Homodyne photoelectric multiplication integrates charge at a coherent detector and
accumulates MACs over time steps t [23]. (c) Broadcast and weight uses modulators and wavelength division multiplexing to compute a matrix-vector multiplication
in a single clock cycle [36], [37], [38], [39], [40], [41], [42], [43], [44].

multipliers for deep learning do not dynamically vary precision
to account for the precision sensitivity of different layers. At
most, they allow for the amount of precision to be statically
determined at design time for each neural network [1], [23],
[24], or utilize mixed precision by using a digital processor for
precision-sensitive operations, such as backpropagation or the
first and last layer [3], [25], [26], [27], [28].

In this work, we propose extending analog computing archi-
tectures to support dynamic precision that can be selected by a
programmer or compiler, analogous to bit precision in digital
hardware. We observe that it is possible to trade off various
performance metrics, such as energy efficiency, throughput, or
area, to improve the precision of the analog computing engine.
By repeating the same operation multiple times and averaging
the results (as demonstrated by multi-memristive synapses [24]),
precision can be improved at the cost of expending more energy.
In Section IV, we discuss how redundant coding (repeating
the same operation) in space or time can be applied to both
analog electronic and optical computing architectures to enable
dynamic precision.

A key challenge for deploying neural networks with dynamic
precision is determining the optimal precision of different layers
of the neural network given a hardware performance target. In
Section V, we tackle this by solving an optimization problem.
We focus specifically on the tradeoff between the energy per
multiply-accumulate (MAC) of redundant coding and the result-
ing precision. We define a constrained optimization problem to
maximize the original objective of the neural network subject to
a constraint on total energy consumed, where the energy/MAC
of each layer may be varied. The constraint is turned into a
penalty function, and the optimal precision/energy tradeoff can
be found by gradient descent.

We evaluate the advantages of supporting dynamic precision
in analog computing on its energy consumption via software
simulations in Section VI. We apply the method to a variety of
convolutional neural networks (CNNs) for computer vision, in-
cluding Resnet50, and natural language processing models such
as BERT subject to different types of limiting noise, including
shot noise, thermal noise, and weight noise, and determine the
minimum energy/MAC with <2% accuracy degradation. First,

we find that different networks are tolerant to different precision:
some models require 34x more energy/MAC than others when
each model is executed at uniform precision. This implies that
fixed precision analog hardware will either be unable to support
the networks that require greater energy/MAC, or will expend
substantially more energy than needed for more noise-tolerant
networks. Second, we find that using dynamic precision within
a single network reduces energy consumption by up to 43-96%
while obtaining similar accuracy. In one example, by using
dynamic precision, optical homodyne photoelectric multipliers
subject to the shot noise limit [23] can perform Resnet50 infer-
ence at 2.7 aJ/MAC and BERT inference at 1.6 aJ/MAC. This
demonstrates that the energy floor for optical neural networks
will be dominated by other costs, such as data movement, analog
to digital conversion, and memory accesses.

II. BACKGROUND AND RELATED WORK

A. Deep Neural Networks

A deep neural network consists of a series of layers, each of
which performs a matrix multiplication followed by a nonlinear
activation function. Let layer (l)haveN (l) input neurons,N (l+1)

output neurons, weight matrix W(l), input vector x(l), and
nonlinear activation function f . Then the input to the (l + 1)th

layer is computed as:

x
(l+1)
i = f

(
g
(
W

(l)
i ,x(l)

))
1 ≤ i ≤ N (l+1)

g
(
W

(l)
i ,x(l)

)
=

N(l)∑
j=1

W
(l)
ij x

(l)
j (1)

Each neuron, as demonstrated above, computes a dot prod-
uct between a row of the weight matrix W

(l)
i and the input

to that layer, and performs N (l) multiply-accumulate opera-
tions (MACs). The neural network stacks L such layers and
computes the probability of class labels as pm(y|x; θ), where
θ = {W(1), . . . ,W(L)} denotes all the parameters of the neural
network.
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B. Low Precision Neural Networks

Neural networks are able to perform accurate inference at
low bit precision in digital hardware. Empirical research has
demonstrated that neural network accuracy degrades minimally
when quantizing to 4 to 8-bit fixed point integer representations,
despite the networks being trained using 32-bit floating point
numbers [11], [12], [13].

A common method for quantizing floating point values to
low precision is affine quantization [11]. In affine quantization,
floating point inputs x(l) (or weights) in the range [x(l)

min,x
(l)
max]

are mapped to fixed point integers of B bits from 0 to 2B − 1
by scaling, translating, and rounding the inputs. Mathematically,
this is

x(l)
q = round

(
x(l)

Δ(l)

)
+ z(l)

Δ(l) =
x
(l)
max − x

(l)
min

2B

z(l) = round

(
−x

(l)
min

Δ(l)

)
(2)

The average precision required by commonly deployed neural
networks can be lowered by using mixed precision. Different
layers of neural networks are tolerant to different degrees of pre-
cision, and uniformly quantizing all layers of a neural network to
the same bit precision leads to accuracy degradation [15]. There
are many approaches for determining the bit precision of each
layer, which requires searching an exponentially large space in
the number of layers [13], [14], [15], [16], [17], [18], [19]. The
method most similar to the one presented in this paper learns the
bitwidth of each layer via gradient descent [21]. Other works
perform post-training mixed precision quantization by making
theoretical assumptions about signal-to-quantization noise ratio
(SQNR) [20].

C. Noise in Analog Computing

A unique characteristic of analog computing is that it is sub-
ject to noise from many different sources. These noise sources
include shot noise derived from Poisson distributed photons or
electron fluctuations from the incoming signal [45], thermal
noise in resistors, weight read noise in resistive memory from
thermal noise, random telegraph noise, or 1/f noise [3], [46],
and other types of device nonlinearities or fabrication varia-
tion [47]. If analog computing architectures quantize outputs
to low bit precision, this noise may lead to bit errors in the
least significant bit, which will not necessarily degrade neural
network accuracy.

To account for nondeterminism in analog hardware, we re-
place the function g with a random variable g̃ that is sampled
based on the noise distribution. The distribution of g̃ is depen-
dent on the hardware architecture and type of noise. The noisy
model’s predictions are also a random variable, which we denote
p̃m(y|x; θ).

In this work, we model analog noise sources for three case
studies: resistive crossbar arrays [2], [3], [4], [29], [30], [31],

[32], [33], [34], [35], homodyne photoelectric multipliers [23],
and optical broadcast and weight [36], [37], [38], [39], [40], [41],
[42], [43], [44]. The details of these architectures are depicted in
Fig. 1. In these case studies, a single matrix multiplication needs
to be decomposed in smaller arrays of matrix multiplications,
because the matrix multiplication unit has fixed size. The scaling
of noise with the exact number of MACs is an approximation,
since the noise will only increase in discrete units of the matrix
multiplier size (i.e. 16-, 32-, 48-, etc element arrays).

Thermal Noise: First, we consider thermal noise that occurs
from a transimpedance amplifier in receiver circuitry. We con-
sider architectures that use digital inputs and outputs. Because
the dot product is computed using quantized (i.e. normalized)
versions of W and x, the result Wx is recovered after rescaling
the quantized product W(q)x(q) by the range of W and x. Ther-
mal noise occurs as Gaussian noise with varianceσ2

t (determined
by receiver design) added to the quantized result, and is rescaled
with the signal. Because longer dot products are computed via
partial sums, noise variance grows linearly with the number of
MACs N (l). So, we write:

g̃
(
W

(l)
i ,x(l)

)
∼

N(l)∑
j=1

W
(l)
ij x

(l)
j

+ ξ
√

N (l)
(
W(l)

max −W
(l)
min

)(
x(l)
max − x

(l)
min

)
σt

ξ ∼ N (0, 1) (3)

These equations for thermal noise apply to both resistive cross-
bar arrays and optical broadcast-and-weight since both encode
the signal in the current at the receiver.

Weight Noise: For weight noise in resistive memory, we
assume that the weights are quantized and write

g̃
(
W

(l)
i ,x(l)

)
∼

N(l)∑
j=1

(
W

(l)
ij +ξj

(
W(l)

max−W
(l)
min

)
σw

)
x
(l)
j

ξj ∼ N (0, 1) 1 ≤ j ≤ N (4)

Shot Noise: The magnitude of shot noise, however, is signal
dependent. For homodyne photoelectric multipliers using analog
inputs and weights, we have from the derivation in [23]:

g̃
(
W

(l)
i ,x(l)

)
∼

N(l)∑
j=1

W
(l)
ij x

(l)
j + ξ

‖W(l)
i ‖2‖x(l)‖2√

N (l)
σs

ξ ∼ N (0, 1) (5)

Many other systems and noise sources can be represented
using this phenomenological framework. These include uni-
tary optical matrix multiplication [7] and optical switching
based architectures [48] in both the thermal and shot noise
limited regimes, resistive crossbar arrays subject to nonlinear
weight noise, and optical systems with Relative Intensity Noise
(RIN) [1], among others. In many of these cases, the noise is
not linear, such as when noise is added to power, but signals are
encoded in amplitudes [7].

While prior works in analog computing discuss the varying
noise tolerance of different computations and propose using
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mixed-precision, to our knowledge, this is the first work that
extends analog computing to support programmatically dynamic
precision. Prior work statically increases the precision for a
single neural network by using greater energy/MAC [1], [23],
[24], simulates hardware that injects noise into only a single
layer of the neural network [23], or uses mixed analog and
digital computing, where precision-sensitive operations such
as the first and last layer [3], backpropagation [28], and oth-
ers [25], [26], [27] are computed digitally at high precision while
other operations are computed subject to analog noise. Other
approaches include using arithmetic codes to correct errors in
analog computing [49]. Recent work in stochastic computing
has introduced dynamic precision to improve efficiency [50].

III. RELATING NOISE AND BIT PRECISION

We characterize the effective number of bits (ENOB) of preci-
sion of analog computing architectures. Following the definition
in [51], the ENOB is the number of bits of an ideal analog to
digital converter (ADC) for which the RMS quantization error
is equal to the RMS analog noise. In the case of quantizing
neural networks to low bit precision, each layer is quantized to
a different full scale range, so the ideal ADC quantizes over a
different range per layer. If all layers are instead quantized to
the same range, neural network inference accuracy substantially
drops. As a result, the ENOB varies from layer to layer. To
validate this relationship, we simulate the error rates of neural
networks subject to analog noise or quantized to the equivalent
ENOB.

For each layer, we measure the RMS of an ideal ADC.
When using uniform quantization, all activations in layer (l)

are quantized in the range [x
(l)
max,x

(l)
min]. When quantizing to

B bits, the RMS of quantization error of the ideal ADC is
1√
12
(x

(l)
max − x

(l)
min)/2

B .
The effective number of bits is derived by equating the RMS

of analog noise and RMS of the ideal ADC. We get

ENOB(l) = log2

(
x
(l)
max − x

(l)
min√

12 RMS(l)
a

)
(6)

For example, the ENOB for for thermal noise using the
variance in (3) is:

ENOB(l) =

log2

⎛
⎝

(
x
(l)
max−x

(l)
min

)
σt

(
W

(l−1)
max −W

(l−1)
min

)(
x
(l−1)
max −x

(l−1)
min

)√
12N (l−1)

⎞
⎠

(7)

We evaluate whether ENOB accurately capture precision by
testing whether they predict the inference accuracy of neural
networks subject to analog noise. To do so, we evaluate each
layer of Resnet50 subject to thermal noise with varying σt, and
measure the ENOB in each layer. We then remove thermal noise,
and instead run each layer at low bit precision using its respective

TABLE I
THERMAL NOISE AND SIMULATED ENOB FOR RESNET50

Fig. 2. Effective number of bits of precision when using fixed thermal noise
σt for different layers of Resnet50, average ENOB 4.8.

ENOB.1 We report results in Table I, including the average
ENOB across all layers. We find that the accuracy subject to
analog noise and quantization error closely match one another,
despite the distributions of noise being different. The quality of
the approximation decreases at extremely low precision, where
uniform errors from a quantizer are no longer have similar effects
as additive white noise.

We plot the ENOB for each layer of Resnet50 in Fig. 2. We
note a surprising observation: even when using a fixed σt, the
ENOB in different layers varies substantially. This is because
the ENOB is a function of the dynamic range compression from
inputs to outputs of layer (l), as explicitly described in (7).

While the ENOB varies for different layers, there is no guaran-
tee that precision sensitive layers are executed at high precision
and vice versa. A heuristic evaluation demonstrates this is not
the case: the first and last layer typically require the highest
precision [3], but are not allocated higher precision in Fig. 2. To
address this problem, we propose a method to vary the precision
settings of analog computers in Section IV and a method to
determine the optimal precision for different layers in Section V.

1To more closely capture the ENOB, we allow for quantization to any discrete
number of quantization bins, as opposed to bits. For example, quantization over
25 uniformly spaced bins requires 4.644 bits.
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Fig. 3. Dynamic precision with redundant coding; resistive crossbar arrays are used as an illustrative example. Changes to the architecture are shown in red. We
use K to denote the number of times an operation is repeated, where in (a) operations are repeated for K clock cycles, in (b) the same inputs and weights are
repeated, and in (c) only certain rows of W are repeated.

IV. DYNAMIC PRECISION WITH REDUNDANT CODING

We propose extending analog computing architectures to
support dynamic precision through a general method called
redundant coding. Redundant coding entails performing the
same computation multiple times, either in different spatial
channels of the analog matrix-vector multiplier, or over multiple
clock cycles, and averaging the result. This reduces the impact
of noise on the computation at the expense of other perfor-
mance metrics, such as energy/MAC, throughput, or compute
density. Redundant coding has previously been demonstrated as
a method for improving the precision of analog computation by
using multiple memristors to encode the same weight [24]. This
work generalizes redundant coding as a technique applicable
to all analog electronic and optical computing architectures, and
proposes designing architectures that can programmatically vary
the amount of redundancy, as opposed to statically improving
the precision with a fixed amount of redundancy.

We first demonstrate how redundant coding can be used to
vary precision at the granularity of a matrix multiplication. To
enable time averaging, receiver circuitry may add an accumu-
lator, and the compiler can instruct the hardware to accumulate
the same computation for K clock cycles and average the result
before requantizing. To enable spatial averaging, K devices
may be used to encode the same weights and inputs in a single
dot product. For example, in resistive crossbar arrays, multiple
resistive memory elements in a column can be used to encode
the same weight, and the same input voltage can be broadcasted
to multiple rows. The broadcasting of weights and inputs to mul-
tiple devices can be determined at compile time. The application
of redundant coding to a resisitve crossbar array via time and
spatial averaging are shown in Figs. 3(a) and 3(b). With K times
redundant coding, both of these approaches effectively compute

KWx =
[
W W . . . W

]
⎡
⎢⎢⎢⎢⎣
x

x
...

x

⎤
⎥⎥⎥⎥⎦

Wx =

⎡
⎢⎢⎢⎢⎣
W11 W12 . . . W1N

W21 W22 . . . W2N

...
. . .

WN1 WN2 . . . WNN

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
x1

x2

...

xN

⎤
⎥⎥⎥⎥⎦

Dynamic precision at the finer granularity of each row of
the weight matrix requires modifying spatial averaging to use
a varying number of dot product engines to repeat different
computations. Then, the architecture will need to average over
a programmable number of dot product engines. This can either
be performed by configuring receiver circuitry to support an
accumulator over variable numbers of engines, or by leveraging
a digital arithmetic logic unit (ALU) and carrying operations
at low bits within the ALU. The configuration of these accu-
mulators or the instructions for averaging can be determined at
compile time. We illustrate spatial averaging for dot products in
a resisitve crossbar array in Fig. 3(c). Similar approaches have
been used by resistive crossbar arrays to split the computation of
different bits over different columns [4]; here, we propose that
the accelerator do so dynamically.

The precision of the computation varies with the degree of re-
dundancy. Because the amount of redundancy linearly increases
the energy/MAC, we parameterize precision with respect to
E(l), the amount of energy/MAC used for the (l)th layer of the
neural network. We consider the ideal case where this quantity
may be continuously modulated, as opposed to taking one of
several quantized energy levels. In each of the cases discussed
in Section II-C, the signals add linearly, but the noise sources add
in quadrature, so the noise standard deviation is proportional to

1√
E(l)

. We note that the type of averaging also determines other
tradeoffs that are made; time averaging trades off throughput,
and spatial averaging trades off area.

Thermal Noise: We replace (3) with:

g̃
(
W

(l)
i ,x(l), E(l)

)
∼

N(l)∑
j=1

W
(l)
ij x

(l)
j

+ ξ
√

N (l)
(
W(l)

max −W
(l)
min

)(
x(l)
max − x

(l)
min

) σt√
E(l)

(8)
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Weight Noise: We replace (4) with:

g̃
(
W

(l)
i ,x(l), E(l)

)

∼
N(l)∑
j=1

(
W

(l)
ij + ξj

(
W(l)

max −W
(l)
min

) σw√
E(l)

)
x
(l)
j (9)

For thermal noise and weight noise, E(l) is equivalent to K in
this case as a unitless constant because the free parametersσt and
σw are determined by the engineering of a given architecture.

Shot Noise: For shot noise, we may modify (5) to have E(l)

represent a physical, not relative, energy quantity for specific
architectures such as [23]. In this case, E(l) is measured in
Joules, E(l)λ/(hc) is the average number of photons per MAC,
and the output subject to shot noise in homodyne photoelectric
multipliers [23] is:

g̃
(
W

(l)
i ,x(l), E(l)

)
∼

N(l)∑
j=1

W
(l)
ij x

(l)
j

+ ξ
‖W(l)

i ‖2‖x(l)‖2√
N (l)E(l)λ/(hc)

(10)

V. LEARNING OPTIMAL PRECISION-ENERGY TRADEOFFS

A key challenge for deploying neural networks with dynamic
precision is determining the optimal precision of different layers
of the neural network given a hardware performance target.
In this work, we focus primarily on the tradeoff between en-
ergy/MAC and precision resulting from redundant coding. To
do so, we propose to solve a constrained optimization prob-
lem to maximize the original objective of the neural network
subject to an energy constraint. This technique is similar to
prior work on learning the bit precision of different layers
of mixed-precision neural networks in digital hardware [21].
Note that this optimization problem is solved for a pretrained
network and only optimizes over the energy allocated to each
layer, so it does not retrain the neural network. We use Emax

to denote the energy budget, and E to denote the vector of
all energies per MAC to be learned across layers 1, . . . , L, i.e.
(E(1), . . . , E(L)). The total energy consumed by the network
can be computed from the number of MACs in each layer, n(l)

mac,
as Etot(E) =

∑L
l=1 E

(l)n
(l)
mac. The objective of the neural net-

work, in this case log likelihood, is evaluated on ordered pairs
of inputs (i.e. images) and outputs (i.e. classification labels)
(x, y) sampled from the data distribution pd(x, y). Then, the
optimization problem is

minimize
E

− E(x,y)∼pd
[log p̃m(y|x; θ,E)]

s.t.
L∑

l=1

E(l)n(l)
mac ≤ Emax

(11)

We apply several transfrmations to the optimization problem
so that it may be solved by gradient descent. We address the fact
that p̃m is a random variable by using the reparameterization
trick [52]. We can treat the noise ξ(l)i ∼ N (0, 1) as inputs to the

network, in which case p̃m becomes a deterministic function of
the noise, weights, and inputs. We use ξ to denote the random
vector of all noise sources. In addition, we turn the linear con-
straint into a penalty in the objective via the Lagrange multiplier
penalty method [53]. Finally, we find that in practice, penaliz-
ing the logarithm of total energy consumption (an equivalent
quantity) is more stable for optimization. This is because it is
advantageous to have energy allocations and the log likelihood
to be similar orders of magnitude in the loss, but the energy
allocations change by orders of magnitude during training. This
yields our final optimization problem,

minimize
E

−E(x,y)∼pd,ξ [log p̃m(y|x, ξ; θ,E)]

+ λmax

(
log

(
L∑

l=1

E(l)n(l)
mac

)
− log (Emax) , 0

)
(12)

This objective can now directly be optimized with respect to
the energy per layer via stochastic gradient descent. To train the
energy allocations, we can use the Monte Carlo estimator of the
objective by sampling data and noise. Because this minimization
is performed only over E, not the parameters θ, the optimization
problem can typically be solved with a small number of gradient
steps on a small subset of the original training dataset. One
challenge for the aforementioned method is if the function g̃
includes quantization operations, such as rounding. The gradient
of the round function is zero almost everywhere, so the method
will not naively be able to learn energy allocations by gradient
descent. Following the literature for quantization aware training,
we use the Straight Through Estimator (STE) to resolve this
issue, effectively computing gradx(round(x)) = 1 [54]. Then,
dynamic precision can be learned in the presence of deterministic
quantization.

While the problem above assumes that energy/MAC is con-
tinuous, this method can also be applied when restricted to
quantized energy levels, as in the case of redundant coding.
This can be done by rounding the energy/MAC to the nearest
quantized energy level during training using the STE.

Energy can also be allocated to computations at a finer grained
scale than each layer, such as for each channel of a convolutional
neural network or each row of a weight matrix. Since each
weight channel is convolved over the entire input image, it is
reasonable to have dynamic precision by channel, as is done
in digital approaches [13]. In this case, we learn E(l,i), or the
energy/MAC for the ith channel in layer (l).

VI. SIMULATIONS

A. Setup

We evaluate the impacts of dynamic precision on com-
puter vision models and natural language processing models.
For computer vision models, we evaluate five image clas-
sification models, Resnet50 [55], Mobilenetv2 [56], Incep-
tionv3 [57], Googlenet [58], and Shufflenetv2 [59], on the
ImageNet dataset [60]. For natural language models, we evaluate
BERT, a popular transformer architecture [61], fine-tuned for the
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TABLE II
MINIMUM ENERGY/MAC WITH <2% ACCURACY DEGRADATION

GLUE MNLI entailment task [62]. Unless otherwise noted, we
assume energy/MAC may be continuously varied.

We evaluate computer vision models subject to three different
noise sources: shot noise, thermal noise, and weight noise, using
(8)–(10). For shot noise applied to homodyne photoelectric
multipliers, we report absolute optical energy consumption in
aJ, using a photon energy of 128zJ at λ = 1.55μm and a pho-
todetector responsivity of ρ = 1 [23]. Inputs and weights are
continuous-valued, as in neuromorphic computing. For thermal
noise and weight noise, which are dependent on architectural
implementation and engineering details captured by the param-
eters σt, σw, we report the energy/MAC as a relative, unitless
quantity. Inputs and weights are digital, using 8-bit uniform
quantization. Quantization parameters are calibrated on a small
subset of the training data [11]. Because thermal noise variance
is dependent on the range of each layer, we clip activations
at the 99.99th percentile, following [63], [64]. This improves
noise tolerance, similar to adaptive clipping for resistive crossbar
arrays [65]. Additional experimental details are in Appendix A,
and additional experimental results, such as on the impact of
percentile clipping, are in Appendix B. Code is open-sourced at
https://github.com/sahajgarg/low_precision_nn.

B. Results

We report the minimum attainable energy/MAC with <2%
accuracy degradation for computer vision models when using
uniform precision, dynamic precision per layer, and dynamic
precision per channel in Table II. We find that using dynamic
precision within a neural network can reduce energy consump-
tion of a single model by 43-96%. The largest improvement
is observed for MobilenetV2 subject to thermal noise because
Mobilenet is especially sensitive to lowered bit precision [12],
and thus requires substantially higher energy/MAC for certain
layers. Results are consistent across all three noise sources. We
show the tradeoff between optical energy/MAC and accuracy in
Fig. 4, including when energy/MAC for each layer is constrained
to be a discrete number of photons. The constraint on quantized
energy levels does not noticeably affect results.

These results suggest that larger computer vision models may
actually be more computationally efficient than smaller com-
puter vision models. Resnet50 obtains the lowest energy/MAC

Fig. 4. Accuracy improves with energy/MAC, which reduces the impact of
noise. Utilizing dynamic precision improves the allocation of energy to different
layers and consequently inference accuracy.

in Table II, likely because it is the largest of the five models
in terms of number of MACs, and consequently is the most
overparameterized. We evaluate the total energy consumption
of Resnet50 and MobilenetV2 when using dynamic precision
for Resnet50 to obtain the same accuracy as MobilenetV2. In
this case, Resnet50 requires just 0.997 aJ/MAC optical energy
consumption, and despite performing 13.6x more MACs than
MobilenetV2, consumes 11% less total optical energy. As sug-
gested in [23], this reinforces the importance of designing energy
efficient architectures, and not necessarily compressed or small
architectures.

We show that the relationship between analog noise and
ENOB still holds when using dynamic energy/MAC in Table III.
Comparing the rows in Table I and Table III, which correspond
to the same average energy/MAC, we observe that the average
ENOB for uniform and dynamic precision is similar, but the
accuracy of the dynamic precision model is higher because it
more effectively allocates bits to precision-sensitive layers. This
demonstrates why we measure ENOB per layer. We show the
ENOB per layer when using dynamic precision in Fig. 5, and
find that the first several and last layer are executed at higher
effective bit precision, unlike when using fixed energy/MAC in
Fig. 2.
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TABLE III
DYNAMIC PRECISION WITH THERMAL NOISE AND ENOB FOR RESNET50

Fig. 5. Effective number of bits of precision when using dynamic energy/MAC
for different layers of Resnet50, average ENOB 4.8.

Fig. 6. Allocations of energy to each layer are complex. The first several and
last layer are allocated higher energy/MAC, and the allocations follow sawtooth
patterns due to the 3-layer building blocks of the network architecture.

We examine the dynamic energy allocations per layer of
Resnet50 in Fig. 6 to better understand why dynamic precision
improves performance. The energy/MAC varies substantially by
layer: the first few and last layers require >10x the energy/MAC
of other layers. We infer that if these layers are not run at high

TABLE IV
BERT SHOT NOISE CONSTRAINED ENERGY/MAC (AJ)

precision, the neural network will not produce accurate results.
Hence, using uniform precision per layer will require using the
energy/MAC needed for the most sensitive layer. We further
observe that the final energy allocations are complex. This is
similar to the observations on mixed precision inference for
digital neural networks [15], [16], [17], [21]. These observations
emphasize the importance of using an empirical, automatic
method instead of manually or analytically determining the
required precision.

Finally, we evaluate the minimum energy/MAC required for
BERT inference on the MNLI Dataset in Table IV. Using dy-
namic precision per layer improves BERT energy consumption
by 24% to just 1.6 aJ/MAC, lower than any of the computer
vision models. The energy improvement for using dynamic
precision in BERT is smaller than for computer vision models.
This is likely because no large layers in BERT require high
precision, unlike the first and last layer of computer vision
models, which are precision sensitive and perform around 20%
of the total MACs in the network. The energy/MAC for different
matrix multiplications in BERT is reported in Appendix B.
Regardless, dynamic precision in analog hardware is necessary
to enable BERT inference at low energy/MAC while also allow-
ing for the higher energy settings required by computer vision
models.

VII. DISCUSSION

These results emphasize the importance of designing analog
computing architectures that can support programmable and dy-
namic precision. The required energy/MAC when using uniform
precision for different models can range from 2.1 aJ/MAC for
BERT to 72 aJ/MAC for ShufflenetV2. If analog architectures do
not support dynamic precision, then new neural networks may
require higher precision than is supported, and render existing
hardware nonfunctional. Moreover, enabling dynamic precision
allows programmers to develop novel techniques for lowering
the energy requirements of analog neural networks. This work
demonstrates one such technique for utilizing dynamic precision
for different layers or channels of neural networks to reduce
energy consumption by 43–96%.

By enabling dynamic precision, this work demonstrates that
the bound on optical energy consumption of homodyne photo-
electric multipliers, set by shot noise in photodetectors, can be
as low as 1.6 aJ/MAC. This extends the result in [23] for MLPs
and shallower convolutional networks like AlexNet to deeper
models such as Resnet50, for which the bound on energy/MAC
is as low as 2.7 aJ/MAC. We note that this energy consumption
is for an idealized system with no optical loss in the shot noise
limited regime, and does not account for energy consumption
of data movement, analog to digital conversion, or memory
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traffic. These figures are primarily meant as a demonstration
that dynamic precision can be used to prevent optical matrix
multiplication energy expenditure from being the system bottle-
neck. To more accurately capture the total energy consumption,
the framework can be extended to incorporate ADC energy as a
cost that scales linearly with redundant coding, but that does not
affect noise for the layer, allowing more appropriate tradeoffs to
be made. Other costs such as memory access and data movement
cost can be similarly modeled.

This work enables dynamic precision through a relatively
straightforward technique, redundant coding, which has sub-
stantial tradeoffs throughput or compute density. In practice,
this technique should not be used at it’s most extreme, but rather
to increase the precision of a handful of layers that require higher
precision. Other architecture-specific methods for enabling dy-
namic precision may incur less steep penalties in other important
metrics.

In addition to varying the precision in analog computing re-
sulting from noise, it is possible to vary the bit precision of analog
architectures that use digital inputs, weights, and/or outputs.
When using dynamic precision, many inputs and weights may
be subject to noise of sufficiently large magnitude that several
of the least significant bits are discarded. We see this in Fig. 5,
where some layers of Resnet50 use fewer than 4 effective bits but
are quantized to 8 bit integers. It may be possible to dynamically
set analog-to-digital converter precision based on the number of
bits of noise precision in different computations. Moreover, the
optimization problem in (12) can be extended to jointly learn
the optimal number of bits to allocate per layer, as done by [21]
for digital architectures.

Depending on the hardware architecture, the total energy
penalty may need to be modified. In this work, we only model the
energy consumed by the matrix multiplier; however, substantial
energy is consumed by data movement, portions of which may
be done digitally, or by other operations such as partial sum
accumulation or nonlinearities [1]. Approaches such as time
averaging only require moving more data if the bit precision of
inputs is increased, so the energy/MAC may not scale linearly
with the amount of red‘undancy if data movement is modeled.
If the bit precision of different layers is also learned, the energy
penalty may also include memory pressure based on the bitwidth
of activations and weights, analog-to-digital converter energy
consumption, and other factors.

Finally, even more energy efficient models may be enabled
by training neural networks to be more noise tolerant. Many
approaches to obtaining low bit precision require retraining the
network parameters while simulating the effect of quantization
to obtain high accuracy [12], [15], [21]. A similar noise-aware
training process [66] can be applied to jointly learning network
parameters and dynamic precision allocations by modifying the
optimization problem in (12) to also optimize over the param-
eters θ of the neural network and other quantizer parameters
such as the range of different layers (as in [67]), which affect
noise magnitude. In this regime, optical computers will not suffer
energy limitations due to optical energy consumption, but rather
due to analog to digital conversions, memory accesses, and other
bottlenecks.

VIII. CONCLUSION

In this work, we demonstrate the utility of extending ana-
log computing architectures to support dynamic precision with
redundant coding. By repeating operations and averaging the
result, redundant coding enables programmable tradeoffs be-
tween precision and other desirable performance metrics, such as
energy efficiency or throughput. Enabling dynamic precision is
critical for supporting different models that require different pre-
cision: for example, Shufflenetv2 requires 3x the energy/MAC
of Resnet50, and 34x the energy/MAC of BERT. Moreover, we
show that it is possible to leverage dynamic precision within a
single model by solving an optimization problem to maximize
log likelihood while adding a penalty for energy consumption,
and that using dynamic precision within a model improves
energy consumption by 43-96%. In one example of optical neu-
ral networks limited by shot noise, dynamic precision enables
Resnet50 inference at an optical energy consumption of just 2.7
aJ/MAC and BERT at 1.6 aJ/MAC with <2% accuracy degra-
dation. These results emphasize the importance of designing
analog architectures to support dynamic precision.

APPENDIX A
SIMULATION DETAILS

We provide additional details for the experimental setup. Code
and scripts for generating results are open-sourced at https://
github.com/sahajgarg/low_precision_nn.

Noise: For thermal noise, we set σt = 0.01 and for weight
noise, we set σw = 0.1. These choices were arbitrary, so en-
ergy/MAC is referred to as a relative quantity in the main text. For
specific architectures, they should be measured. We assume that
residual connections, concatenation operations, max pooling,
and average pooling occur without additional noise. We restrict
our evaluation for BERT to shot noise because self-attention
layers of BERT, which multiply two activation matrices, may be
challenging to compute in-memory.

Quantization: We use per-channel quantization of weights
and per-tensor quantization of activations [12]. For linear layers,
we perform quantization per row of the weight matrix, analogous
to per-channel quantization of convolutional layers. Weight
quantization parameters are determined by calibration on the
min/max values of the weights in each channel. When evaluating
subject to thermal noise, the minimum and maximum values
for activations are set based on the 99.99th percentile of the
data, evaluated over 120 training examples [63], [64]. Because
percentile clipping degrades accuracy by 0.3% when activations
are at high precision, but improves accuracy at lower activation
precision (shown in Appendix B), it is used only for thermal
noise. A better strategy for clipping parameters may be to learn
the quantizer minimum and maximum, as in [67], jointly with
energy allocations, which we leave to future work. For weight
noise, activations are calibrated based on a moving average of
the min/max values of the data over 100 batches with a batch
size of 32. The skip and residual connections are quantized, and
the outputs are requantized to 8 bits.

Training: We train optimal energy allocations E using 4% of
the training dataset for one epoch, which takes <10 minutes
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Fig. 7. Percentile clipping of activations improves accuracy subject to thermal
noise.

on a NVIDIA V100 GPU, a small fraction of the time to
train the entire model. Energy allocations are trained using the
Adam optimizer with a learning rate of 0.01 [68]. The penalty
hyperparameter was set to λ = 2 for shot noise, and λ = 8
for thermal and weight noise; we found that the method was
relatively insensitive to the choice of λ. We did not do extensive
experimentation with respect to the required dataset size, but
found that the method was relatively insensitive to the use of
less calibration data than presented in this work, assuming the
energy allocations are trained until convergence.

Evaluation: All results are reported on the corresponding
validation datasets. For each task, we determine the minimum
average energy/MAC for which the accuracy does not degrade
below floating point accuracy by 2% (within 0.1%) by per-
forming a binary search on the target energy/MAC. Accuracy
degradation of all models except Mobilenet is measured with
respect to the respective floating point baseline. For Mobilenet,
8 bit quantization degrades accuracy by >1%, so we evaluate
2% accuracy degradation relative to the 8 bit baseline. For BERT
evaluation, the MNLI entailment task reports both matched and
mismatched accuracy on entailment. We measure the average
accuracy degradation of the two metrics.

APPENDIX B
ADDITIONAL RESULTS

In Fig. 7, we evaluate the impact of percentile clipping on ac-
curacy subject to thermal noise. We find that with high amounts
of noise, percentile clipping of activations improves accuracy
of both uniform precision and dynamic precision models, and
uniform precision with percentile clipping outperforms dynamic
precision without clipping. This is likely because the magnitude
of thermal noise is proportional to the range of inputs, and
clipping at the 99.99th percentile reduces the range by approx-
imately half. However, at high precision, it degrades accuracy
by 0.3%.

In Fig. 8, we show the energy/MAC for different matrix
multiplications in BERT, and in Fig. 9. we show the energy/MAC
for different layers of MobilenetV2.

Fig. 8. Bert Energy/MAC for different matrix multiplications in BERT. Note
that each layer performs multiple matrix multiplications. While some layers
utilize more energy/MAC, such as the last layer, these layers perform an
extremely small fraction of the total MACs in the network and consequently
do not contribute substantially to the total energy consumption.

Fig. 9. Allocations of energy to each layer for MobilenetV2 demonstrate
similar results to Resnet50.
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